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Abstract

In the present paper we establish new multivariate Ostrowski type inequalities
by using fairly elementary analysis.

2000 Mathematics Subject Classification: 26D15, 26D20.
Key words: Multivariate, Ostrowski type inequalities, Many independent variables,
n—fold integral.

On Multivariate Ostrowski Type
Inequalities

B.G. Pachpatte

1 INErOdUCTION. .« ottt e e e 3
2 Statementof Results .......... ... ... ... oo 4 i
3 Proofof TREOrEMR.L . .o ee e e e e e 7 Title Page
4 Proof of Theoren®.2 ... 9
References
44 42
| | 4
Go Back
Close
Quit
Page 2 of 12

J. Ineq. Pure and Appl. Math. 3(4) Art. 58, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/
http://www.ams.org/msc/

The following inequality is well known in the literature as Ostrowski’s integral
inequality (seef, p. 469]).

Let f : [a,b] — R be continuous ofu, b] and differentiable orja, b) whose
derivativef’ : (a,b) — R is bounded oria,b), i.e., || f'|l., = sup |f (t)] <

te(a,b)

oo. Then

atb On Multivariate Ostrowski Type

1 1 (o — o) ,
‘f (:E) — m/a f (t) dt‘ < 1 + %_—;)2] (b - CL) ||f ||Oo, Inequalities

B.G. Pachpatte

forall z € [a,0].

Many generalisations, extensions and variants of this inequality have ap-
peared in the literature, sed |- [ 7] and the references given therein.

The main aim of this paper is to establish new inequalities similar to that of
Ostrowski’s inequality involving functions of many independent variables and <« 33
their first order partial derivatives. The analysis used in the proof is elementary P >
and our results provide new estimates on these types of inequalities.
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In what follows,R denotes the set of real nummbeRs, the n—dimensional
Euclidean space. Led = {(zy,...,2,) :a; <3 <b; (i=1,...,n)}andD
be the closure ob. For a functiorm( ) R" — R we denote the first order
partial derivatives by% (1=1,...,n) and [, u (x) dz the n—fold integral
fabll ---f;:u(xl,...,xn)dxl : ..d:pn.

Our main results are established in the following theorems.

Theorem 2.1.Let f,¢g : R® — R be continuous functions o and differen-
tiable onD whose derivative mf,, % are bounded, i.e.,

of af( )
' 0z:||.  seb| 0w =0
' %1 _ |2 ®| - o
0z;||,, zeD| Oy

Let the functiorw( ) be defined, nonnegative, integrable for everg D and
[, w (y)dy > 0. Then for every: € D,

@) ‘f(x)g(x)—ﬁg(x)/f()dy——f<)/D or
<57 22:[

}Ei(ﬁ),

+|f |‘

ox;

[e.9]
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@2) |yt - |1 IOD IO Lo n e ]
D
_ v XL [l @] # 00+|f(rc)l‘§—i 1w - wildy
B 2 [pw(y)dy ’
where
M =mesD = H , dy =dy, ...dy, and E; ( /|:cz vi| dy.

=1

Remark 2.1. If we takeg (z) = 1 and hence— = 0 in Theorem2.1, then
the inequalitiesZ.1) and (2.2) reduces to the mequalltles established by Milo-
vanovic in [3, Theorems 2 and 3] which in turn are the further generalisations

of the well known Ostrowski’s inequality.

Theorem 2.2.Let f, g, £, 2% be as in Theorer@. 1. Then for every: € D,

@3 [1@ae -1 (5 [ o)
) (%/f(y)dy) typ sy

< LIS ) (S]]

o0x;

0x;
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e |1@o -7 (57 [ota)

0@ (37 [10a0) + 35 ([ rwan) ([ swa)

i—1 a_l’z 8%
whereM, dy and E;(z) are as defined in Theorefhl
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Remark 2.2. We note that in [] Anastassiou has used a slightly different tech-
nique to establish multivariate Ostrowski type inequalities. However, the in- EHERlETEEN
equalities established ir2(3) and 2.4) are different from those given inJand
our proofs are extremely simple. For an-dimensional version of Ostrowski’s Title Page
inequality for mappings of Holder type, sed.| E——
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2.1

