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Abstract

In this note we present a new concept of well-posedness for Optimization Prob-
lems with constraints described by parametric Variational Inequalities or para-
metric Minimum Problems. We investigate some classes of operators and func-
tions that ensure this type of well-posedness.
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Let F be a reflexive Banach space with dugi, A be an operator fronk' to
E*and K C F be a nonempty, closed, convex set. The Variational Inequality
(VI), defined by the paifA, K), consists of finding a point, such that:

uy € K and (Aug,ug —v) <0 Yv € K.

This problem, introduced by G. Stampacchiaig][ has been recently investi-
gated by many authors including][ [4], [2], [9] and [L5].

If (X, ) is atopological space, one can consider the parametric Variational

Inequality (V' I)(x), defined by the paifA(z,-), H(z)), where, for allz € X,
Az, ) is an operator front’ to £* andH is a set-valued function fromY to £
with nonempty and convex values.

The interest in this study is twofold: one is to study the behavior of pertur-
bations of(1'I), another is to consider the parameteas a decision variable in
a multilevel optimization problem. More precisely, the solution s€t{d)(x)
can be seen as the constraint ¢ét:) of the following Optimization Problem
with Variational Inequality Constraints:

(OPVIC) inf ueﬂ;{x) f(z,u),
wheref : X x E — RU{+o0}.

The problemgPVIC (often termed Mathematical Programming with Equi-
librium ConstraintsMPEC) have been investigated by many authors (see for

example .3, [14], [17], [19] and [2]]) since they describe many economic or
engineering problems (see for examplé&]) such as:
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e The price setting problem
¢ Price setting of telecommunication networks
¢ Yield management in airline industry

e Traffic management through link tolls.

Assuming thatV'I)(z) has a unique solution, a well-posedness concept for
OPVIC, inspired from numerical methods, has been considered=jn How-
ever, in many applications, the probleifis/)(x) do not always have a unique
solution.

So, in this paper, motivated from a numerical method for Variational Inequal-
ities (M. Fukushima{]), we introduce and study, far > 0, the concepts of
a—well-posedness angd—well-posedness in the generalized sense for a family
of Variational Inequalitie$VI) = {(VI)(z), z € X} and forOPVIC. The par-
ticular case of variational inequalities arising from minimum problems is also
considered.

The paper is organized as follows. In Sectiome review some basic notions
for variational inequalities and present some new resulis-ewell-posedness
for unparametric variational inequalities. Secti®iis devoted to introducing
and investigating the concept af-well-posedness for parametric variational
inequalities and Sectiofito parametric minimum problems. Finally, some new
concepts of well-posedness fOPVICis presented and investigated in Section
5.
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In this section, some notions wkell-posednesir variational inequalitiesV' 1)
introduced in [ 3] and in [L5] and their connections with optimization problems
are presented, together with equivalent characterizations.

Let £ be a reflexive Banach space with dugl, o be a convergence ah,
and K be a nonempty, closed and convex subséf of

Definition 2.1. [5, 23]. Let h : K — R U {+o0}. The minimization problem
(2.D:

(2.1) min h(v)

veK

is Tikhonov well-posed (resp. well-posed in the generalized sense) with respect
to o if there exists a unique solutian, to (2.1) and every minimizing sequence
o—converges tay, (resp. if €.1) has at least a solution and every minimizing
sequence has a subsequeneeconverging to a minimum point).

For an operatod from E to £E*, we consider the following Variational In-
equality(V 1) defined by the pair4, K):

find up € K such that{Aug, ug —v) <0 Vv € K.

Definition 2.2. [13, 15] Let « > 0. A sequencéu,,),, is a—approximating for
(VI)if:

) u, € K Vn €N;
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ii) there exists a sequenc¢s,),, ¢, > 0, decreasing to 0 such that
(Aup, up —v) — % |t —v||> <&, Yo€K VneN.

A variational inequality(V'T) is termeda—well-posed with respect to,
if it has a unique solution, and everyn— approximating sequende.,, ),
o— converges tay. If o is the strong convergence (resp. the weak
convergencev) on £, (V1) will be termed stronglyv—well-posed (resp.
weakly a—well-posed).

The above concept originated from the notion of Tikhonov well-posedness
for the following minimization problem?.2):

(2.2) min g, (u),

ueK

where

_ o) — i — ol
o) = sup ((Au,u—v) = 5 Ju—v]).

Indeed, the following result holds:

Proposition 2.1.Leta > 0. The variational inequality problerfiVl) is a—well-
posed if and only if the minimization proble&?) is Tikhonov well-posed.

Proof. If (V1) is a—well-posed there exists a unique solutigyfor (VI), that
is:

up € K and go(ug) = sup{Aug, ug — v) <0
veK
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and, consequently, (uy) < go(ug) < 0. Sinceg,(u) > 0 for everyu € K,

ga(ug) = 0 andug is @ minimum point forg,,. In order to prove thatA.2) has
a unique solution, considet € K such thaty, (v') = g.(uo) = 0. For every
v € K consider the pointy = v’ + (1 — v, A € [0, 1], which belongs tad¥x.

Sinceg, (u’) = 0 one has:

(67

(At o —w) = Z [l = wlf* = (1= N) (Ao —v) = 5

(L= )2 [l = of* < 0

which implies:

(0]
2
So, when\ converges to 1, one gets:

(Ad' 0/ —v) — =(1 = A) v/ —v|> <0 VYA €]0,1].

(Au' ;v —v) <0 Vv e K.

Then alsou’ solves(V 1) and it must coincide with,.

As the family of minimizing sequences fo2.@) coincides with the family
of «— approximating sequence fov'I), the first part is proved.

Now, assume tha®(?) is well-posed and,, is the unique solution for 2),
that isu, € K andg,(u,) = 0.

