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Abstract

Integral means inequalities are obtained for the fractional derivatives of order
p+A(0<p<n 0L X< 1) of functions belonging to certain general sub-
classes of analytic functions. Relevant connections with various known integral
means inequalities are also pointed out.

Integral Means Inequalities for

Fractional Derivatives of Some

General Subclasses of Analytic
Functions

2000 Mathematics Subject Classification: Primary 30C45; Secondary 26A33,
30C80.
Key words: Integral means inequalities, Fractional derivatives, Analytic functions,

Univalent functions, Extreme points, Subordination. Tadayuki Sekine,

Kazuyuki Tsurumi

The present investigation was initiated during the fourth-named author’s visit to Saga Shigeyoshi Owa and
National University in Japan in April 2002. This work was supported, in part, by H.M. Srivastava
the Natural Sciences and Engineering Research Council of Canada under Grant
OGP0007353. i
Title Page
Contents
- . -y . . . “ ”
1 Introduction, Definitions, and Preliminaries. . . .......... 3
2  The Main Integral Means Inequalities. .. ............... 8 < >
3 Remarks and Observations. .. ............covivivnn... 12 Go Back
References
Close
Quit
Page 2 of 15

J. Ineq. Pure and Appl. Math. 3(5) Art. 66, 2002


http://jipam.vu.edu.au/
mailto:tsekine@pha.nihon-u.ac.jp
mailto:tsurumi@cck.dendai.ac.jp
mailto:owa@math.kindai.ac.jp
mailto:harimsri@math.uvic.ca
http://jipam.vu.edu.au/
http://www.ams.org/msc/

Let.A denote the class of functiorfy z) normalizedby

f(z)= z+Zakzk
k=2

that areanalyticin the openunit disk
U:={2:2€C and |[z|<1}.

Also let A (n) denote the subclass of consisting of all functiong (z) of the
form:

fF2)=2— Y a* (420, neN:={1,23,..}).
k=n-+1

We denote byl (n) the subclass afl (n) of functions which areinivalent
in U, and by7,, (n) andC, (n) the subclasses & (n) consisting of functions
which are, respectiveltarlike of ordera (0 < o < 1) andconvex of ordery
(0= a<1)inU. The classesA(n), 7 (n), 7,(n), andC,(n) were investi-
gated by Chatterjeal] (and Srivastavat al. [9]). In particular, the following
subclasses:

T:=7(1),

T (a) :=T,4(1), and C(a):=Cy(1)

were considered earlier by Silvermai).|
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Next, following the work of Sekine and Owé&][ we denote byA (n, ) the
subclass ofA consisting of all functiong (z) of the form:

(1.2) f(z)=2z— Z eV g2k (9 € R; af, = 0; neN).

k=n-+1

Finally, the subclasseB(n, ), 7.5(n,d), andC, (n, ) of the class4 (n, )
are defined in the same way as the subclagses, 7,(n), andC, (n) of the
classA (n).

We begin by recalling the following useful characterizations of the function
classes*(n, ) andC, (n, ) (see Sekine and Owél]).

Lemma 1.1. A function f(z) € A(n,v) of the form(1.1) is in the class
77 (n,v) if and only if

(1.2) f:(k:—a)akél—a meN; 0 a<).

k=n+1

Lemma 1.2. A function f(z) € A(n,v) of the form(1.1) is in the class
Co (n,9) if and only if

(1.3) Zk —a) g <l—a (meN;0Za<l).
k=n+1

Motivated by the equalities irL(2) and (L.3) above, Sekinet al. [6] defined
ageneral subclas$ (n; By, ) of the classA (n, ¥) consisting of functiong (z)
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of the form (L.1), which satisfy the following inequality:

ZE: Byay, é;l (13k2> 0; n € FD.

k=n+1

Thus it is easy to verify each of the following classifications and relationships:

A (n; k,0) =15 (n,9) =T (n,9) =T (n,v),

A(n;k_a,é’ =7 (n,9) (0= a<l),

and
A(n;M,ﬁ) =C,(n,9) (0Za<1).

1l—«

As a matter of fact, Sekinet al. [©] also obtained each of the following basic

properties of the general classédsn; By, V).
Theorem 1.3. A (n; By, 9) is the convex subfamily of the cladgn, v) .

Theorem 1.4. Let

i(k—1)
(1.4) fi(z) =2z and fk;(z):z—e(klﬁz]c
By,

(k=n+1,n+2n+3,...; neN).

