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ABSTRACT. The aim of this paper is to establish some new multidimensional finite difference
inequalities of the Ostrowski and Gruss type using a fairly elementary analysis.
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1. INTRODUCTION

The most celebrated Ostrowski inequality can be stated as follows (see [5, p. 469]).
Let f : [a,b] — R be continuous oria, b] and differentiable or{a,b) whose derivative
f": (a,b) — Ris bounded orfa, b) , i.e |, = sup |f'(t)] < oo, then
te(a,b)

( a+b

(b—a)’

(L.1) ’ 2) b_a/f dt’ >]<b—a>ufuoo,

forall z € [a,?].
Another remarkable inequality established by Griss (See [4, p. 296]) in 1935 states that

(1.2) /f dx—<b_ /f dx) (b%/b (x)dx)

1

provided thatf and g are two integrable functions dja, ] and satisfy the conditions: <
f(x) < M,n<g(z) < Nforallz € [a,b], wherem, M,n, N are constants.
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Many papers have been written dealing with generalisations, extensions and variants of the
inequalities[(1.11) and (1].2), se€ [1]I=[10] and the references cited therein. It appears that, the
finite difference inequalities of the Ostrowski and Griiss type are more difficult to establish and
require more effort. The main purpose of the present paper is to establish the Ostrowski and
Gruss type finite difference inequalities involving functions of many independent variables and
their first order forward differences. An interesting feature of the inequalities established here
is that the analysis used in their proofs is quite elementary and provides new estimates on these
types of inequalities.

2. STATEMENT OF RESULTS

In what follows, R and N denote the sets of real and natural numbers respectively. Let
N;[0,a;) = {0,1,2,...,a;},a; € N. i = 1,2)...,nandB = [] N;[0,a;]. For a function

i=1
z (z) : B — R we define the first order forward difference operators as
Ajz(x)=z(x1 4+ Lz, ... xy) —2(x), ..., Apz(x) = 2 (21, ..., Tp1, 2 + 1) — 2(2)

and denote the—fold sum overB with respect to the variable= (y,,...,y,) € B by

a;—1 an—1
E E E y17~--7yn .
Y y1=0 yn=0

Clearly} " z (y) = > z (z) for z,y € B. The notation
Yy x

II?Z'—I
Z Azz (y17 s 7y’i—17tia Lit1y--- 7‘7;71) y Ty Yi € NZ [07 a’i]
ti=yi
r1—1
fori =1,2,...,nwe meanfor = 1itis > A;z(t1,xs,...,7,)and soon and for= 1 it
Tn—1 t1=y1
is > Anz(yi,---,Yn-1,tn) . We use the usual convention that the empty sum is taken to be
tn=Yn
zero.

Our main results are given in the following theorems.
Theorem 2.1.Let f, g be real-valued functions defined éhand A, f, A;g are bounded, i.e.,

[Aiflloe = sup [Aif (z)] < o0,
zeB

1Al = sup|Ag (2)] < oo.
zeB

Letw be a real-valued nonnegative function defined®and _ w (y) > 0. Then forz,y € B,
Y

@) |f@)9(@) ~ 5500 S F )~ 5/ @ )90

n

< a7 2= Mg @HIAf oo + 1F @) 1 Agll o) Hi (2)

i=1
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g@) > wy) fy)+f(x)>wy) gy)

2.2) |f(z)g(z)- - 2> w(y) y

n

Yo w(y)

Yy K3

g @) 1A flloo + 17 (@) Riglloo] |7 = wil
2%3'60(3/) ’

<

whereM = H a; andHi (.CE) = Z |.CE7, — yz| .
=1 Y
The following result is a consequence of Theofem 2.1.
Corollary 2.2. Letg (z) = 1 in Theorenj 2]1 and hene®;g (z) = 0, then forz,y € B,

@3 F@) =2 I < 55 D I8l Hi ).
Sw(y) f () Zw<y>§umfum\wi—yi|
(2.4) flx) - i —

g <
Ywly) |~ 2w (y) ’
Y Y

where)M, w and H; (z) are as in Theorern 2].1.