With the same arguments used in the first part of this proof it can be proved
thatu,, solves also the variational inequality 7) (this has been already proved

in [7] with other arguments). In order to prove thatis the unique solution to
(VI), letu’ be another solution toV'I). Sinceg,(u') < go(u') = 0, the point
u' should be a solution t®2(2), thus it has to coincide with,,.

Then the result follows as in the first part. ]
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The gap functiorny,, which provides an optimization problem formulation
for (VI), is, fora = 0, the gap function introduced by Auslender irj,[and,
for a > 0, the merit function introduced by Fukushima if] for numerical
purposes.

As itis well known, when the sdt’ is not bounded, the s#&tof the solutions
to (V1) may be empty, even in finite dimensional spaces. This does not happen
when the operatod satisfies some of the following well known properties.

Definition 2.3. The operatorA is said to be:

e monotone or if (Au — Av,u — v) > 0 for everyu andv € K,

e pseudomonotone oA if for everyu andv € K (Au,u —v) < 0 =
(Av,u —v) <0;

e strongly monotone oft (with modulus3?) if (Au—Av, u—v) > 3 ||u — v||”
for everyu andv € K;

e hemicontinuous otk if it is continuous from every segment &fto £*
endowed with the weak topology.

Itis well known (see for example]) that the variational inequalit{t’ /) has
a unique solution if the operatof is strongly monotone and hemicontinuous,
while there exists at least a solution fdr ) if the operatorA is pseudomono-
tone and hemicontinuous and some coerciveness condition is satisfied (see for
example §]).

We recall some continuity properties for set-valued functions that will be
used later on:
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Definition 2.4. A set-valued functior” from a topological spacéX, ) to a
convergence spad@’, o) (see [L1]) is:

e sequentiallyc—lower semicontinuous at € X if, for every sequence
(x,), T—cCONVerging tox and everyy € F(z), there exists a sequence
(yn)n c—converging tay such thaty,, € F(x,) Vn € N;

e sequentiallyo—subcontinuous at € X if, for every sequencér,,),
T—converging toz, every sequencey, )., v, € F(z,) Vn € N, has a
o—convergent subsequence;

New Concepts of
Well-Posedness for

e sequentiallyy—closed atr € X if for every sequencer,,),, 7—converging Optimization Problems with
to =, for every sequencgy, ), o—converging toy, v, € F(x,) Vn € N, VENEWEIED eIy (Cens el
one hag € F(l’) Imma Del Prete,

i i L. . M. Beatrice Lignola and

We have chosen to deal with sequential continuity notions for set-valued Jacqueline Morgan

functions since our well-posedness concepts are defined in a sequential way.
However, for brevity, from now on the tersequentiallywill be omitted.

: . ) ) ) Title P
Lete > 0. The following approximate solutions set, introducedia]| ie Page
a 5 Contents
%,Ez{ueK:(Au,u—v}ﬁe—{——”u—v“ VUEK} fore >0
2 <4 >
can be used to provide a characterization.efvell-posedness in line withl[3,
) < 4
Prop. 2.3 bis] and4].
Proposition 2.2. Leta > 0 and assume that the operatdris hemicontinuous Go Back
and monotone orkK and that(V'I) has a unique solution. The variational Close
inequality (V1) is stronglya—well-posed if and only if Quit

To:#0 Ye>0 and ll_{% diam(7,c) = 0. Page 9 of 42
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Proof. Assume thatV’I) is stronglya—well-posed and

lim diam7,(¢) > 0.

e—0

Then there exists a positive numbesuch that, for every sequeng¢s;,),, de-
creasing to Og,, > 0, there exist two sequencés, ), and (v,), in K such
that

Un € Toe,, vn €7, and ||y, —v,|| > G for n sufficiently large.

Since(V 1) is stronglya—well-posed, the sequencgs,),, and(v,,),, must con-
verge to the unique solutiom,, so

lim [y, — va]| = 0

which gives a contradiction.
Conversely, lety, ), be ano—approximating sequence fov' 1), thatisy,, €
7., for a sequences,,),, ¢, > 0, decreasing to 0. Beingm diam 7., ., = 0,

for every positive numbes there exists a positive integer such that|y,, — v, ||
< [ V¥Yn >mandp > m.

Therefore(y,,),, is a Cauchy sequence and has to converge to a pomti .
SinceA is monotone one has:

(Av,ug — vy = lim(Av, y, — v)
< liminf(Ay,, y, — v)

<tim Sy — ol = 5 Juo — o W0 € K.
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SinceA is monotone and hemicontinuous, the following equivalence holds:

(Av, ug — ) —%||u0—v||2 <0 WeK
& (Aug,ug — v) — % luo —v]> <0 Vo € K.
In fact, assume that
(Av,ug — v) —%HUO—UHQ <0 VvekK.

If v is a point of K, for every numbet € [0, 1] the pointv, = tv + (1 — t)uy
belongs tok, so:

(Avt,uo—vt>—% o — ve||* = t(Avt,uo—v)—tQ% luo — v||> < 0 ¥t € [0, 1].

So one has: a
lim ((Avt,uo —v) — 515 Juo — U||2> <0

t—0

and, in light of the hemicontinuity ofi:
(Aug,ug — v) — % luo — v|* < (Aug,up —v) <0 Yo € K.
The converse is an easy consequence of the monotoniciy of

Sog.(up) = 0 and, arguing as in Propositichl, it can be proved thai,
coincides with the unique solution {& 7). This completes the proof. N
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In what follows we shall consider a topological sp&ég 7), a convergence
on E and, for everyr € X, a parametric variational inequality dn, (VI)(x),
defined by the paifA(z, ), H(x)), whereA is an operator fronX x E to E*
andH is a set-valued function fronX to £ which is assumed to be nonempty,
convex and closed-valued. In many situatidiér) is described by a finite
number of inequalitiesH (z) = {u € £ : gi(z,u) <0, Vi=1,...,n}, where
g; is areal-valued function, far= 1, ..., n, satisfying suitable assumptions.

