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ABSTRACT. Weighted distributions occur naturally in a wide variety of settings with applica-
tions in reliability, forestry, ecology, bio-medicine, and many other areas. In this note, bounds
and stability results on the distance between weighted reliability functions, residual life distribu-
tions, equilibrum distributions with monotone weight functions and the exponential counterpart
in the class of distribution functions with increasing or decreasing hazard rate and mean resid-
ual life functions are established. The problem of selection of experiments from the weighted
distributions as opposed to the original distributions is addressed. The reliability inequalities are
applied to repairable systems.
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1. INTRODUCTION

When data is unknowingly sampled from a weighted distribution as opposed to the parent dis-
tribution, the survival function, hazard function, and mean residual life function (MRLF) may
be under or overestimated depending on the weight function. For size-biased sampling, the ana-
lyst will usually give an over optimistic estimate of the survival function and mean residual life
functions. It is well known that the size-biased distribution of an increasing failure rate (IFR)
distribution is always IFR. The converse is not true. Also, if the weight function is monotone
increasing and concave, then the weighted distribution of an IFR distribution is an IFR distribu-
tion. Similarly, the size-biased distribution of a decreasing mean residual (DMRL) distribution
has decreasing mean residual life. The residual life attagea weighted distribution, with
survival function given by

— F(x+1)
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2 BRODERICK O. OLUYEDE

for x > 0. The weight function i$V (z) = f(z+1t)/f(z), wheref(u) = dF(u)/du, the hazard
function and mean residual life functions avg (z) = Ap(x + t) andig, () = dp(x + t). Itis

clear that if ' is IFR, (DMRL) distribution, ther¥; is IFR, (DMRL) distribution. The hazard
function A\r(x) and mean residual life functiofy-(z) are given by\x(z) = f(z)/F(x), and

op(z) = [° F(u)du/F(x) respectively. The functionsy(z), é»(z), andF(z) are equivalent

([6]). The purpose of this article is to establish bounds and stability results on the distance
between weighted reliability functions, residual life distributions, equilibrium distributions with
monotone weight functions and the exponential counterpart in the class of life distributions with
increasing or decreasing hazard rate and mean residual life functions. We also present results
on increasing hazard rate average (IHRA) weighted distributions and obtain inequalities for the
weighted mean residual life function for large values of the response. In Sgftion 2 some basic
results and utility notions are presented. Sedtjon 3 contains stochastic inequalities for reliability
measures under distributions with monotone weight functions as well as inequalities for IHRA
and mean residual life weighted distributions. In Sedtion 4 inequalities and stability results for
repairable systems are established. Se€iion 5 contains results on selection of experiments under
weighted distributions as opposed to the parent distributions.

2. SOME BASIC RESULTS AND UTILITY NOTIONS

Let X be a nonnegative random variable with distribution functidfx) and probability
density function (pdf)f (z). Let W (x) be a positive weight function such thak E(W (X)) <
oo. The weighted distribution ok is given by

@) Fute) == oy

where
[T FE@W(t)dt
N F(x) ’

assumingW (z)F(z) — 0 asz — oo. The corresponding pdf of the weighted random
variable Xy is

MF([E)

W(z)f(x)

(2.2) fw(x) = BV (X))

x >0, where0 < E(W(X) < oco. We now give some basic and important definitions.

Definition 2.1. Let X andY” be two random variables with distribution functioAsandG re-
spectively. We say' <, GG, stochastically ordered, #(z) < G(z), for x > 0 or equivalently,
for any increasing functio®(x),

(2.3) E(®(X)) < E(2(Y)).

Definition 2.2. A distribution functionF is an increasing hazard rate (IHR) distributiofifz +
t)/F(t) is decreasing it < ¢ < oo for eachr > 0. Similarly, a distribution function is an
decreasing hazard rate (DHR) distributiodifx + ) /F'(t) is increasing i) < ¢ < oc for each
x > 0. Itis well known that IHR (DHR) implies DMRL (IMRL).

Definition 2.3. Let F' be a right-continous distribution such that0+) = 0. F'is said to be an
increasing hazard rate average (IHRA) distribution if and only if foball « < 1, andx > 0,

(2.4) F(az) > F(z).

