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ABSTRACT. The main result here is a simple general-purpose numerical inequality that can be
used to produce a variety of Aczél type inequalities with little effort.
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While reading Dragomir and Mond’s paper [3], I noticed that a basic and elementary inequal-
ity principle could have been the essential tool for deriving not only all the inequalities proved
there (I am referring to the casep = q = 2 of Theorem 2 below), but even most of the classical
ones mentioned in their introduction. Since the same idea can be used to give immediate proofs
of a large variety of Aczél type inequalities (including the classical Aczél Inequality — see
Corollary 3, casep = q = 2), I thought it worthwhile to present it here in more detail, together
with some examples that hopefully will show the implicit power of the tool.

Our first lemma is a simple consequence of Hölder’s inequality, and so we state it without
proof:

Lemma 1. Letp, q ≥ 1 be such that1
p

+ 1
q

= 1, andr, s, h, k ≥ 0. Then

(1) h1/pk1/q ≤ (r + h)1/p(s + k)1/q − r1/ps1/q ,

with equality if and only ifrk = sh.

A direct corollary of this and our main tool to prove Aczél type inequalities is then

Theorem 2. Let p, q ≥ 1 be such that1
p

+ 1
q

= 1, anda, b, c, α, β, γ ≥ 0 satisfyb ≥ a1/pc1/q

andα1/pγ1/q ≥ β. Then, ifa ≥ α andc ≥ γ we have

(2) (a− α)1/p(c− γ)1/q ≤ b− β ,

with equality if and only ifcα = aγ, b = a1/pc1/q andβ := α1/pγ1/q.
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Proof. To see this, note that by the assumptions we haveb ≥ β, and this means that the right
hand side in (2) is smallest by choosingb := a1/pc1/q andβ := α1/pγ1/q: but then (2) reduces
to

(a− α)1/p(c− γ)1/q ≤ a1/pc1/q − α1/pγ1/q ,

and this is exactly the inequality (1) in Lemma 1 if we set therer := α, s := γ, h := a− α and
k := c−γ. The identity condition follows immediately from the proof and from Lemma 1.�

Let us now see how to easily derive the classical Aczél Inequality [1] in a generalized form
due to Popoviciu [7] (see also the discussion after Theorem 5 below, and [6, p. 118]):

Corollary 3 (Popoviciu [7]). Let p, q ≥ 1 be such that1
p

+ 1
q

= 1, and~a = (a1, . . . , an),
~b = (b1, . . . , bn) be two sequences of positive real numbers such that

(3) ap
1 − ap

2 − . . .− ap
n > 0 and bq

1 − bq
2 − . . .− bq

n > 0 .

Then

(4) (ap
1 − ap

2 − . . .− ap
n)1/p(bq

1 − bq
2 − . . .− bq

n)1/q ≤ a1b1 − a2b2 − . . .− anbn .

with equality if and only if the sequences are proportional (the classical Aczél Inequality is the
special casep = q = 2).

Proof. Let~a and~b be as in the statement, and apply Theorem 2 witha := ap
1, b := a1b1, c := bq

1,
α := ap

2 + . . .+ap
n, β := a2b2 + . . .+anbn, γ := bq

2 + . . .+bq
n. Then the hypothesesb ≥ a1/pc1/q

andα1/pγ1/q ≥ β are easily verified (the second one is the classical Hölder inequality), and so
we derive that (2) must hold for this choice of parameters, and that takes exactly the form of
inequality (4).

As for the equality condition, from Theorem 2 we get the identities

bp
1(a

p
2 + . . . + ap

n) = ap
1(b

p
2 + . . . + bp

n)

(a2b2 + . . . + anbn)p = (ap
2 + . . . + ap

n)(bp
2 + . . . + bp

n) .

The second identity says that we have equality in the Hölder inequality for the(n − 1)-tuples
a2, . . . , an andb2, . . . , bn, which means that these must be proportional (see [5, p. 50]). The
first identity then tells us that to have equality in (4) the two full sequences~a and~b must be
proportional. �

This may be a good moment to notice that in a sense Corollary 3 is the “right” generalization
of Aczél’s inequality, as opposed to the other, more restrictive Popoviciu’s generalization (see
Corollary 6 below). In fact, the latter is occasionally quoted with a mistake in its statement and
is really only valid for a small range of exponents (see Corollary 6 and the remark following
it). Mostly for the sake of illustration of the flexibility of our method, here are a variant Lemma
and Theorem that should be compared to Lemma 1 and Theorem 2:

Lemma 4. Let1 ≤ p ≤ 2 andr, s, h, k ≥ 0. Then

(5) h1/pk1/p ≤ (r + h)1/p(s + k)1/p − r1/ps1/p ,

with equality if and only ifrk = sh.

Proof. To see this, let2 ≤ q < ∞ be such that1
p
+ 1

q
= 1 and proceed just as in Lemma 1 using

Hölder’s Inequality to get

h1/pk1/p + r1/ps1/p ≤ (r + h)1/p(sq/p + kq/p)1/q .

Now, by an inequality due to Jensen [2, p.18] and sinceq ≥ p, we have

(sq/p + kq/p)1/q ≤ (sp/p + kp/p)1/p = (s + k)1/p
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which readily gives the claim. We leave verification of the equality condition to the reader.�

The following Theorem is now derived from Lemma 4 exactly in the way as Theorem 2 was
derived from Lemma 1 (we omit the proof):

Theorem 5. Let1 ≤ p ≤ 2 anda, b, c, α, β, γ ≥ 0 satisfyb ≥ a1/pc1/p andα1/pγ1/p ≥ β. Then,
if a ≥ α andc ≥ γ we have

(6) (a− α)1/p(c− γ)1/p ≤ b− β ,

with equality if and only ifcα = aγ, b = a1/pc1/p andβ := α1/pγ1/p.

