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Abstract

A geometric inequality due to L. Yang involving cosine and sine functions is
generalized.
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The well-known inequality due to L. Yand. [ pp. 116-118] can be stated as
follows:
fA>0,B>0,A+ B <wmand0 <\ <1,then

(1.2) cos? AA 4 cos> AB — 2cos AA - cos AB - cos A > sin® Ar.

The equality in {.1) holds ifand only iftA =00or A+ B = 7.

L. Yang's inequality plays an important role in the theory of distribution of
values of functions. Se€].

In this paper we will generalize inequality.().
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In this paper, we use the following notations and abbreviations:

()=

n_ A 2 _ A .
S =—(r+ A+ A, D =—(r—A; — A;);
i 2 (m ]) iy 2 (m ]) On Generalizations of L. Yang's
B _ A WA ) Inequality
I:—TF—FAZ—A, J,’Zu:—ﬂ'—Ai—l—A',
E 2 ( j) J 2 ( ]) Chang-jian Zhao and
H;; = cos? \A; + cos? AAj —2cos AA; - cos AA; - cos ATr. Lokenath Debnath
Lemma 2.1 ([7]). If A, > 0, 4; > 0, A, +A; <nforl <i,57 <n,and _
-1 <\ <1, then Title Page
4
Contents
H,; —sin® A = 4 H sin xy;]
k=1 44 >
Proof. By using the following two identities < [S
cos X (A; + Aj) cos A (A; — Aj) = cos® NA; + cos® MA; — 1, Go Back
cos A (A; + A;) +cos A (A; — A;) = 2cos AA; cos AA;, —
it is easy to observe that Quit
.2
Hij — sin” Aw Page 4 of 12

= cos? \A; + cos® AA; —1 —2cos AA; cos AA; cos At + cos® A\
= COS2 )\71' + cos )\ (Al —+ A]) COS /\ (AZ — AJ) J. Ineq. Pure and Appl. Math. 3(4) Art. 56, 2002
http://jipam.vu.edu.au
— [cos A (A; + A;j) + cos A (A; — Aj)] cos Am
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= [cos AT — cos A (A; + A;)] [cos AT — cos A (A; — Aj)]
A A
:4SIH§(7T+A1+A])SIH§(7T—A1—AJ)

A A
XSln§(7T+AZ—A])Slng(ﬂ'—Az—FA])

The proof is complete. O]
Theorem2.2.1f A; > 0, \, > 0(i =1,2,...,n; k=1,2,3,4),> " | A, <, On Generalizations of L. Yang's
n > 2 being a natural number, and1 < X < 1, then Inequality
Chang-jian Zhao and
(2.1) (;Z) sin2 Py Lokenath Debnath
n ) n 2 Title Page
<(n-1 A AA, — A AA;
<(n + cos ATr) ; cos® AAy, — cos A ; cos Contents
4 4
A 4« >
< (Z) sin? A\ + M Z sin? 0i;,
64 Hk:l Ak 1<i<j<n < >
where Go Back
4 (k] Close
AR
(2.2) 0;; = M Quit
Zk:l Ak
Page 5 of 12

The equalities i{2.1) hold if and only ifA = 0.

Proof. Sincey = sin z is a continuous and convex (or concave, resp.) function '”;‘:-t;_j;;;;x\% . S Ar. 56,2002
on[—m,0] (or [0, 7], resp.), andyj.] € [—m, 0] (or[0,x], resp.) for—1 < A <0
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(or0 < X < 1, resp.), and using Jensen’s inequality (sdg ve observe that

S lAksmx[]
Dot A

sing;; < (or >, resp)

Consequently

4 4 4
(2.3) (Z )\k> sin 9” Z A sin ; ) .
k=1 k=

On the other hand, sinceg, sin ( ) (orA sin ( ) > 0, resp) then

4
1
1 Z Ak sin (—x?ﬂ) > i H Ak sin xy;}
- k=1

(2.4)

IS

4 4
1
(or 1 Z A Sin (x?ﬁ) > H A Sin IL’EI;} ) resP) :
k=1

k=1
From 2.3) and @.4), we obtain

(2.5) Hs1nq:£ < Zk ! ) sin® 6.
44 Hk 1
By using Lemm&.1, we have
4
(Ei:l Ak)

(2.6) sin? M\ < H;; < sin? 0i; + sin® M.