Remark 2.3. It is interesting to note that the inequaliti¢s {2.3) gnd]|(2.4) can be considered as
the finite difference versions of the inequalities established by Milovar{8yiTheorems 2 and

3]. The one independent variable version of the inequality giveh in (2.3) is established by the
present author ir [10].

Theorem 2.4.Let f, g, A; f, A;g be as in Theorein 2.1. Then for every € B,

(2.5)

f(x)g(fc)—%g(fv)Zf(y)—%f(fc)zg(y)Jr%Zf(y)g(y)

< % DDAl i — yill > Al lx: - y¢|] :
=1 Li=1

Yy

(26) ‘f(x)g(x)—%g(x)Zf(y)—%f(x)Zg(y) b Zf(.y)) (Zg@))‘

< (Z A1 H <x>> (Z 2l H, <x>> ,

whereM and H; (z) are as defined in Theorgm 2.1.

Remark 2.5. In [8, 9] the discrete versions of Ostrowski type integral inequalities established
therein are given. Here we note that the inequalities in Theprgm 2.4 are different and the analysis
used in the proof is quite elementary.

Theorem 2.6.Let f, g, A;f, A;g be as in Theorein 2.1. Then

=S @) g ) - (%Zf(@) (%Zg@))‘

2.7)
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> Al | —yZ»I]
i=1

=1

(2.8)

@) - (%me) (%ng)‘

< 2]\142 > (Z g @) 1Aiflloe + [f ()] [[Aigll o] Hi (l‘)) :

T =1

where)M and H; (z) are as defined in Theorgm P.1.

Remark 2.7. In [4] and the references cited therein, many generalisations of Griss inequality
(1.7) are given. Multidimensional integral inequalities of the Griss type were recently estab-
lished in [6,7]. We note that the inequaliy (.8) can be considered as the finite difference
analogue of the inequality recently established In [7, Theorem 2.3].

3. PROOF OF THEOREM 2.1

Forx = (z1,...,2,),y = (v1,...,yn) iNn B, itis easy to observe that the following identities
hold:

x;—1
(3.1) f(x) - Z{ZAf yytx+x>}

=1 \ti=y;

r;—1
(3.2) g(x)— Z{ZAlg yl,...,yi1,ti,xi+1,...,xn)}.

i=1 \t;=vy;

Multiplying both sides of{(3]1) andl (3.2) hy(x) and f (z) respectively and adding we get
(3:3) 2f(x)g(z) —g(z) f(y)— f(x)g(y)

x;—1
Z{ZAf yla---ayi—lati7$i+1,...,$n)}
=1 ti=y;
n x;—1
J/’) Z { Z Azg (yla cee ,yi_1,ti,$i+1, R 7.1}n)} .
=1

ti=yi

Summing both sides of (3.3) with respecttover B, using the fact thad/ > 0 and rewriting
we have

(34) f(@)g W R ot
- ﬁ [9(55)2 [Z {Z Aif(ylw--7yi—1,ti,l’i+1,...,xn>}]

Y =1 \t;=y;
x;—1
+f Z[Z{ZAlg yl,...,yi1,ti,$i+1,...,xn)}]].
Y =1 \ti=y;
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From (3.4) and using the properties of modulus we have

F@)g(@) ~ 50 (@) Y F )~ 5 @ )90
1 "=

L [w»; [z{
+|f(x)\Z[Z{

Y =1

.. ,yi,l,ti,xiﬂ, . ,.fl}n)

/

Z ADig (Y1, Yim1s tiy Tige1, - - L)

8
all]

<oyt |13 [ {1
+|f<x>|2[§j{rmigum ]
- 537 2l @18+ 17 @) (Zm yzr>

Y =1
Y
Yy

il

:\

2MZ 9@ 1A+ 1F @] 1Al B ().

