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ABSTRACT. Denoting by(rn)n≥1 the increasing sequence of the numberspα with p prime and
α ≥ 2 integer, we prove thatrn+1 − 2rn + rn−1 is positive for infinitely many values ofn and
negative also for infinitely many values ofn. We prove similar properties forr2

n−rn−1rn+1 and
1

rn−1
− 2

rn
+ 1

rn+1
as well.
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1. I NTRODUCTION

Let (rn)n≥0 be the increasing sequence of the powers of prime numbers (pα with p prime and
α ≥ 2 integer). Thus, we haver1 = 4, r2 = 8, r3 = 9, r4 = 16, etc. Properties of the sequence
(rn)n≥1 were studied in [5] and [3].

Denote bypn then-th prime number. In [1], Erd̋os and Turán proved thatpn+1−2pn+pn−1 is
positive for infinitely many values ofn and negative also for infinitely many values ofn. Until
now, no answer is known for the following question raised by Erdős and Turán: Do there exist
infinitely many numbersn such that

pn+1 − 2pn + pn−1 = 0?

Erdős and Turán also proved that each of the sequences(p2
n − pn−1pn+1)n≥2 and(

1
pn−1

− 2
pn

+ 1
pn+1

)
n≥2

has infinitely many positive terms and infinitely many negative ones.

Denoting by(qn)n≥1 the increasing sequence of the powers of prime numbers, the author
proved in [4] that the value ofqn+1 − 2qn + qn−1 changes its sign infinitely many times.

In the present paper, we raise similar problems for the sequence(rn)n≥1. We need a few
preliminary properties, which will be proved in the next section.
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2. ON THE DIFFERENCE rn+1 − rn

Property 2.1. We have

(2.1) lim sup
n→∞

(rn+1 − rn) = ∞.

Proof. Let m ≥ 4. We show that, among the numbers

m! + 2, m! + 3, . . . ,m! + [
√

m],

there is no term of the sequence(rn)n≥1.
Assume that there exists an integera such that2 ≤ a ≤ [

√
m] and

(2.2) m! + a = pi

wherep is prime andi ≥ 2.
The relation (2.2) can also be written in the form

a

(
m!

a
+ 1

)
= pi, whencea = pj with 1 ≤ j ≤ i.

It follows that
m!

pj
+ 1 = pi−j, hence

m!

pj
is not divisible byp.

If ep(n) is Legendre’s function, we haveep(m) = j, that is,

(2.3)
∞∑

s=1

[
m

ps

]
= j.

Sincea ≤
√

m, it follows thatpj ≤
√

m, that is,m ≥ p2j, and then (2.3) implies that

j ≥
[
p2j

p

]
+

[
p2j

p2

]
+ · · ·+

[
p2j

p2j

]
= p2j−1 + p2j−2 + · · ·+ p + 1

≥ 22j−1 + 22j−2 + · · ·+ 2 + 1

= 22j − 1.

Since forj ≥ 1 we have22j − 1 > j, we obtained a contradiction.
Since our assumption turned out to be false, it follows that for everym ≥ 4 there exists

k = k(m) such that
rk ≤ m! + 1 andrk+1 ≥ m! + [

√
m] + 1,

whencerk+1 − rk ≥ [
√

m], and finally

lim sup
n→∞

(rn+1 − rn) = ∞,

and the proof ends. �

We now denotean = rn+1−rn

n log2 n
and recall that, in [2], H. Meier proved that

(2.4) lim inf
n→∞

pn+1 − pn

log n
< 0.248.

In connection with this result, we prove:

Property 2.2. We have

(2.5) lim inf
n→∞

an < 0.496.
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Proof. We consider the indicesm such that

pm+1 − pm

log m
< 0.248.

Both the numbersp2
m andp2

m+1 occur in the sequence(rn)n≥1, that is,p2
m = rk andp2

m+1 = rh,
with k = k(m), h = h(m) andh ≥ k + 1. In [5], it was proved that, form ≥ 1783, we have

(2.6) p2
m ≥ rm > m2 log2 m.