Letx = (z1,...,2,) andy = (y1,.-.,Yn) (m €D, ye D) . From then—
dimensional version of the mean value theorem, we have {s@e L74] or [,
p. 121])

—~ 9f (c)

(3.) o) = fly) =3 =5~ (@ —u),
(3.2) g(x)—g(y) = Z 8;—;? (zi — i),

wherec = (y1 +a(z1 — 1), .., Yn + @ (xn —yn)) (0 < a < 1).
Multiplying both sides of 8.1) and @3.2) by ¢ () and f (z) respectively and
adding, we get

(3:3) 2f(z)g(x) =g () f(y) = f(2)g(y)
=903 T -+ £ @ Y (- ).

=1

1=

Integrating both sides of3(3) with respect toy over D, using the fact that
mes D > 0 and rewriting, we have

@4) 1)) = 5796 [ 10y =537 @) [ o)y
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/Z ax, 2 — dy].

From (3.4) and using the properties of modulus we have

1 1 - .
1030 - 53700 [ TG s 537 @) [ o) on Mutvarise Oty
1 (9f (C) B.G. Pachpatte
207 [\g(x) | o, |z — vl dy
n Title Page
dg (c
i=1 t
1 & dg 44 >
< — (7).
<52 o) sz & —1—
The proof of the inequalityZ.1) is complete. CojEac
Multiplying both sides of 8.3) by w (y) and integrating the resulting identity Close
with respect tay on D and following the proof of inequality 1), we get the Quit
desired inequality in4.2).
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2.2

From the hypotheses, as in the proof of Theoiz the identities §.1) and
(3.2) hold. Multiplying the left and right sides o8(1) and 3.2) we get

(4.1) f(x)g@)—f(x)g(y) —g@)f(y)+f(y)gy)
= [Z ag—if) (i — yi)] [Z ag—i_j) (zi — yi)] :

i=1 i=1

Integrating both sides ofl(1) with respect tgy on D and rewriting, we have

(4.2) f)g(x) - f<x>(i/ )

1) (5 /f dy)+§/Df<y>g<y>dy

M / [ ax, T yl)] [Z ag—x(j) (z; — yz)] dy.

=1

From (4.2) and using the properties of the modulus, we have

ra 1@ (5 [aw )

o (5 [ 1)

+%/Df(y)g(y)dy‘

On Multivariate Ostrowski Type
Inequalities

B.G. Pachpatte

Title Page
Contents
<44 44
< >
Go Back
Close
Quit
Page 9 of 12

J. Ineq. Pure and Appl. Math. 3(4) Art. 58, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/

1 [ [&0f(9) 1 [ 1990

< E Sy E Ly

= b |5 8@ ‘ i z’ [iZI 8$z ‘xz yz’ dy
1 [N of 1 [&~ || 99

< Lo E .

- M/, 0z, || i =i Ll 0z, || @i yz|] 4y,

which is the required inequality ir2(3).
Integrating both sides o8(1) and (3.2) with respect tq, over D and rewrit-
ing, we get

@3 f@-5; [ 1= [ Z 9 iy,

and

1

M/, M/Z 8331 vi) dy,

respectively. Multiplying the left and right sides @f.8) and ¢@.4) we get

(4.4) g(z) —

@) @@ -1 (5 [ o)
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From (4.5) and using the properties of the modulus we have

rwa -0 (57 f[swa)
~ o) (37 [10a0) + 35 ([ rwan) ([ awan)
S%(/Dé 8(];;;) |$z‘—yi|dy> (/D 99lc) |$i—yz‘|dy)
g%(i of oo@(@) <§1 %9 OOEZ-(x)>.

03%-
=1
This is the desired inequality ir2 (4) and the proof is complete.
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