J. Inequal. Pure and Appl. Math3(4) Art. 60, 2002 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

WEIGHTED RELIABILITY MEASURES 3

It is well known thatF’ is an IHRA distribution if and only if

(2.5) / g(w)dF (z) < { / o (%) dF(x)}l/a,

forall 0 < a < 1 and all nonnegative non-decreasing functigns

Consider a renewal process with life distributiéiiz) and weighted distribution function
Fw (x), with weight functionlV (z) > 0. Let X, denote the residual life of the unit functioning
attimet. Then ag — oo, X; has the limiting reliability function given by

(2.6) Fule) = / T Fy)dy,

x > 0. The corresponding limiting pdf is

F(x

@) o) = 28,
KE
x > 0. The weighted equilibrium reliability or survival function is
@9 Fue) =, [ Fwlo)d,
whereFyy, (z) is given by ). Note thal'y. (z) can be expressed as
(29) FWE (l’) = M;"}VFW(x)dFW (Z‘),
x > 0, and the corresponding hazard function is
T
2.10) A, () = 2 5 @),
Py, (z)

x > 0, where
2.11) Sr. (2) = Gr(@F@) " [ F0)oelu)dy
z > 0.

3. INEQUALITIES FOR WEIGHTED RELIABILITY MEASURES

In this section, we derive inequalities for reliability measures for weighted distributions.
Bounds and stability results on the distance between the equilibrium reliability functions, weighted
reliability functions and the size-biased equilibrium exponential distributions are established.
These results are given in the context of life distributions with monotone hazard and mean
residual life functions.

Theorem 3.1. ([1]). If F has DMRL, therS,(z) < Sp(0)e™*/* k = 1,2,..., and Si(x) >
pSk_1(0)e=*/" — 1Sy, _1(0) + S(0), k = 2,3, ..., where
F(x) if k=0,
Sk(z) = I F(x + t)thtdt
(k—1)!

is a sequence of decreasing functions for whitlpossess moments of ordéy that is j;,, =
E(X*) existsk = 1,2,...,J.

ifh=12 .. .,
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We let S_(z) = f(z) be the pdf of " if it exists. ThenS;(0) = ux/k!, andS;(x) =
—Sk_1(x), k = 0,1,2,...,J. The ratioS,_;(x)/Sk(x) is a hazard function of a distribution
function with survival functionS,(z)/Sx(0). The inequalities in Theorem 3.1 are reverseH if
has increasing mean residual life (IMRL).

Theorem 3.2. Let Fy, () be an IHR weighted equilibrium reliability function with increasing
weight function. Then

2_ K2
=gl

(3.1) / |Fw. (2) — ze™/"|dx < 2
0 H

Proof. Let A = {z|Fy,. < xe~*/*}. Then we have for > 0,
/ |Fw.(z) — ze”/"|dx < 2 / (ze™ /" — Fy.(z))dx
0 A

< Q/Ow(xe_x/” — Fo(2))dz

= 2/000 (xe—f/# — %) dx

2 —o (- £2)

(32) =

The first inequality is trivial and the second inequality is due to the stochastic order between
Fw, (z) andF.(xz) whenW (z) is increasing inc > 0. O

Theorem 3.3.Let Fy, be the weighted equilibrium reliability function with decreasing hazard
rate(DHR). If the weight functiofl’(z) is increasing, then

/ . () — we]dz > 2e~" max{0, [j — g — 1]},
0

forn > u.

Proof. Let F'y, be DHR reliability function, then there exigt> 1 such thatF'y, (z) < ze=*/#
or Fy, (x) > ze /" asz < norxz > n. Now,

/ [Py, (z) — ze™/*|dx = 2/ (Fw, (z) — ze” /") dx
0 1

= (2) (52(77) _ {lﬂne—n/u + ’ue—n/u})

> 251(n) — 2¢7""(um + 1)
> 2480(n) — 2" (i + 1)
(3.3) = 2" (p—npu — 1),
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The first inequality is due to the fact thidf(z) is increasing inv, so thatFyy, (x) andF.(x) are
stochastically ordered. The last two inequalities are due to the factthat > 1S, (z) for
allz >0,k=1,2,...,whereSy(z f Sy_1(y)dy. O

Theorem 3.4.Let F andFW_be the parent and weighted survival functions respectively. Sup-
poselV (x) is increasing and” has DMRL, then

(3.4) Fu(z) > e*/# max {o, (2W(x) + ﬂ) N @} ,

o ap

where0 < o = E(W (X)) < oc.