64 H::l Ak
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Summing both sides o2(6) for 1 < i < j < nyields

(2.7) Z sin? A\t < Z H;j

1<i<j<n 1<i<j<n
4 4
Ak
< E (M sin 0;; + sin? )m) )
1<i<j<n 64 Hk:l )\k

It is not difficult to see that
(2.8) Z sin® A\t = (Z) sin® \7r.
1<i<j<n

Direct computing yields

4 4
A
(2.9) E M sin® 0;; + sin® A
641 T,—1 M

1<i<j<n

4 4

A

= M 5 sin* 0;; + (n) sin® A,
64 szl Ak 1<i<j<n 2

and

(2100 > Hy

1<i<j<n

- Z (cos® AA; + cos® NA;j — 2 cos AA; cos AA; cos Ar)

1<i<j<n
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= Z (cos MA; + cos? AAj) Z 2 cos AA; cos AA;j cos A\

1<i<j<n 1<i<j<n
n n 2 n
=(n-1) Z cos? A\Ay, — cos A\t (Z coS )\Ai> — Z cos? A,
k=1 i=1 i1

2
= (n — 1+ cosAn) Zcos AAg — cos Am <Zcos/\A> :

k=1

Putting €.9), (2.9) and .10 into (2.7), inequality €.7) reduces to inequal-

ity (2.2). The proof is complete. [
Remark 2.1. If taking \; = (z = 1,2,3,4) in the right-hand of(2.7), we find
that
(i)’
(2.11) Z <k+’“ sin® ;; + sin? /\7r>
1<i<j<n 64 Hk: 1 Ak

4

/\

_ Zkl k sin Zkl zy) +sin2/\7r
1<1<]<n 64Hk 1)‘k Zk 1)‘k

4
= xi?) ) + sin® A
1<z<j<n

= 4sm —7r + sin )\77) = 4(2) sin -
1<1<]<n
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Therefore, inequality2.1) reduces to the following inequality
(2.12) (Z) sin? At

n n 2
< (n—1+4 cosAm) Z cos? My, — cos A (Z oS )\Ai>

k=1 i=1
A
<4 " sin? =7.
2 2

The equalities irf2.12) hold if and only ifA = 0.
Lettingn = 2 in (2.12, we have the following result: I > 0, B > 0,
A+ B <mand—1 <\ <1,then

A
(2.13) sin® A < cos? M + cos? AB — 2 cos AA cos AB cos A\t < 4 sin? 5

The equalities ir{2.13 holds if and only if\ = 0.
It is obvious that inequality2.13 is the same as L. Yang’s inequal(ty. 1).

Theorem 2.3.1f A, > 0and ), > Ofori = 1,2,....,nandk = 1,2,3,4,
S A <mn>2-1<X<I,then

2.14 <(n-1 204 — ) sin?
(2.14) 0< (n );COS k (2) sin” A\m
— COS AT Z cos AA; cos AA;

1<i,j<n
i#]
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(Zk 1 Ak) <int ..

179
128 Hk 1 Ak 1<i,5<n
i#]

where [k]
9” _ Zk 1
Zk:l
The equalities if{2.14) hold if and only ifA = 0.

Proof. It follows from inequality @.6) that

4 4
A
—(ijl ) sin® ;.
64T, M

Summing both sides o2(15 for i # 7, first overj from 1 ton and then ovet
from 1 ton of the resulting inequality, then

2 : n (2271 /\k)4 } :
(216) 0 S Hij - 2( > SiIl2 AT S + sin4 923
1<ij<n 2 64T Jr A 1<ij<n

i#j i#]

On the other hand

(2.15) 0 < H;j —sin® A <

(2.17) Z H;; =2(n—-1) ZCOS AA; —2cos A Z cos AA; cos AA;.

1<i,j<n = 1<i,j<n
7] 1#]

Putting .17) into (2.16), we get inequality%.14). ]
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Remark 2.2. In (2.14), if A, = 1 for k = 1,2, 3,4, then

0<(n—-1) Z cos® ANy, — (Z) sin® A\

k=1

— COS AT Z cos AA; cos A\A;

1<i,j<n
< " sin4/\
—T.
—\2 2

i#j
The equalities ir{2.18 hold if and only if\ = 0.
Lettingn = 2, then(2.18 reduces to inequality?2.13).
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