Throughout this section we will consider the following family of variational
inequalities:

(VI) ={(VI)(x), x € X}.

Leta > 0 ande > 0. In the sequel, we shall denote By(resp. T, . ) the
map which associates to everye X the solution set (resp. the approximate
solution set) tdV'I)(z) :

T(x)={ue€ H(z): (Alz,u),u—v) <0 Yove H(x)}
(resp.T,.(x) = {u € H(z): (A(z,u),u —v) <e+ % |u—v|® VYo e H(x)})
Now, we introduce the notion of parametrie- well-posedness for the fam-
ily (VI).

Definition 3.1. Letz € X and(z,), be a sequence convergingtoA sequence
(un)n is said to bex—approximating for(V I)(x) (with respect tqx,,),,) if:
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) u, € H(z,) Vn €N,

ii) there exists a sequenc¢e,),., €, > 0, decreasing to 0 such that

(A2, i)y U — V) — % lun —v||* < &0 Vo€ H(z,) VneN.

Definition 3.2. The family of variational inequalitie€V1) is termed paramet-
rically a—well-posed with respect @ if:

e for everyr € X, (VI)(z) has a unique solution,;

o for every sequenceér,, ), converging toxr, everya— approximating se-
quence(uy,),, for (VI)(x) (with respect tdz,,),) c—converges ta,.

If o is the strong convergence(resp. the weak convergened on E, (VI)
will be termed parametrically stronglg—well-posed (resp. parametrically
weakly a—well-posed).

Observe that forr = 0 the above definition amounts to Definition 2.3 in

[13].

Definition 3.3. The family of variational inequalitie€V1) is termed paramet-
rically a—well-posed in the generalized sense with respect t) for every

x € X, (VI)(z) has at least a solution and for every sequeficg),, converg-

ing to z, everya—approximating sequende:, ),, for (V' I)(x) (with respect to
(zn)n) has a subsequenece-convergent to a solution td/7)(x).
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For a parametric variational inequality it is natural to consider the following
parametric gap functiog,, (z, u):

«
Ja(T,u) = sup ((A(ac,u),u —v) — 5 |lu — v|\2>
veH(z)

and with the same arguments as in Proposifidrmone can prove the following
two propositions:

Proposition 3.1. Leta > 0 andz € X. A pointu, solves the variational
inequality(V'I)(x) if and only if : New Concepts of

Well-Posedness for
Optimization Problems with

Uy € H(ZL‘) and ga(l’, ux) = III}f(‘ )ga(CL’, u) =0, Variational Inequality Constraint
ucH (x
. Imma Del Prete,
that is: a M. Beatrice Lignola and
<A(x,u), U — U) _ 5 Hu _ UHQ <0 Yo € H(l’) Jacqueline Morgan

Proposition 3.2. The family of variational inequalityVI) is parametrically

a—well-posed (resp. parametrically—well-posed in the generalized sense) 1iE (PR
with respect tar if and only if, for everyr € X, the minimization problem Contents
(3.1) min g, (z,u) <44 44
is parametrically Tikhonov well-posed (resp. parametrically Tikhonov well-

Go Back

posed in the generalized sense) with respeet,tthat is: g, is bounded from
below, 3.1) has a unique solution (resp. has at least a solutiep)and for Close
every sequencer, ), converging tar, every sequencg, ),, such that Quit

uelglzx) ga(x,u) > liminf go (2, u,) Page 14 of 42
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o—converges (resp. has a subsequemeeonvergent) ta., (see Definitior2.3

in [15]).

The connection between parametiie well-posedness and the convergence

to O of the diameters df,, . () is given by the following result.

Proposition 3.3. Let« > 0. If the family of variational inequalitiesV 1) is
strongly parametricallyx—well-posed, then, for every € X , every sequence
(x,)n converging tor and every sequende, ), of positive real numbers de-
creasing to 0, one has:

Toe(z)#0 Ve >0 and limdiam(T,..,(x,)) = 0.

Proof. In light of the assumption, the s&t,.(z) is nonempty sincdu,} =
T(x) C T,(z). Assume thatim diam (T, ., (z,) > 0. Then there exish > 0

and two sequences., ), and(y,), such that,, € T, ., (z,), Yn € Tae, (Tn)
and ||y, — u,|| > n, for n sufficiently large. But, beingu,,),, and (y,), se-
quencesy— approximating foV'I)(z) (with respect tqz,,),), they must con-
verge tou,, and this gives a contradiction. O

In order to achieve a similar result for generalized well-posedness, one
can consider the non compactness meaguirgroduced by Kuratowski inl[1]:
if (S,d) is a metric space an is a bounded subset 6f, 1.(B) is defined as
the infimum ofe > 0 such thatB can be covered by a finite number of open
sets having diameter less thanThe following proposition, whose proof is

in line with previous results concerning generalized well-posedness for mini-
mum problems (se€)]), gives the link between the noncompactness measure
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of T,, ., (z) and the generalized—well-posedness, when the set-valued func-
tion H is constant:

Proposition 3.4. Leta > 0. Assume that for every € E the operatorA(-, u)

is continuous fromX to (E£*, w) and the set-valued functiaf is constant, that

is H(x) = K, whereK is a nonempty, closed convex subselboff the family

of variational inequalitieg VI) is parametrically stronglyv—well-posed in the
generalized sense, then, for every X, every sequencgr,),, converging to

x and every sequendge,, ),, of positive real numbers decreasing to O, one has:

Toc(x) #0 Ve >0 and lim u(T, ., (z,)) = 0.