Proof. Note that

Eﬂ@—al{w(ﬁ7> /wf<mmw@}
N W (x

AU
- 52( ) S2(0 )
= (S2(0))"H{W (2)55(0) + Ss(x)}
> (S2(0) " H{W (2)[1S1(0)e ™/ — Sy ()] + pSa(0)e ™/ — uS5(0)}
= (aS5(0) " {ule MW (2)51(0) + S2(0)] — S1(0) — S(0))}
= 2(ap) " {e (W + 52) == 2}
(3.5) :ew/u{%@%_;}_;_g_;_

The inequalities follows from the fact thal’(x) is increasing and from the application of
Theoreni3.11. O

Theorem 3.5. Let Fy, be a weighted distribution function with increasing weight function

W(z) > 0, thendp(z) < g, (z) < (Mg, (z))~! for all z > 0. Furthermore, if the hazard
rate A\p,, (x) is such that

(3.6) Ary (7) >

SHEs

for z > x4, wherec is a positive real number, then

(3.7) (%) /0 t{/\F(x)}_kdx > ¢tk

fort > 0, k > 1, wherec* is a real number.

Proof. Let W (x) be increasing i, thenAg,, (z) < Ap(z) anddp(z) < 0g, (z) forall z > 0.
Note that,

f;o Fy (y)dy

< [ ey = Oy (@)
0
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for all x > 0. Consequently,

(3.9 =t~
fort > 0. O

Theorem 3.6. Let Fy, be a weigthed distribution function with increasing weight function
W(x) > 0* > 0. If F'is an IHRA distribution, ther#y; is an IHRA distribution.

Proof. Let F' be an IHR distribution, andV (z) > 6* > 0 be increasing. We show that
Fy(az) > Fyy(z) forall 0 < a < 1, andz > 0.
Clearly,

Fy(az) > F(ax)

forall 0 < a < 1,andx > 0. This follows from the fact thaty, and F' are stochastically
ordered. Foral) < o < 1,andz > 0, set

h(z) = F*(z) = Fyy (o),
andé* = E(W(X)). Simple computation yeilds

) = aFyy @) { i | - oF @f
(3.10) > oF* (1) f(2) {% . 1} .

Sinceafafl(x)f(x) > 0, W(z) > 6" andh(0) = 0, thush(z) is increasing and(x) > 0.
Using the fact thaf’ is an IHRA distribution we get

(3.11) Fw(az) > F(ar) > F'(z)

forall0 < o < 1,andz > 0. Sinceh(z) > 0 for all x > 0, it follows therefore that
Fy(az) > Fy(x),

forall0 < a < 1,andz > 0. The proof is complete. O

Theorem 3.7.Let Gy and Hy, be two weighted distribution functions with increasing weight
functions. Suppose the conditions of the previous theorem are satisfied, then the convolution of
Gw and Hy, Gw * Hyy, i1s an IHRA distribution.

Proof. The proof follows directly from[[2]. O

Theorem 3.8.Let Fy, be a weighted distribution function with increasing weight functiéfi)
and pdffy (z) > 0 for x > x,. Suppose the hazard functiom,, (x) is such that\g,, (z) > €
for z > x4, wherec is a real positive number. IX is the original random variable then

PX —z<azt|X >t)<1—(14+1)"°

8

forall t > 0andz > x.
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Proof. Let W (z) be increasing ir, then the hazard function of the distribution functigrof
X satisfies the inequality

Ar(2) > Ary (2) > =

for x > xy. Now fort > 0,

(1+t)z (1+t)z (1+t)z /1
@12 [ iz [ wndze [ (g)dyzl—uﬂw,

for ¢ > 0, using the fact thaln(a) > 1 — o~ fora > 0. O

The last result provides simple inequalities for the lower bound of the residual life time
distributions for large values af from the use of the information about the hazard function of
the weighted distribution function.

4. INEQUALITIES FOR REPAIRABLE SYSTEMS

In this section we obtain useful inequalities for repairable systems under weighted distribu-
tions. Let{ X;}3°, be a sequence of operating times from a repairable system that start function-
ing at timet = 0. The sequence of timgsX; }:°, form a renewal-type stochastic point process.
Following [4], if a system has virtual age, _; = t immediately after thém — 1) repair, then
the length of then!" cycle X,,, has the distribution

F(z+1t)— F(t)}
F(t)

(4.1) Fie) = P(Xm < 2Ty = 1) = |

Y

x > 0, where F(r) = 1 — F(x) is the reliability function of a new system. When=

[ I XZ} ,j=1,2,...,m—1,minimal repair is performed, keeping the virtual age intact and
whent = 0 we have perfect repair. The virtual age of the system is equal to its operating time
for the case of minimal repair. The reliability function corresponding td (4.1) is given by

(4.2) Fy(z) = %

x > 0. The weighted reliability function corresponding [o (4.2) is given by

(4.3) FWt(x) = %

Y

x> 0.