Thenf € A(n; By, 9) if and only if f (z) can be expressed as follows:

f(z)=Mf(2)+ Z Mo fr(2),

k=n+1
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where
MA D> =1 (AN20; A 20;neN).

Corollary 1.5. The extreme points of the clags(n; By, ) are the functions
fi(z)and f; (2) (k2n+1; n e N)given by(1.4).

Applying the concepts of extreme points, fractional calculus, and subordina-

H ; ; : ; e : Integral Means Inequalities for
tion, Sekl_neet al. [_] o_btamed several mt_egral means megualltles for_ higher- . ional Derivatives of Some
order fractional derivatives and fractional integrals of functions belonging to the  General Subclasses of Analytic
general classed(n; By, ). Subsequently, Sekine and Ow4g fliscussed the Functions

weakening of the hypotheses By, in those results by Sekire al. [6]. In this Tadayuki Sekine,
paper, we investigate the integral means inequalities for the fractional deriva- M Yo
tives of f(z) of a general ordep + A (0 < p < n; 0 = X < 1) of functions H.M. Srivastava
f(2) belonging to the general classdén; By, v).
We shall make use of the following definitions of fractional derivatives ( Title Page
Owa [3]; see also Srivastava and Owg)|
Contents
Definition 1.1. The fractional derivative of ordek is defined, for a function
44 44
f(z), by
© < | 2
1 d [* f(C
1.5 D} = — d <A<),
A9 DO =gy g A<D Go Back
Close
where the functiorf (z) is analytic in a simply-connected region of the complex Quit

z-plane containing the origin and the multiplicity 6f — ¢) " is removed by
requiringlog (= — () to be real whenx — ¢ > 0. Page 6 of 15
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Definition 1.2. Under the hypotheses of Definitiari, the fractional derivative

of ordern + X is defined, for a functiorf (z), by

DA f(2) = %Dif(z) 0SA<1;neNy:=NU{0}).

It readily follows from (L.5) in Definition 1.1 that

Lk+1) £ 0 <),

Ak
(1.6) D = s 1

Integral Means Inequalities for
Fractional Derivatives of Some

We shall also need the concept of subordination between analytic functions General Subclasses of Analytic

and a subordination theorem of Littlewood [n our investigation.

Given two functionsf (z) andg (z), which are analytic irlU, the function
f (z) is said to besubordinateto ¢ (z) in U if there exists a functionw (z),
analytic inU with

w(0)=0 and |w(z)| <1l (z€0),
such that
f(z)=g(w(z)) (z€l).

We denote this subordination by

f(z) =<g(2).
Theorem 1.6 (Littlewood [7]). If the functionsf (z) and g (z) are analytic in
U with

9(2) < f(2),
then

2m 2m
/ ‘g(rew)}#deé/ |f(rew)‘#d9 (L>0,0<r<1).
0 0
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Theorem 2.1. Suppose thaf(z) € A (n; kP By, ) and that

(h+ 1By l(h+2—-A—p) Tn+l-p) _
. <B. (k= 1
T(h+1) T(n+2—-A—p) = " (k2n+1)
forsomeh =2 n,0 < XA < 1,and0 < ¢ < p < n. Also let the functiory, . (2)
be defined by

eihﬁ
(h+ 1)7H1 By

Then, forz =re?and 0 <r < 1,

1) fual(z) =2

P (frr € A(ny kT By, )

21
(2.2) /0 | DPA f (2)]" do

2
< [l a 0sa<tps0).
0

Proof. By virtue of the fractional derivative formuldl(6) and Definition1.2,
we find from (L.1) that

DIAf (2)
1-A— %
oz (1 B Z pi(k=1)0 I'2-A-plk+1) a zk—l)

r'e—-XA—p) Nl I'k+1—X—p)

R P i G2 N~ ) (k)agt
I'2-A-p) (k—p—1) ’

k=n+1
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where

(2.3) @@yzr%if:?_m

O0<A<Lk2n+1neN).

Since® (k) is adecreasingunction ofk, we have

F'n+1-p)
'n+2—-X—p)
0=SA<l; k2n+1;neN).