Proof. Let (¢,,),, be a sequence of positive real numbersglet X and(zy,),
be a sequence convergingato

We start by proving thatm A(7, ., (z,), T'(x)) = 0, whereh (T, ., (z,), T (z))
= h,, is the Hausdorff distance [] betweenT,, ., (z,,) and the set of solutions
to (VI)(x), thatis:

UETw ey, (Tn) veT ()

hn = max{ sup  d(u,T(z)), sup d(Taygn(xn),v)}.

By the assumptions, every € 7'(x) belongs to7, ., (x,), for n sufficiently
large.
Indeedu € T'(x) if and only if (A(z,u),u —v) <0 Vv € K and, conse-
quently:
(A(z,u),u —v) — % |u—v||> <0 Vo e K.
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v #u, (A(z,u),u —v) — % |u—v||> <0 =lime,
and in light of continuity ofA(-, ) one gets
(A(xp,u),u —v) — % Ju— | < en

for n sufficiently large.
If v = u, the result is obvious since

(A(zp,u),u —v) — % |u —v||> =0 < &, for everyn € N.

So, iflimsup h(T,., (x,), T(x)) > ¢ > 0, there exists a sequenge, ),, :

n

Up € Ty e, (x,) andd(u,, T'(z)) > c for n sufficiently large.

Since(u,,), is a—approximating, there is a subsequeiicg, ), converging to
u, € T(x) and one gets:

0 = d(ug, T(z)) > limsup d(uy,, T'(z)) > c,
k
which gives a contradiction.
In order to complete the proof, it takes only to observe that (z,) C

B(T'(z), h,) (the ball of radiush,, aroundT(x)) andu(7'(z)) = 0, so the fol-
lowing inequality holds (see, for exampld]):

(T, (0)) < 20 + p(T(2)) = 2h,.
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The next lemma is in the spirit of the Minty’'s Lemma and will be used
to characterizer—well-posedness for parametric variational inequalities. The
proof is omitted since it is similar to the proof given in Propositibé for un-
parametric variational inequalities.

Lemma 3.5. Leta > 0. If, for everyz € X, the operatorA(z, -) is hemicon-
tinuous and monotone o (x), then the following conditions are equivalent:

) up € H(z)and(A(z, uo), uo—v) — 5 ||uo — v||> < 0 foreveryv € H(z),
. 9 New Concepts of
i) up € H(z)and(A(z,v),ug —v) — 5 |lup — v||” < 0 foreveryv € H(x). Well-Posedness for
o S ) ) ) Optimization Problems with
The next proposition proves that in finite dimensional spaces the parametric Variational Inequality Constraint
a—well-posedness is equivalent to the uniqueness of solutio(is £ z), for Imma Del Prete,

everya > 0. M. Beatrice Lignola and
- Jacqueline Morgan

Proposition 3.6. Leta > 0 and E = R*. If the following conditions hold:

i) the set-valued functiof is lower semicontinuous, closed and subcontin- Title Page
uous; Contents
i) foreveryr € X, A(x,-) is monotone and hemicontinuous; « Y
iii) for everyu € R, A(-,u) is continuous on¥; < >
iv) A is uniformly bounded oX x R*, that is there existé > 0 such that for Go Back
every converging sequen¢e,, u,,), one has|A(z,,u,)|| < k for every
. Close
n € N;
: : . . it
then(VI) is parametricallyo—well-posed if and only if, for every € X, Qui

(VI)(x) has a unique solution,,. Page 18 of 42
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Proof. Forz € X, let(z,), be a sequence convergingitand(u,), be an
a— approximating sequence (with respecttq),), that is:

5 llun —vll* Vo € H(z),
where(e, )., €, > 0, is a sequence decreasing to 0.

SinceH is closed and subcontinuous there exists a subsequenck of
(un)n converging to a pointi, € H(z). Moreover, in light of the lower semi-
continuity of H, for everyv € H(z) there exists a sequence,),, converging
to v such thaw,, € H(z,) for everyn € N.

The monotonicity ofA(x,, , -) implies:

un, € H(z,) and (A(zy,, un), u, —v) < &, +

<A<xnk’ U)? Uny, — U> < <A($nk> unk)> Uny, — U”k> + <A($nk> unk)> Uny — U>

a 2
< Eny, + E ||unk - ,UnkH + ||A<xnk’unk)|| ||Unk~ - UH

for everyk € N.
SinceA(-,v) is continuous at: and A is uniformly bounded one has:

(Ale,v), Ty —v) < 5 [ — ol
and applying the previous lemma:
(Al i), s = v) < i = o]
But, from Propositior8.1, this inequality is equivalent to:

(A(z,0y),u, —v) <0 Yve H(zx)

New Concepts of
Well-Posedness for
Optimization Problems with
Variational Inequality Constraint

Imma Del Prete,
M. Beatrice Lignola and
Jacqueline Morgan

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 19 of 42



http://jipam.vu.edu.au/
mailto:
mailto:delprete@unina.it
mailto:
mailto:
mailto:lignola@unina.it
mailto:
mailto:morgan@unina.it
http://jipam.vu.edu.au/

that isu, solves(VI)(x).
Since(V I)(x) has a unique solution, the poiat must coincide with:,, and
the whole sequende.,,),, has to converge to,. O

A similar result could be obtained in infinite dimensional spaces if one mod-

ifies the assumptions: in iiiA(-, «) should be continuous fromX to (E*, s),
but in i) H should be assumed to e-lower semicontinuousy—closed and
s—subcontinuous, which unfortunately lead to the strong compactnd$&:0f
for everyx € X.

