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ABSTRACT. We will present a fixed point method for the stability theorems of functional equa-
tions of Jensen type as given by S.-M. Jund [11] and Wang Jian [10].
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1. INTRODUCTION

The study of stability problems for functional equations is strongly related to the following
guestion of S. M. Ulam concerning the stability of group homomorphisms:
Let G, be a group and letz, be a metric group with the metrid(, -). Givens > 0 does there
exist ad > 0 such that if a mapping : G; — G, satisfies the inequality

d(h(zy), h(x)h(y)) <6

for all z,y € G, then a homomorphisH : G — G, exists withd(h(z), H(z)) < ¢ for all
x € Glr)

D. H. Hyers [7] gave the first affirmative answer to the question of Ulam, for Banach spaces.
Subsequently, his result was extended and generalized in several ways (s€¢ el.g. [8, 18]). Th. M.
Rassias in[[17] and Z. Gajda inl[4] considered the stability problem with unbounded Cauchy
differences. The above results can be partially summarized in the following
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Theorem 1.1. (Hyers-Rassias-Gajdd¥, [8,/[17] Suppose thak' is a real normed spacd; is
a real Banach spacef, : E — F'is a given function, and the following condition holds

(Cp) 1f (e +y) = f (@) = F Wl < 0zl + llylp), Ve, y € E,

for somep € [0,00)\{1}. Then there exists a unique additive function® — F' such that
20

(Estp) 1) = clo)llr < 555 |2l Ve € E.

This phenomenon is callegeneralized Hyers-Ulam stabilityt is worth noting that almost
all subsequent proofs in this very active area used the Hyers’ method. Namely, the function
c: E — Fis explicitly constructed, starting from the given functipnby the formulae

(p<1) c(x) = lim Q%f(Q”x), if p<1;

(p>1) ()—hm2nf< ), if p> 1.

This method is called a direct method.

There are known also other approaches, for example using the invariant mean technique
introduced by Szekelyhidi (see e.g. [22] 23]), or based on the sandwich theoremnis (see [14]).
The interested reader is referred to the expository papersl[3, 18, 24] and thé book [8].

One of the present authors observed recently (see [16]}tibagxistence of and the esti-
mation(Est,) can be obtained from théxed point alternative.

We will show how this method can be applied to stability theorems of Jensen type, that is
starting from initial conditions of the form

r+y

< p(z,y),Vz,y € E.
F

) @)~ 1)

(3,) H2f (“

As a particular case, we obtain a new proof for the following theorem:

Theorem 1.2. (compare witH11,/12). Letp > 0 be given, withp # 1. Assume that > 0 and
6 > 0 are fixed. Suppose that the mappihg £ — F satisfies the inequality

r+y

<5+ 0([|=l” + [lyl"), Vo, y € E,
F

() H2f( ) @) - 1)

Further, assumg(0) = 6 = 0 in the casep > 1.
Then there exists a unique additive mappjngEtl — F such that

5 0
(Estp<i) 1f (@) = i@ < 55— + IOl + = ll=]” Vo € E,
or

rlg
(Estp>1) 1f(z) = i@l < Go=— ll=]I", vz € E.

For the proof, see Sectiph 3.
We think that our method of proof is working in more situations, allowing to obtain, in a
simple manner, general stability theorems.
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2. THE ALTERNATIVE OF FIXED POINT

For the sake of convenience and for explicit later use, we will recall two fundamental results
in fixed point theory.

Theorem 2.1. (Banach’s contraction principle). LetX,d) be a complete metric space, and
consider a mapping : X — X, which is strictly contractive, that is
(Bl) d(Jﬂ?, Jy) SLd<x7y)7vx7y€X7

for some ( Lipschitz constant’) < 1. Then
(i) The mapping/ has one, and only one, fixed poirtt= J (z*) ;
(i) The fixed point* is globally attractive, that is

(B2) lim J"z = 2™,
for any starting pointr € X;
(iif) One has the following estimation inequalities:

(Bs) d(J"z,x*) < L"d(x,z"),¥Yn > 0,V € X;
1
(By) d(J'x,z") < Ed(J”x, J"), ¥n > 0,Vr € X;
1
(Bs) d(z,z") < TLd(:U Jz) Vr € X.

Theorem 2.2. (The alternative of fixed poinfl3,/19] Suppose we are given a complete gen-
eralized metric spacéX, d) and a strictly contractive mapping : X — X, with the Lipschitz
constantZ. Then, for each given elemen& X, either

(A1) d(J"z, J"x) = 400, Vn >0,
or

(A2) There exists a natural numbey such that:

(Ago) d(J™x, J" T x) < +00,Vn > ny;
(A21) The sequence]” ) is convergent to a fixed poipt of J;
(Ag2) y* is the unique fixed point of in the sety” = {y € X d(J”O:c y) < +00};
(Azs) d(y,y*) < =7d (v, Jy) ,Vy € Y.
Remark 2.3.
(a) The fixed point/*, if it exists, is not necessarily unigue the whole space; it may
depend onx.

