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ABSTRACT. A geometric inequality due to L. Yang involving cosine and sine functions is gen-
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1. INTRODUCTION

The well-known inequality due to L. Yang![1, pp. 116—118] can be stated as follows:
IfA>0,B>0,A+ B <mand0 <\ <1,then

(1.2) cos? M + cos> AB — 2cos AA - cos AB - cos A > sin® A

The equality in[(1.1) holds ifand only X =0 or A+ B = .

L. Yang’s inequality plays an important role in the theory of distribution of values of func-
tions. Seel[1].

In this paper we will generalize inequalify (1.1).
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2 CHANG-JIAN ZHAO AND LOKENATH DEBNATH

2. MAIN RESULTS

In this paper, we use the following notations and abbreviations:

() =y

A A

T = ST+ A+ Ay), T = o (M= A = 4y);
A A

z) = S+ A= Ay), Ty = o (M= Ai+ 4y);

H;; = cos® NA; + cos® AA; — 2cos AA; - cos AA; - cos M.
Lemma2.1([2]). If A; >0,A4; >0,A4,+A; <7forl <7 <n,and—1 <\ <1,then

4
H;; — sin? A\t = 4H sin a:y;]
k=1

Proof. By using the following two identities
cos A (A; + Aj) cos A (A; — Aj) = cos® NA; + cos® A — 1,
cos A (A; + A;) + cos A (A; — Aj) = 2cos AA; cos AA;,
it is easy to observe that
H;; — sin® A\t = cos® AA; + cos? AA; —1 —2cos AA; cos AA; cos A + cos® A\
= cos® AT + cos A (A; + Aj) cos A (A; — A;)
— [cos A (A; + A;j) + cos A (A; — Aj)] cos A
= [cos AT — cos A (A; + A;)] [cos AT — cos A (A; — Aj)]
= 4sin% (m+ A; —|—Aj)sin% (m—A;, — A))
X sin%(w—i—Ai _Aj)sin%(ﬂ-_Ai"i_Aj).
The proof is complete. O

Theorem 2.2.1f A4; > 0, A\, >0(i=1,2,...,n; k=1,2,3,4),>" | A, < m,n > 2being a
natural number, and-1 < )\ < 1, then
2

<Z) sin? A\t < (n — 1 4 cos A7) Z cos® \Ay, — cos A [Z cos AA;
k=1

=1

(2.1) 4y )4
< (”) sin® A + (Zk+k > sin'by
2 64 [Tj—) Mo 1<i<j<n
where
4 (%]
Aozt
2.2) 0;; = M

22:1 Ak .
The equalities iff2.1) hold if and only ifA = 0.
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Proof. Sincey = sinx is a continuous and convex (or concave, resp.) functiof-on 0] (or
[0, 7], resp.), andcyj‘?} € [—m, 0] (or [0, 7], resp.) for—1 < A < 0(or0 < X < 1, resp.), and
using Jensen’s inequality (see [3]), we observe that

Sh_, Asin xy;}
21:1 Ak

sinf,;; < (or >, resp)

Consequently

A 4
(2.3) <Z )\k> sin (9” (Z A sin ; > .
k=1

On the other hand, since, sin (—a:yj]) >0 (or)\ sin ( [k ]) >0, resp) then

4

1

1 E Ak sin <—37y;]> > ) H/\k sina:y;]
k=1

(2.4)

4 4
1 ) .
(or 2 E Ap sin (a:?j) >0 H A Sin 55?;] ) r95p> :

k=1 k=1
From {2.3) and[(2]4), we obtain
(2.5) H sin xy;] < 4Zk ! ) sin® 0.
4 Hk 1

By using Lemmé 2]1, we have

4
(Ei:l )‘k)
64 [Trey M
Summing both sides of (2.6) far< i < j < n yields

4 4
(2.7) Z sin? A\t < Z H;; < Z (% sin® ;; + sin? /\7T> .

1<i<j<n 1<i<j<n 1<i<j<n

(2.6) sin? \r < H;; < sin? 0;; + sin? \r.

It is not difficult to see that

(2.8) Y sin?Ar = (Z) sin? Ar.