Remark 3.1. If the set-valued functiof/ is constant, that ig7(x) = K Vz €
X, the same result holds assuming that thef§és compact and convexX,(z, -)
is monotone and hemicontinuous infor everyz € X, and A(-, u) is contin-
uous onX for everyu € K. Indeed, arguing as in Propositiod.6, for every
v € K one has:

<A<xnkv U)’ u— U) = <A(xnk’ 'U)? u— u"k) + <A($nk> U), Upy, — 1)>
<A(xnkv U)’ u— unk> + <A(xnk7 UNk)> Uny, — U)

~ « 2
< <A<xnk7v)7u - unk> +5nk + 5 Hunk - U” )

IN

and fork converging to+ oo the result follows.

Example 3.1.If F is an infinite dimensional space, the previous result may fail
to be true wherlk is only weakly compact, that is: there are variational inequal-
ities with a unique solution which are nat-well-posed. Indeed, the following
example (already considered if]) holds: let E be a separable Hilbert space

with an ortonormal basige,, ),,, B be the unitary closed ball of. Consider the
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operatorsyh(u), whereh(u) = <“n—°;"> and the variational inequalityV'I)
defined byw € B and(yyh(u),u —v) <0 Vv € B.

It has as unique solution, = 0, but (e,),, is an approximating (and con-
sequentlyx— approximating for every > 0) sequence that does not strongly

converge td).

The next result and the following remark, concerningwell-posedness
in the generalized sense, can be easily proved with the same arguments as in

Proposition3.6 and Remark3. 1.

New Concepts of
Well-Posedness for

Proposition 3.7. Let E = R* anda > 0. If the assumptions of Propositich6 Optimization Problems with
hold, then the familyVI) is parametricallyo—well-posed in the generalized Variational Inequality Constraint
sense. Imma Del Prete,
M. Beatrice Lignola and

Proof. Since under assumption i) the gétz) is compact, {'/)(z) has at least Jacqueline Morgan
a solution for everyr € X (see for examplel[]] or [2]), so the result can be
easily proved as in Propositidh6. O Title Page

The previous proposition says nothing else that, under conditions i) to iv), in Contents
finite dimensional spaces, the parametriewell-posedness in the generalized <« by
sense is equivalent to the existence of solutions.
Remark 3.2. If the set-valued functio” is constant, thatig7(z) = K Vz € ! >
X, the same result holds assuming that the Seis compact and convex, for Go Back
everyx € X A(z,-) is monotone and hemicontinuous éh and, for every Close
u € K A(-,u) is continuous onX. out
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The following propositions furnish classes of operators for which the corre-
sponding variational inequalities are parametricallywell-posed or paramet-
rically a—well-posed in the generalized sense.

Proposition 3.8. Assume that the following conditions are satisfied:

i) the operatorA is strongly monotone of in the variableu, uniformly with
respect tar, that is:

38 >0 such th&t(A($, u) — A(a:, U), u— U> New Concepts of
9 Well-Posedness for
>fGllu—o||" Ve e X, Vue E, Vv e E; Optimization Problems with
Variational Inequality Constraint
i) foreveryu € E, A(-,u) is continuous fron{ X, 7) to (E*, s); Imma Del Prete,
M. Beatrice Lignola and
i) foreveryr € X, A(x,-) is hemicontinuous of (x); Jeisigutelline el
iv) A is uniformly bounded oX x E;
) ) _ Title Page
v) the set-valued functioi/ is w—closed,w—subcontinuous and—lower
semicontinuous. Contents
: . <44 >»
Then(VI) is parametrically stronglyx—well-posed for everyr such that
0<a<26. | >
Proof. First of all, for everyz € X, the variational inequalityV' I)(x) has a Go Back
unique solutionu, (see, for example,![] or [2]). Close
To prove that, foh < o < 23, everya—approximating sequence is strongly Quit

convergent, let: € X, (z,), be a sequence convergingtaand (u,), be an
a—approximating sequence fOWI) with respect tdz,, ). Page 22 of 42
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SinceH is w—closed andv—subcontinuous, the sequenes,),, has a sub-
sequence, still denoted ky,,),,, which weakly converges ta, € H(z). To
prove thatu, = u,, consider a point € H(x) and a sequencg,,),, strongly
converging ta such that,, € H(x,,) for everyn € N (such sequence exists in
virtue of the lower semicontinuity of ). One has, for every € N:

(A(zp,v), Uy — v)

S <A(xn>un>7un - U> - ﬁ Hun - U||2
= <A(In7un)7un - 'Un> + <A(5En, Un>, Un — U> - 6 ||un - U|I2

<t 5 ltn = vall’ = B llun = ol* + [ Az, un) lon = o]l
Since§ < (3, one gets:
(A(xp,v),uy, — v)
< et B ([on = 0I” +2un = v floa = v} + A0, wn)ll [Jon — ol
and in light of assumptions ii) and iv):
(A(z,v),u, —v) <O0.

The last inequality, for the arbitrarity af implies, by Minty’s Lemma (see, for
example, 7]), thatu, solves(V'I)(z), sou, = u,.

To prove that the sequence,,),, strongly converges ta,, let (w,), be a
sequence strongly converging 49, w,, € H(z,) V n € N (such a sequence
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exists sinced is s—lower semicontinuous). Observe that:

B un — u:c||2
< (A(xn, un)
= <A(xn7 un)? Un — wn> + <A(xna un>7 Wy — Ux)

- A<=Tn7 Uz>, Up — U:B)

- <A($n7ux)a Up — uz>
Q 2

<én+ 9 |tn, — wn || + || A2, un)|| |wn — us|

- <A(l“n,ux),un - Um> VneN.