(b) Actually, if holds, ther(Y, d) is a completenetricspace and (Y') C Y. Therefore
the propertiegA,;) — (A,3) are easily seen to follow from Theorém[2.1.

3. A GENERALIZED THEOREM OF STABILITY FOR JENSEN'S EQUATION

Using the fixed point alternative we can prove our main result, a generalized theorem of
stability for Jensen’s functional equation (see also [5] 10, 11, 12]):
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Theorem 3.1. Let E be a (real or complex) linear spacd; and Banach space, ang =

2,1=0 . Suppose that the mapping: £ — F satisfies the conditiorf (0) = 0 and an

1i=1
inequality of the form
T+
@) 27 (152) = 10 - 1) < wlo) ey e
F

wherep : E x E — [0, 00) is a given function.
If there existsl, = L(i) < 1 such that the mapping

z — Y(z) = ¢(z,0)
has the property

(H) ¢@0§L@r¢(£)ﬁxeﬂ
and the mapping has the property l

(HE:) lim % (2(1?212;2(1%) 0.1y € E,
then there exists a unique additive map;pjngE — F such that
(Est) I£() — @) < L la) Ve € B

Proof. Consider the set
X :={g:E—F, g(0) =0}
and introduce thgeneralized metrion X :
d(g,h) =dy(g,h) = inf{C € Ry, |lg(z) = h(z)|p < C(z),Vz € E}

It is easy to see thdtX, d) is complete
Now we will consider the (linear) mapping

1
J: X = X, Jg(z) =—-g(qr).

(2

Note thaty, = 2 if (Hy) holds, andy; = 271 if (H;) holds.
We have, forany;, h € X :

d(g,h) < C=llg (x) = h(@)|p < CY(2), Vo € E

’

1 1 1
ag (qir) — ah (giz)]| < ;Cwqﬂ),\m S

2 F

< LOY(z),Vx € E

’
F

1 1
—g(qx) — —h (g
—9(0.2) ~ —h(gz)

(2

— d(Jg, Jh) < LC.

Therefore we see that
d(Jg,Jh) < Ld(g,h),Yg,h € X,
that is.J is astrictly contractiveself-mapping ofX, with the Lipschitz constant.
If the hypothesigH,) holds, and we set = 2t andy = 0 in the condition(J,,) , then we
see that
<

s -gen| <3

Y(2t) < L(t),Vt € E,
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thatisd (f,Jf) < L = L' < oo. Now, if the hypothesi$sH ) holds, and we sef = 0 in the
condition [J), then we see that
T
|2 (5) - f@)|| <v@.vae B

Therefored (f, Jf) <1=L° < .
In both cases we can apply the fixed point alternative, and we obtain the existence of a
mappingj : X — X such that:

e j is afixed point of/, that is
(3.1) j(2z) =25 (z),Vx € E.
The mapping is the unique fixed point of in the set
V={geX d(fg) <oo}.
This says thaj is the unique mapping withoththe propertieq (3]1) anf (3.2), where

(3.2) 3C € (0,00) suchthatlj (z) — f (2)]|, < Cy(z),Vx € E.
e d(J"f,j) —— 0, which implies the equality
(3.3) lim % — j(z),Vz € X.

e d(f,j) < ﬁd(f, Jf), which implies the inequality

Ll—i
d(f,5) < T
that is is seen to be true.
The additivity of j follows immediately from[{.) and [3.3): If in {J.)) we replacer by 2¢;'»
andy by 2¢"y, then we obtain

o' (z+y) _ [Raz)  [Rqy)| _ » (247, 24"y)
4 2q; 2qi" g — 2q;

Taking into account the hypothesHJ) and lettingn — oo, we get

j@+y)=j@)+j(y), Vo,yeE,

which ends the proof. O

Ve, y € E.

The proof of Theorein 1.2f we suppose thaf(0) = 0, then the proof follows from our Theo-
rem[3.] by taking

o (z,y) =0+ 0(]” + lyll"), Vz,ye€E,
which appears in the hypothesig . We see that

¢ (2q7w,2q'y) O .
rA\mh TR g 20™\P~ 1 p P 0
200 20 +@2ag)P 0= ll” + Nlyll”) —— 0,

that is is true, and our method works by the following reasons:

1 1
o ¥(2r) =50 +27 0 lz|” < 27 N(x),forp < 1;

T 1 1
o 2(3) =50kl < Hv).forp > 1,

which actually say that eithgi,) holds with = 27~! or (H;) holds withL = .
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The general case (for< 1) follows immediately by considering the mappiﬁg: f—r(0):

17) — i@ < | 7o) 5@ + 17O € s + 17O + 5 12l

- 2l-p _
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