Theorem 4.1.1f Fyy,(z) is an IHR reliability function with increasing weight function. Then

0o . 1o
(4.4) /0 |Fy,(z) —e m\dmﬁ?u‘l—?—luz.
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Proof. Let A = {z|Fy, < e~*/#}. Then we have for > 0,
/ Fov,(2) — e /¥|dz < 2 / (/" — Py ())da
0 A

< 2/000(6_:0/“ — Fy,(2))dx

2 {/Ooo(e—x/“ — Fy(z+ t))d:v}
2 {/Ooo(ex/“ —F(z+ t))dx}
<o [ (eSO
iy

_ 2
(4.5) =2pu (1 - 2—“2> :

IA

IN

The first two inequalities are straightforward,the third inequality follows from the facttr{af
is increasing, so thaFy, and F' are stochastically ordered. The fourth and fifth inequalities
follow from Theoreni 3.1. O

Theorem 4.2.1f Fyy, () is an DHR reliability function,
(4.6) | Pwnla) = e eolde = 2pue-einjentin -1,
0

providedV (x) is an increasing weight function.

Proof. Let Fw, be a DHR survival function, then there exist> ; such thatFy, < e=*/* or
Fy, > e v/t asy < eorxz > e. Now,

o0

/0 P (2) — e*4]dz — 2 / (Fwi(z) — e=/")da

€

v

2 /OO(FW(I + 1) — e M) dx

> 2/00(7(35 + 1) — e M) dx

= 2{S)(e + 1) — pe~/"}
> 20Sp (e +t) — pe ="
4.7) = 2ue” /(e — 1).

The first inequality is trivial. The second inequality follows from the fact #h&t:) is increas-
ing, so thatF'y (y) > F(y) for all y > 0. The last inequality follow from Theorem 3.1. O

Theorem 4.3.1f Fyy, () is an IHR reliability function with increasing weight function. Then

o . 1o
(4.8) /0 |Fw, (z) —e /“|dm§2/¢‘1—2—u2.
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Proof. Let D = {z|Fy, < e~*/#}. Then we have for > 0,
/0 P (2) — e=/m|de < 2 /D (eI — Ty (2))dz
<2 [T - Fu (o)
0
o[ )
iy Sy S
0

2
o 52(0)
7]
— o — H2
o
M2
4.9 =2u(l—-——=].
4.9) u(1-22)
The first two inequalities are straightforward,the third inequality follows from the factitat)
is increasing, so thaty, andF, are stochastically ordered. O

Theorem 4.4.1f F'yy_ () is an DHR reliability function,

(4.10) / |Fw.(z) — e /"|dx > 2ue™/"
0

(Mj) _ b2
K2 K
Proof. Using the fact thaF';;,. have DHR survival function, we have, fer> p

/ |Fy. (2) — e™/#|dx = 2/ (Fy, (z) — e~/ dx
0

€

Y

providedV (x) is an increasing weight function.

HEw Je
2
= ——Sy(€) = 2pury (e~
Kry,
2
> (2 51(6) — 2um e
M Ey,
2 2
> (25 50(0) - 2 (e~
K Fy,
*2,[1,36_6/'“ 2 (@) —€/n
1
1
(4.12) _ oyl {_ _ _} |
H2 K

J. Inequal. Pure and Appl. Math3(4) Art. 60, 2002 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

10 BRODERICKO. OLUYEDE

wherepip, = [ Fw(x)dz. The inequalities follows from the fact théit () is increasing, so
that Fyy () > F(y) forally > 0, andSy(z) > Sp_i(x) forallz > 0, k > 1. O

5. SELECTION OF EXPERIMENTS

In this section, we deal with the problem of sampling and selection of experiments from
weighted distribution as opposed to the original distribution. The results also extends to any
general competing distribution functiods and G with probability density functions f and g
respectively. For this purpose we consider two probability sp&Qe¥, ;) and (2, ¥, 1)
such that the probability measurgsandv, are absolutely continous with respect to each other.
Let A be a probability measure defined @nand equivalent to, and . Supposef(z) and
g(x) are Radon-Nikodym derivatives of andwv, with respect to\.