Since||w, — uy||? < (||wn — ua|| + ||un — us]|)?, One gets, for every € N:

0<(8-35) llun =
« 2
<én+ 9 |te — wal|” + ||t — vg|| ||tz — whl|

and this implies thalim ||u,, — u.|| = 0. So, we have proved that every weakly

converging subsequence(af, ), is also strongly converging to the unique solu-
tion for (V' I)(x). Then the whole sequence,,),, strongly converges to,. [

Remark 3.3. If the set-valued functiod/ is constant, that ig7(z) = K Vz €
X, the same result can be established assuming that:

i) the operatorA is strongly monotone in the variableon £/ (with modulus
3), uniformly with respect ta;

ii) foreveryu € K, A(-,u) is continuous fromi X, 7) to (E*, s);
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i) foreveryr € X, A(x,-) is hemicontinuous off (x);
iv) the setK is convex, closed and bounded.

For what concerning parametric-well-posedness in the generalized sense,
we have the following result far = 0 :

Proposition 3.9. Assume that the following conditions are satisfied:

i) foreveryz € X, A(z,-) is monotone ot (z);

ii) foreveryu € H, A(-,u) is continuous from{ X, 7) to (E*, s);
i) for everyxr € X, A(x,-) is hemicontinuous o/ (z);
iv) A is uniformly bounded oX x E;

V) the set-valued functio®/ is w—closed,w—subcontinuous and—lower
semicontinuous.

Then(VI) is parametrically weakly well-posed in the generalized sense.

Proof. First of all, for everyx € X, the variational inequalityV'I)(x) has at
least a solution (see, for example[] or [2]), since under our assumptions the
setH (x) is compact with respect to the weak convergence.

Letx € X, (z,), be a sequence convergingioand(u,,), be an approxi-
mating sequence fdiVI) with respect tqz,,),,.

SinceH is w—closed andv—subcontinuous, the sequenes,),, has a sub-
sequence, still denoted ky.,,),,, which weakly converges ta, € H(z). To
prove thatu, € T'(x), consider a point € H(x), a sequencéuv,,), strongly
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converging ta such that,, € H(x,,) for everyn € N (such sequence exists in
virtue of the lower semicontinuity off ). Since:

(A(zp,v),u, —v) < (A(xp, uy), Uy — v)
= (A2, Up), Up — V) + (A(Tp, Up), vy — V)
< en+ (A(zn, upn), vy — v)
<én + | A(zn, wn) [[vn —v]| Vn €N

and assumptions ii) and iv) hold, one gets: New Concepts of
Well-Posedness for

Optimization Problems with
<A(:)§, v), Uy — U) <0 Yo € H(ZL’), Variational Inequality Constraint

. . : | :
that, for the Minty’s Lemma, is equivalent to say thatsolves(V I)(z). [ M. é@;?ﬁci‘i.g;i}j and

Jacqueline Morgan

Remark 3.4. If the set-valued functiof/ is constant, thatis7(z) = K,V x €
X, the same result can be established assuming that:

Title Page
i) the operatorA(zx, -) is hemicontinuous o#; e
ii) the operatorA(z, -) is monotone; P >
i) foreveryu € K, A(-,u) is continuous onY; < >
iv) the setK is convex, closed and bounded. Go Back
Close
Quit
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In this section we consider variational inequalities arising from parametric min-
imum problems and we investigate, far> 0, the links between parametric
a—well-posedness of such problems and parametriovell-posedness of the
corresponding variational inequalities. The case 0 can be found in]3].

Leth be a function fromX x E to RU{+oo} andH be a set-valued function

from X to E, which is assumed to be nonempty, convex and closed-valued. If, Vye”wPConé:epts cf>f
. . A . . ell-Posedness 1or
for everyz € X, the functionh(z, -) is Gateaux differentiable, bounded from Optimization Problems with
below and convex o/ (x), the minimum problem: Variational Inequality Constraint
Imma Del Prete,
((P) (JJ)) inf h(l’, u) M. Beatrice Lignola and

uw€H () Jacqueline Morgan

is equivalent to the following variational inequality problem:

on Title Page
((VI)(z)) findu € H(z) such that <%(:r, u),u — v> <0 Yve H(z), Contents
on : o : : . <« 44
where g is the derivative of the functioh with respect to the variable (see
[2]). Then, it is natural to introduce the notion of parametriewell-posedness < 4
for a family of minimization problem® = { (P) (z) , + € X} and compare Go Back
it with the parametriex—well-posedness for the familyI = { (V/)(z), = €
X}. Close
Quit

Definition 4.1. Letz € X, (z,), be a sequence convergingpthe sequence
(un)n IS termeda—minimizing for( P) (=) (with respect tqx,,),,) if: Page 27 of 42
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) u, € H(z,) Vn €N,

ii) there exists a sequenc¢e, )., €, > 0, decreasing to 0 such that:

h(@n, tn) < B, v) + % n —v||* + &, Vv € H(z,) andVn € N.
Definition 4.2. The family of minimum problenB is called parametrically
a—well-posed, with respect g if:

i) for everyz € X, h(x,-) is bounded from below,
ii) foreveryr € X, (P)(x) has a unique solution,,,

iif) for every sequencér,,), converging to a pointz, every a—minimizing
sequencéu,),, for (P) (x) (with respect tdz,),) oc—converges ta,.

Definition 4.3. The family of minimum problenB is called parametrically
a—well-posed in the generalized sense, with respeat ib

i) for everyz € X, h(x,-) is bounded from below,
ii) foreveryr € X, (P) (x) has at least a solution,,,

iif) for every sequencér,,), converging to a pointz, every a—minimizing
sequencgu,), for (P)(z) (with respect to(x,),) has a subsequence
o—convergent to a solution farP) (x).

The following two propositions give, under suitable assumptions, the equiv-
alence between parametric-well-posedness for a minimization problem and
the corresponding variational inequality.
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Proposition 4.1. Assume that, for al: € X, the functioni(z, -) is bounded
from below, convex and Gateaux differentiablefdqr) and the family of prob-

lemsP is parametricallya—well-posed (resp. in the generalized sense) with

respect tar. Then the family of variational inequalities defined by

(VI)(x)) findu € H(x) such that <%($,u),u - ’U> <0 Vv € H(x),

is parametricallyan—well-posed (resp. in the generalized sense) with respect to

g.