We can now state and easily prove another generalization of Aczél’s Inequality that is also
attributed to Popoviciu in [5]. Note that the quotation of this result in [5] mistakenly states that
the following is true for allp ≥ 1:

Corollary 6 (Popoviciu [7]). Let 1 ≤ p ≤ 2 and~a = (a1, . . . , an), ~b = (b1, . . . , bn) be two
sequences of positive real numbers such that

(7) ap
1 − ap

2 − . . .− ap
n > 0 and bp

1 − bp
2 − . . .− bp

n > 0 .

Then

(8) (ap
1 − ap

2 − . . .− ap
n)1/p(bp

1 − bp
2 − . . .− bp

n)1/p ≤ a1b1 − a2b2 − . . .− anbn .

with equality if and only if the sequences are proportional (again, the classical Aczél Inequality
is the special casep = 2, and here theaj andbj don’t need to be positive).

To quickly see why inequality (8) cannot be always true forp > 2, just consider the following
special case where we assumea1 = b1 = 1 anda2 = b2 = a ∈ (0, 1):

(1− ap)2/p = (1− ap)1/p(1− ap)1/p ≤ 1− a2

which is always false ifp > 2.
Next, as an example of the applications of Theorem 2 to vector spaces, we have the following

trivial consequence:

Corollary 7. Let u, v, w, z be vectors in a complex Hilbert space such that‖u‖ ≥ ‖w‖ and
‖v‖ ≥ ‖z‖. Then we have

(9) (‖u‖2 − ‖w‖2)(‖v‖2 − ‖z‖2) ≤ (‖u‖‖v‖ − |〈w, z〉|)2

Proof. Just use Theorem 2 withp = q = 2 and definea := ‖u‖2, b := ‖u‖‖v‖, c := ‖v‖2,
α := ‖w‖2, β := |〈w, z〉|, γ := ‖z‖2, and notice that the hypothesisα1/2γ1/2 ≥ β is just the
familiar Cauchy-Schwarz inequality. �

As harmless as the previous result may seem, note how it can give a trivial proof to inequali-
ties that sometimes are presented in a way that makes them look much more difficult than they
are. As an example we prove the complex version of an old inequality stated in the real case by
Kurepa [4] (also quoted in [6, p. 602] and [3]):

Corollary 8 (Kurepa [4]). Let u, v, w be vectors in a complex Hilbert space. Defineu0 :=
u− 〈u, w〉w andv0 := v − 〈v, w〉w. If we have‖w‖ = 1,

|〈u, w〉| ≥ ‖u0‖
and

|〈v, w〉| ≥ ‖v0‖ ,

then we also have(
|〈u, w〉|2 − ‖u0‖2) (|〈v, w〉|2 − ‖v0‖2) ≤ (|〈u, w〉| |〈v, w〉| − |〈u0, v0〉|)2 .
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Proof. To prove this using Corollary 7 defineu1 := 〈u, w〉w andv1 := 〈v, w〉w, to note that
u = u0+u1 andv = v0+v1 are just the orthogonal decompositions with respect to the direction
of w (since‖w‖ = 1). Given this, just observe that‖u1‖ = |〈u, w〉|, ‖v1‖ = |〈v, w〉|, and so
u1, u0, v1, v0 satisfy the hypotheses in Corollary 7 of (respectively)u, w, v, z. �

To any reader who grasped how immediate Lemma 1 and Theorem 2 are, it is probably not
going to be a surprise that a similarly easy proof (which we omit) can be given to the following
generalization of Theorem 2:

Theorem 9. Let p1, . . . , pn ≥ 1 be such that
∑

j
1
pj

= 1, anda1, . . . , an, α1, . . . , αn, b andβ

be all non-negative numbers that satisfyb ≥
∏

j a
1/pj

j and
∏

j α
1/pj

j ≥ β. Then, ifaj ≥ αj for
all j, we have

(10)
∏

j

(aj − αj)
1/pj ≤ b− β ,

with equality if and only ifaiαj = ajαi for all i, j ∈ {1, 2, . . . , n}, and b =
∏

j a
1/pj

j and

β :=
∏

j α
1/pj

j .

As an example for the many possible applications (we omit the obvious extension of Corol-
lary 3 to more than two sequences), let me give a companion to Dragomir and Mond’s Theorem
4 in [3]. LetH be a complex Hilbert space, andx1, . . . , xn be arbitrary vectors inH. Define the
Gramian of these vectors asΓ(x) := det[〈xi, xj〉]ij (recall thatΓ(x) is always non-negative).
We have the following:

Corollary 10. Let a1, . . . , an be non-negative numbers. Then, for everyn-tuplex1, . . . , xn of
vectors in a complex Hilbert space such that

‖xj‖ ≤ aj ∀ j = 1, . . . , n

we have the inequality

(11)
∏

j

(aj − ‖xj‖) ≤

(∏
j

aj

)1/n

− Γ(x)1/(2n)

n

.

Proof. All we need to see is that we letpj = n in Theorem 9, and setb := (
∏

j aj)
1/n,

αj := ‖xj‖ andβ := Γ(x)1/(2n) there. Then, the hypothesis
∏

j α
1/pj

j ≥ β translates into∏
j

‖xj‖ ≥ Γ(x)1/2

which is the well-known Hadamard Inequality for Gramians [6, p. 597]. �
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