0<d(k)SD(n+1)=

Similarly, from 2.1), (1.6), and Definitionl.2, we obtain, fol0 < A < 1,

D§+)\fh+1 (2)

Zl—)\—p

'e2—XA—p) ( (h+1) B T'(h+2—-X—p)

Forz = re and0 < r < 1, we must show that

o ~ ! g
/ 1-— Z el(kflwf‘@ — A= p)m @(k)akzkfl do
0 k=n+1 p :
</2ﬂ - e’ T2=X-pT(h+2) ’"‘Mde
= Jo (h+1)9' By T(h4+2—-X—p) ’

0=A<1; p>0).

eth? L(2—-X—pT(h+2) Zh> ‘
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Thus, by applying Theorer.6, it would suffice to show that

— k!

(24) 1- P2 — N — p)—————
k:zn;rl (k—p—1

eth? re—-—x—prh+2) ,
(h+1)' By T(h+2-A-p)

(ka2

<1-

Indeed, by setting Integral Means Inequalities for
Fractional Derivatives of Some

General Subclasses of Analytic

> ; k! Functions
1- DI — X — p)————— D (k)ap2 !
k;—l (k—p—1) Tadayuki Sekine,
. Kazuyuki Tsurumi
1 e F(2 — A= p)F(h + 2) { ( )}h Shigeyoshi Owa and
—1 _ . w(z i

(h + 1)q+lBh+1 F(h i 92\ — p) 5 H.M. Srivastava

we find that Title Page

{w(z)}h = (h 1)q+15h+1r(h +t2-A-p) Contents

e (h + 2)
o " 44 44
i(k—1)9 : k—1
X Z e =] O(k)agz""", < >
k=n+1
Go Back
which readily yieldsw(0) = 0.
Therefore, we have Clhazz
(h+ 1) B T(h+2 - A—p) & % Sl
< h+1 — p : (L k—1

w(z)" < T(h+2) Z —(k—p—l)' (k)a|z| Page 10 of 15
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(h+ 1) B, T'(h+2—X—p)

< n
= |2 T(h+2)
Bt 1) i k!
X ®(n + —a
k=n+1 (k—p—1) *
— |Z|n(h + DBy T(h+2 - X —p)
T(h+2)
In+1-p) < k!
= a
r(n+2—A—p)k§1(k—p—1)! F
_ |n(h + 1By I(h+2—X—p)
T'(h+1)
I'(n+1-p) -
X Qg
Fn+2—-X—p) kzn;rl k — p—l
= k!
S Zn ——— Ba
=B 2 Gy e
(2.5) Sle" >0 BBy S 2" <1 (neN),
k=n+1

by means of the hypothesis of Theor@m.

In light of the last inequality in4.5) above, we have the subordinaticéh4),

which evidently proves Theoreth 1

]
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First of all, in its special case when= ¢ = 0, Theoren?2.1readily yields
Corollary 3.1 (cf. Sekine and Owa [], Theorem 6). Suppose thaf(z) €
A (n; kB, 9) and that

By D(h+2—)\) -
: <B, (kZn+1;neN
T(h+1) Tnt2_y =0 (k2n+linel)

for someh =2 nand 0 < A < 1. Also let the functiory;,.; (z) be defined by

I'(n+1)

1hd

B fua(x)=z— W (o1 € A(n; kB, 9)).

Then, forz = re?? and 0 < r < 1,
27
0

21
@2) [ IPEIdS [P 0SA<1n>0).

A further consequence of CorollaB/1whenh = n would lead us immedi-
ately to Corollary3.2 below.

Corollary 3.2. Suppose thaf(z) € A (n; kB, ) and that
(3.3) B £ B (k=n+1; neN).

Also let the functiory,, .1 (z) be defined by

ny
fn+1(2) =2z — m Z”+1 (fh+1 € A(TL, k‘Bk,Q9>> .
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Then, forz = re?? and 0 < r < 1,

2w 2w
(3.4) / |D}f (2)]"db < / D2 frir (2)]"d0 (0SS X<1; p>0).
0 0

The hypothesis3.3) in Corollary 3.2 is weaker than the corresponding hy-
pothesis in an earlier result of Sekiaeal.[6, p. 953, Theorem 6].

Next, forp = 1 andq = 0, Theorem2.1 reduces to an integral means in-
equality of Sekine and Owa ][ Theorem 7] which, foln = n, yields another

result of Sekineet al. [6, p. 953, Theorem 7] under weaker hypothesis as men-

tioned above.

Finally, by settingp = ¢ = 1 in Theorem?2.1, we obtain a slightly improved
version of another integral means inequalities of Sekine and OwEheorem
8] with respect to the parametgi(see also Sekinet al.[6, p. 955, Theorem 8]
for the case wheh = n, just as we remarked above).
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