Proof. Under the above assumptions, foralE X, the problemsgV'7)(x) and
(P) () have the same solutions. Consider a paint X, a sequencéz,,),,
converging tox and ana—approximating sequenag.,,), for (V' I)(x), with
respecttqz,),, that is:
h (0% 2
up € H(xy,) and ( —(x,, up), uy — v ) — = Ju, —o||” < e,
Yv € H(z,) Vn € N,

where(e,,)n, €, > 0, decreases to 0. Sinég¢z,,, -) is convex one has:

ou
% [t — v||* + €, Vv € H(zy) Yn €N,

h(xp, up) — h(x,,v) < <@(xn,un)7un - v>

IA

that is(u,,),, iIs «—minimizing for (P) (x) (with respect tdz,),,) and the result
then follows. O
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Proposition 4.2. Let £/ be a real Hilbert space. Assume that, for alle X,

the functioni(z, -) is lower semicontinuous, bounded from below and Gateaux
differentiable onH (z) and the family of variational inequalitiegVI) is para-
metrically strongly0—well-posed . If the rangé/ (X) is a bounded subset of
E, then the family of minimum problerisis strongly parametricallyyv—well-
posed for every > 0.

Proof. Under the assumptions above, every solutiof/to(x) has to coincide

with the unique solution toV' /) (z), Vo € X.
. . L New Concepts of
Considerz € X, a sequencéz,,), converging tox and ana-minimizing Well-Posedness for

, i iQr Optimization Problems with
sequencéu,, ), for (P) (x), with respect tqx,,),,, that is: A [T Gt

Un € H(wn) andh(@n, tn) < h(m, v)+= ||tn — v]|*+e, Vv € H(2,)¥n € N, imma Del Prete,
2 M. Beatrice Lignola and
Jacqueline Morgan

where(e,,)n, €, > 0, is a sequence decreasing to 0.

For everyn € N define a new functiorf,, on E by:

o Title Page
2
fa(v) = h(zn,v) + 9 [un — Contents
and observe thaf, is lower semicontinuous, bounded from below, Gateaux <4 »r
differentiable onH (x,,) and f,,(u,) = h(z,, u,). P >
Sincef,(u,) < fu(v)+e, Yv € H(z,), from Ekeland Theorem (seé]),
for everyn € N there exists:!, € H(z,) such that: Go Back
[, = un| < v/, and Close
Quit

<%(U;@)»U; - U> < Ven ||lu, — v||Vv € H(z,) Vn € N.
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Therefore:

oh / / o afﬂ / I _ VA
<%(9€n,un),un—v><au (uy,), uy, v> a (U, — Uy, u, — v)

< Ve llu, — vl (14 a) Yo e H(x,).

Since the set-valued functiod has a bounded range, the sequeqgg,, is
0-approximating for V' /)(xz) and the result follows. O]

Corollary 4.3. Let E be a real Hilbert space. Assume that, for alle X, V\?'ee”WPgsggsséss?;
the functionh(z, -) is lower semicontinuous, convex, bounded from below and Optimization Problems with
Gateaux differentiable oii{ (z) and the rangeH (X) is a bounded subset of VENEWEIED eIy (Cens el
E. Then the family of variational inequalitie®/Q) is parametrically strongly e e
a—well-posed (resp. in the generalized sense) with respegt ifcand only if M. Beatrice Lignola and
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In this section we consider a convergemcen E and the problem introduced
in Sectionl:

(OPVIC) inf inf f(x,u),

zeX ueT (x)
where f : X x E — R U {400} is bounded from belowH is a set-valued
function from X to E, and, for everyr € X, A(z,-) is an operator fronE to
E*, while T'(z) is the set of solutions to the parametric variational inequality
(VI)(x) defined by the paifA(x,-), H(x)).

In order to obtain sufficient conditions far—well-posedness dbPVICwe
shall assume also that the functigrsatisfies a coercivity condition: namely,
we say thaff is equicoerciveon (X x E. (T x o)) if every sequenceér,,, u, ),
such thatf(x,,u,) < kVn € N, has a7 x o)—convergent subsequence.

Definition 5.1. Leta > 0. A sequencéz,,, u,,), iS said to bex—approximating
for OPVICIf:

[z, u);

i) liminf f(z,, u,) < inf
) lmnln f(fl' Y >_ (z,u)EXlilE,ueT(;t)

ii) there exists a sequence,),, ¢, > 0, decreasing to O, such that, €
Toe,(zn) Vn € N, that is:

u, € H(z,) and (A(xn,un),un—v>—% tn —v|* < &0 Vv € H(zy)

Observe that forr = 0 the above definition amounts to DefinitiBrlin [17]
for OPVICwith variational inequalities having a unique solution.
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Definition 5.2. An optimization problem with variational inequality constraints
OPVIC is termeda—well-posed with respect tor x o), if it has a unique
solution (xg, up) towards which everyv—approximating sequencer,,, u,,),

(T x o)—converges.

Definition 5.3. An optimization problem with variational inequality constraints
OPVICis termeda—well-posed in the generalized sense with respecttg

o), if OPVIC has at least a solution and every—approximating sequence
(xn, u,), has a subsequeneex o—convergent to a solution fabPVIC.

New Concepts of

Remark 5.1. We point out that the sef(z) of solutions to(1/)(z) is not L e Sk
assumed to be always a singleton. In this situation many different types of Variational Inequality Constraint
t‘appro_x[rr_watlng” sequences could be considered instead of_the ones con5|d§red imma Del Prete,

in Definition 5.1 (see P0], where the well-posedness of MinSup problems is M. Beatrice Lignola and
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e foreveryz € X (VI)(x) has a unique solution; S A
. . . < >
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Theorem 5.1.If (V1) is parametricallyo—well-posed with respect te, f is
sequentially lower semicontinuous and equicoercivé ¥nx £, (7 x ¢)) and
OPVIC has a unique solution, the@PVIC is a—well-posed with respect to
(T % o).