1<i<j<n

Direct computing yields

4 4
(2.9) Z (M sin® ; + sin? )m)

1<i<j<n 64 szl Ak

4 4
— M Z SiIl4 Qij + (Z) SiIl2 /\7T,

1
64 [y Me 1<i<j<n
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and
(2.10) Z H;; = Z (cos® A\A; + cos® AA; — 2cos AA; cos AA; cos ATr)
1<i<j<n 1<i<j<n
= Z (cos® AA; + cos® MA;) Z 2cos AA; cos AAj cos AT
1<i<j<n 1<i<j<n
n n 2 n
=(n-1) Z cos® Ay — cos A\ (Z cos )\Ai> - Z cos? \A;
k=1 i=1 i=1

2
= (n — 1+ cos An) Zcos AAg — cos Am (ZCOS)\A) :

= =1

Putting [2.8), [(2.9) and (2.10) intp (2.7), inequality (2.7) reduces to inequflity (2. 1) The

proof is complete.

Remark 2.3. If taking \; = % (1 =1,2,3,4) in the right-hand of[(2]7), we find that

4 4
A
E (M sin? 0;; + sin? )m)
64 11hq Me

1<i<j<n

_ Z (Ziq )\k)4 <51 Ek 1 [k]> —I—Sin2 AT

4
1<i<j<n 64 Hk:l Ak Zk 1

4
2.11 1o
( ) = Z 4 (sin (4_1 Z d’ﬂ)) + sin® A

1<i<j<n k=1
A
= E (4 sin? §7T + sin® A
1<i<j<n

Therefore, inequality] (2] 1) reduces to the following inequality

n n 2
n ) 2
(2) sin® A < (n — 1 + cos Ar) Z cos” NAy — cos At (Z oS )\Ai>

(2.12) k=1 i=1

<4 " sin? éw.
2 2

The equalities in[(2.12) hold if and only ¥ = 0.

Lettingn = 2 in (2.12), we have the following result: # > 0, B > 0, A+ B < 7, and
-1 < X< 1,then
(2.13) sin? A\ < cos® AA + cos? AB — 2 cos AA cos AB cos A\t < 4sin® gw.

The equalities in[(2.13) holds if and onlyif= 0
It is obvious that inequality (2.13) is the same as L. Yang's inequality (1.1).
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Theorem 2.4.1f A; > 0andX, > 0fori =1,2,...,nandk =1,2,3,4,>"" A, <m,n>2,
-1 < )X <1,then

n

ny .
(2.14) 0<(n—1) Z cos® \A;, — (2) sin? AT — cos At Z cos AA; cos AA;

k=1 13';1‘9
7]
4 4
A
S —(Zk:}l k) Sil’l4 Hiju
128 szl Ak 1<ii<n
i#]
where
Ei:1 )‘kxy;‘]
Qij = ﬁ
k=1
The equalities ir{2.14)hold if and only ifA = 0.
Proof. It follows from inequality [2.6) that
4 4
A
(215) 0 S H,‘j - SiIl2 AT S M SiIl4 92]
64 11hq Me

Summing both sides of (2.[L5) for j, first overj from 1 ton and then ovei from 1 ton of
the resulting inequality, then

n (s M)4
(2.16) 0< MY Hij—2( )sinQ)mg SRl N sint 6.
1<i,j<n 2 64 [Ty Ax 1<ij<n
i#] i#]
On the other hand

n

(2.17) Z H;;=2(n-1) Z cos® MNA;, — 2 cos A\ Z cos AA; cos AA;.
1<i,j<n k=1 1<i,j<n
i#]j i#j
Putting [2.17) into[(2.16), we get inequalify (2.14). O

Remark 2.5. In (2:13), if A, = § for k = 1,2, 3,4, then

0<(n—1) Z cos® My, — <Z) sin® A\ — cos A Z cos AA; cos AA;

k=1 1<ij<n

(2.18) i3

(5) 2
< SN~ —7r.
2 2
The equalities in[(2.18) hold if and only ¥ = 0.
Lettingn = 2, then [2.18) reduces to inequalify (2.13).
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