Sincepm ∼ m log m, it follows thatrk ∼ k2 log2 k. But rk = p2
m, hencek log k ∼ m log m.

One can show without difficulty thatk(m) ∼ m. It then follows that
√

rk+1 −
√

rk

log k
<

√
rh −

√
rk

log k
=

pm+1 − pm

log k
.

Sincelog k ∼ log m, we get

lim inf
k→∞

√
rk+1 −

√
rk

log k
≤ lim inf

m→∞

pm+1 − pm

log m
< 0.248.

Since
√

rk ∼ k log k and
√

rk+1 ∼ (k + 1) log(k + 1) ∼ k log k, it follows that

lim inf
k→∞

rk+1 − rk

k log2 k
< 0.496,

wherek = k(m). Consequently,

lim inf
n→∞

rn+1 − rn

n log2 n
< 0.496.

�

3. ERDŐS-TURÁN TYPE PROPERTIES

Fork ≥ 2 we denote
Rk = rk+1 − 2rk + rk−1,

and prove

Property 3.1. There exist infinitely many values ofn such that

Rn > 0,

and also infinitely many ones such that

Rn < 0.

Proof. DenotingSm =
∑m

k=2 Rk, we haveSm = rm+1 − rm − r2 + 1. By (2.1) we have
lim sup

m→∞
Sm = ∞, henceRn > 0 for infinitely many values ofn.

Denotingσm =
∑m

k=2 kRk, we have

σm = m(rm+1 − rm)− rm − r2 + 2r1 = m2 log2 m

(
am −

rm

m2 log2 m

)
.

Sincerm ∼ m2 log2 m, we get by (2.5) thatlim inf
m→∞

σm = −∞, henceRn < 0 for infinitely

many values ofn. �

Fork ≥ 2, denotingρk = 1
rk−1

− 2
rk

+ 1
rk+1

, we have
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Property 3.2. There exist infinitely many values ofn such that

ρn > 0,

and also infinitely many ones such that

ρn < 0.

Proof. Forα > 3, denotingS ′m(α) =
m∑

k=2

kαρk, we get

S ′m(α) = −mα(rm+1 − rm)

rmrm+1

−mα − (m− 1)α

rm

+
m−1∑
k=2

kα − 2(k − 1)α + (k − 2)α

rk

+O(1).

We have

rk ∼ k2 log2 k,

kα − (k − 1)α ∼ αkα−1,

kα − 2(k − 1)α + (k − 2)α ∼ α(α− 1)kα−2,

whence

mα(rm+1 − rm)

rmrm+1

∼ mα−3am

log2 m
,

mα − (m− 1)α

rm

∼ αmα−3

log2 m
,

kα − 2(k − 1)α + (k − 2)α

rk

∼ α(α− 1)kα−4

log2 k
.

Since
m−1∑
k=2

kα−4

log2 m
∼ (α− 3)mα−3

log2 m
,

it follows that

S ′m(α) ∼ mα−3

log2 m
·
(
− am − α + α(α− 1)(α− 3)

)
.

Then lim
m→∞

S ′m(3.1) = −∞, and thus there exist infinitely many values ofn such thatρn < 0.

On the other hand, we have by (2.5) thatlim sup
m→∞

S ′m(4) = ∞, which shows that there exist

infinitely many values ofn such thatρn > 0. �

A consequence of Properties 3.1 and 3.2 is the following.

Property 3.3. There exist infinitely many values ofn such that

rn−1rn+1 > r2
n,

and also infinitely many ones such that

rn−1rn+1 < r2
n.

Proof. If rn > rn+1+rn−1

2
, thenrn >

√
rn−1rn+1. On the other hand, if2

rn
> 1

rn−1
+ 1

rn+1
, then

rn < 2

/(
1

rn−1

+
1

rn+1

)
<
√

rn−1rn+1,

and then the desired conclusion follows by Properties 3.1 and 3.2. �
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Open problem. Do there exist infinitely many values ofn such that

rn+1 − 2rn + rn−1 = 0?
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