Proof. Let (z,,u,), be a sequence—approximating forOPVIC. Being f
equicoercive, there exists a subsequence ofu,, ), still denoted by(z,,, u,, ),
which (7 x o)—converges to a poittrg, uo).

Since the sequende,,),, is «—approximating for(V'I)(z,) with respect to
(x,)n and(VI) is parametricallyx—well-posed with respect te, the pointu,
must belong tdl'(zy). Therefore, in light of condition i) in Definitio.1 and
lower semicontinuity off, one has:

fxo,up) < inf f(z,u),

(z,u)EXXEueT (x)

that is(zg, u) is the unique solution toOPVIC. Since everyr x o)—convergent
subsequence ¢f,,, u,,),, converges to the unique solution foPVIC, the whole
sequencéz,, u,), (T X o)—converges to it. O

Bearing in mind the proof of Propositiah8, a sufficient condition for the
stronglya—well-posedness ddPVICwith explicit assumptions on the data can
be established.

Theorem 5.2. Assume thaf is sequentially lower semicontinuous and equico-
ercive on(X x E, (1 x w)), andOPVIChas a unigue solution. If the following
assumptions are satisfied:
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i) the operatorA is strongly monotone oA in the variableu, uniformly with
respect tar, that is:
33 > 0 such that(A(z, u) — A(z,v),u —v) > 8 |lu—v|?
Vee X,Vue E,VveE;
i) foreveryu € E, A(-,u) is continuous fron{ X, 7) to (E*, s);
i) foreveryr € X, A(x,-) is hemicontinuous off (x);
iv) A is uniformly bounded oX x E;

v) the set-valued functioH is w—closedw—subcontinuouss—lower semi-
continuous and convex-valued.

ThenOPVICis a—well-posed with respect ta- x s), for everya < 2.

Now we do not assume th&aiPVIC has a unique solution. With the same
arguments as in Theoreml one can prove:

Theorem 5.3.1f (VI) is parametricallya—well-posed with respect t@, f is
sequentially lower semicontinuous and equicoercivé.®¥nx £, (7 x o)) and
OPVIChas at least a solution, thenPVICis a—well-posed in the generalized
sense with respect {o x o).

In finite dimensional spaces one obtains:

Corollary 5.4. Assume that is sequentially lower semicontinuous and equico-
ercive onX x R¥, OPVIChas at least a solution and, for everye X, (V' I)(x)
has a unique solution.

If the following assumptions are satisfied:
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i) the set-valued functiof is closed, lower semicontinuous, subcontinuous

and convex-valued;
i) foreveryr € X, A(x,-) is monotone and hemicontinuous Aifx);
iii) for everyu € R*, A(-,u) is continuous onx;

iv) A is uniformly bounded oX x RF;

then OPVIC is a—well-posed in the generalized sense. If the set-valued

function H is constant, that is?(z) = K V x € X, the same result holds
assuming ii), iii) and the sek” compact and convex.

Second Casethere exists: € X such that'/)(z) does not have a unique
solution.

Theorem 5.5.Leta > 0. If (VI) is parametricallya— well-posed in the gen-
eralized sense with respect 4o f is sequentially lower semicontinuous and
equicoercive on X x E,(t x o)) and OPVIC has at least a solution, then
OPVIC isa—well-posed in the generalized sense with respe¢t te o).

Proof. Let (z,,u,), be a sequenca—approximating forOPVIC. From the
equicoercivity of f, there exists a subsequence(of,, u,),, still denoted by
(2, Un)n, Which (7 x o)—converges to a poititro, uo).

Since the sequence,,),, is a—approximating fof VI) with respecttdz,,),,
and (VI) is parametricallya—well-posed in the generalized sense with re-
spect too, (u,), has a subsequence,, ),, c— converging to a solutiom,
to (VI)(zo). Therefore, from condition i) in DefinitioB.1 and in light of the
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lower semicontinuity off, one has:

f(xo,up) < inf [, v),

(z,u)EXXEueT ()

that is(zo, up) is a solution taOPVIC. O

Theorem 5.6.Under the same assumptions of Theofefif, moreoverOPVIC
has a unique solution, thedPVICis a—well-posed with respect to- x o).

Proof. Following the proof of the previous theorem, everyapproximating
sequencézx,, u,), for OPVIC has a subsequence which x o)—converges
to the unique solutiorizy, ug). This is sufficient to conclude that the whole
sequencéx,,, u,), (T x o)—converges tdxo, uo). O

When the variational inequality arises from a minimization problém)/|C
is nothing else than a bilevel optimization problem, also called strong Stackel-
berg problem (seel[]):
inf inf
aggX uell\r/l[(x) f(l', U),

where

M(z) = Argmin h(zx,-) = {u € H(z) : h(z,u) < inf h(:z:,u’)} :

u'€H(x)

Theorem 5.7. Assume thayf is sequentially lower semicontinuous, equicoer-
cive on(X x E, (7 x w)) and OPVIC has a unique solution. If the following
assumptions are satisfied:
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i) for everyz € X, the functioni(z,-) is lower semicontinuous, bounded
from below, convex and Gateaux differentiablefdfx);

i) the set-valued functiofl is w—closed,w—subcontinuouss—lower semi-
continuous, convex-valued and the rangéX) is a bounded subset of
E;

iii) for everyu € E, 9"(-,u) is continuous onY;
iv) for everyz € X, %%(z, -) is hemicontinuous ol (z);
V) g—’; is uniformly bounded oX x E;

thenOPVICis a—well-posed with respect ta- x s).
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