Theorem 5.1. Let
and
(2) BQ(I) C) = min (gy/(_:(f)) -1, O) )

and suppos¢ (z) and gy (x) satisfy,

Py(x: gw(x) = 0) = Py, (2 : f(x) = 0),
then

B(nf,gw) < B(f,ngw)
if and only if
ESJW{Bl(I7 ) 77)} < Ef{BZ(:U; 77)}7
whereE; and £, are expectations with respect to the probability density functjoasd gy,
respectivelygy (x) = W(x)f(xz)/E(W (X)), W(z) is increasing in X, and

B(f. gw) = / max{ f(x), gw () }dA(2).

Proof. Note that

B(f,ngw) = x) d\(x w(x) dX\(z).
<f " ) /{Iingw(x)ﬁf(m)} f< ) ( )+/{xingw($)>f(l’)} " ( ) ( )
Similarly,
Bnf,gw) = x) d\(x w () dX\(z).
(77f I ) /{rinf($)>gw(z)} 77f( ) ( )+/{xinf(w)ﬁgw(m)}g ( ) ( )
Note that,
Bnf,gw) — B(f.ngw) = / {ngw(z) — F(2)} A(x)
{zmgw (x)>f(z)}
- / (1f(2) — gw ()} dA(2)
{znf(x)>gw (=)}
- / (@) gw(2)) — n}gw (@) dA(x)
{zngw (z)> f(x)}
-/ {(ow(@)/ @) = n}F2)dAz)
{znf(z)>gw (z)}
(51) - gW{Bl(xvn)}_Ef{BQ(xvrrI)}‘
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Consequently,
if and only if
ng{Bl(xv 77)} < Ef{BQ<x7 71)}
O

Now let us consider the case in which one of the two hypothesis is true. The hypothesis are
Hy: X ~ fandY ~ gy, andH; : X ~ gy andY ~ f.

Let Rxv)(m;) be the Bayes risk wheX (Y") is performed andr; the prior probability that
H; is true,i = 0, 1. We obtain the following comparisons gf, and f.

Theorem 5.2. B(nf, gw) < B(f,ngw) ifand only if Rx (my) < Ry (m), wheren = agmo /a1,
m > 0,anda; > 0 is the loss ifH; is true and is not accepted.

Proof. Let D = {x : (agmo/cym) f(z) < gw(x)} andd, the Bayes decision to accefit, then
Rx(ﬂ'o) = Ojo7T()P(d1|Ho) —I— Oé17T1P(d0|H1)
= CY()?TO/ gw (z)dA\(z) + aymy f(x)dA(x)
D D¢

= B<0407T09W,0417T1f)

(5.2) = anm B(gw,nf).
Also,
Ry (my) = axmi B(f, ngw),
so that
B(nf,gw) < B(f,ngw)
if and only if

Rx<7T0) S Ry(ﬂ'g).

6. APPLICATIONS
Example 6.1. Let
wa—lﬁa
flx;a,6) = F(e)

0 otherwise.

e /P ifr>0,aa>00>0

Thenu = a3 andu, = a(a + 1)5% and the hazard rate is increasing fo> 1 and decreasing
fora < 1. If W(z) = z, then the weighted pdf is given by

xa6a+1
fwlaia,g) = Tt

0 otherwise.

e P ifr>0,aa>0,0>0

Applying Theorenj 4]1, forr > 1, we have
(6.1) / |7Wt(1’)—6x/aﬁ\dm§2aﬁ'1— (M>‘ = fla —1].
0

2002
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With 5 = 1/2,

* = —2z/a ’Oé — 1‘
(6.2) Cla) = |Fw,(z) —e |dx < .

0
Similarly, fora < 1 andfg = 1/2, we have

o —1
(6.3) Cla) = / |Fw. (x) — e 2/ dg < %.

0
Note thatur, = 5(a + 1). Consequently, forw < 1 andjs = 1/2, we get

R 1
ia o 2z/a dr > 2 —2¢/a )
| 1) = e = 206 | o

Example 6.2. Let
2123 e/ if x>0
fz;8) =

0 otherwise.
The corresponding weighted pdf with' (z) = x is given by
225 28 if x>0
gw (x; 3) =

0 otherwise.
Note that, by Theorem 5.2 and for> n > 1, B(nf, gw) < B(f,ngw) andRx (my) < Ry (o).
Consequently, the experiment with lower Bayes risk is selected.
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