The proof of the inequality (2}1) is complete.
Multiplying both sides of[(3}4) byv (y), y € B and summing the resulting identity with
respect tay on B and following the proof of inequality (2.1), we get the desired inequality in

2.2).
4. PROOF OF THEOREM [2.4

From the hypotheses, as in the proof of Theofem 2.1, the idenfitigs (3.1) and (3.2) hold.
Multiplying the left sides and right sides ¢f (3.1) and {3.2) we get

(4.1) f(@)g(@)—gx)fy)—f(@)gy)+fygly)

n x;—1
= [Z { Z Azf (yl, vy Yio1, ti7xi+17 e ,In)}]
=1 \ti=y;
n x;—1
X [Z { Z Aig (Y15 - Yio1, ti, Ty, - - - >xn)}] -
=1 \t;i=y;

Summing both sides om.l) with respectton B and rewriting we have

(42) f(x)g @310 ) -2 f (@ )90 V2 S W)
— M; [Zl {tgy Azf (yl,- .. 7yz’—17ti;$i+17 ce ,.Tn>}]
X [Z{iAig(g/l,...,yi1,ti,xi+1,...,xn)}] )

=1 \t;=y;
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From (4.2) and using the properties of modulus we have

'f<x>g<x>—%g<x>2f< ) - )90 W)
S%Xy:[; {Z|Af 3/1,---7%1,ti,$z’+17-~~a$n)|}|]
X [Z {Z ’Aig(yl,---,yi—l,ti,ﬂfiﬂ,-~-,$n)|}|]

< % Z Z 1A fl oo i = yz|]
Y i=1

which is the required inequality in (2.5).
Summing both sides of (3.1) ar[d (B.2) with respegj tmd rewriting we get

(4.3) f(x)—%z:f( MZ[Z{iAif(yl,...,yi_bti,xiﬂ,...,xn)}]

> 1Al | —yill ,
=1

=1 \ti=y;
and
1 1 n r;—1
(4.4) g(z)- MZQ(?J) = MZ [Z {Z Aig (y1; - - 7yi—1atia$i+1>---axn)}] ;
Y y =1 \ti=y;

respectively. Multiplying the left sides and right sides[of[4.3) (4.4) we get

@5) f(x)g Sl )-Lfa )35
+W (Zf(:tﬁ) (Zg(y)>
- % (; [121 {tgy A f (yla'--7yi_1,tz‘,l’i+1,...,l’n)}]>
X <Z Z{iAig(yl,---,yi1,151‘,:1:@-“,...,91:”)}]),

Y i=1 \ti=y;

From [4.%) and using the properties of modulus we have
‘f(x)g(x) — gD f ) - 1o f )90
+ % (Zf(.@) (Zg(y))‘
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s%(z

Y

B z;—1 T
X <Z {Z |Aig<y17"'7yi17ti7xi+17"'7xn)‘} )
L ti=y;

Y =1

<5 (Z 1 . H <x>> (Z gl H, <x>) .

This is the desired inequality i (2.6) and the proof is complete.

[ n r;—1 7]
{Z |A7§f(y17'"7yi—17ti7xi+17"‘)xn>|} >

=1 ti=y;

3

5. PROOF OF THEOREM [2.8

From the hypotheses, the identities {4.2) gnd](3.4) hold. Summing both sides]of (4.2) with
respect tac on B, rewriting and using the properties of modulus we have

3 S ) - (%;ﬂ@) (%;g@))‘
< 2]\1422 (Z [Z {Z_ |Aif(y1,...,yi1,@,%“,...,%)\}“

z Y =1 ti=y;

n r;—1
X [Z {Z |Aig(y17-~7yi—1ati733i+17---awn)|}u)
=1 ti=y;
32]\1422@ Z||Aif||m|xi—yi|] ZHAigHm\xi—mD,
T Y =1 =1

which proves the inequality (3.7).
Summing both sides of (3.4) with respectstan B and following the proof of inequality
(2.7) with suitable changes we get the required inequality ir} (2.8). The proof is complete.
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