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Let (X, ||-]|) be areal normed spac¥;" its conjugate space ** the second
conjugate ofX andS (X)) the unit sphere itX (S (X) = {z € X|||z|| =1}).

Moreover, we shall use the following definitions and notations.

The sign(.S) denotes thafX is smooth,(R) that X is reflexive,(U.S) that
X is uniformly smooth,(SC) that X is strictly convex, andUC') that X is
uniformly convex.

The mapJ : X — 2% is called the dual map i (0) = 0 and forz € X,
x # 0,

J(x) = {f € X7[f (@) = [[FIH=]] 1A= Tl ]l

The dual map ofX* into 2X™ we denote by/*. The mapr is canonical
linear isometry ofX into X**.
It is well known that functional

I e | 7 e s o 7] Il |
D) g(zy) = B8 Jim ; + lim r
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always exists ok, If X is (S), then (L) reduces to

|l + tyll = NIl
t ’

g(z,y) = |lz] lim

the functionaly is linear in the second argumerit(z) is a singleton and (z, -) €

J (z) . In this case we shall writd (z) = Jx = f,. Then[y, z] := g (z,y) , de-
fines a so called semi-inner product] (s.i.p) onX? which generates the norm
of X, ([m,x] = ||:13||2) , (see []). If X is an inner-product space (i.p. space)

theng (x,y) is the usual i.p. of the vectarand the vectoy. O el 07 O eelon o7 12
] . uality Mapping of Smooth
By the use of functionaj we define the angle between vectoand vector Banach Spaces
y(r#0, y+#0)as Pavle M. Militic
_ 9@y +g(yx)
@ O ) = e ol Tite Page
. : . Content
(see B]). If (X, (+,-))isani.p. space, therzYreduces to omens
(2.9) 44 44
T,y
cos (z,y) = < 4
[yl
_ o _ _ _ Go Back
We say thatX is a quasi-inner product space (g.i.p space) if the following
equality holds Cllose
M — — €
@) lz+yl' = llz =yl =8 [lzI*g @) + Iyl* g (v.2)] . (.9 € X) page 5 of 15

Uf (-,-) is ani.p. onX? theng (z,y) = (z,y) and the equality3) is the parallelogram
equality.
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The equality 8) holds in the spacé', but does not hold in the spaée A
g.i.p. spaceX is (SC) and(US) (see {] and [£]).

Alongside the modulus of convexity of, x, and the modulus of smooth-
ness ofX, py, defined by

5x (€) = inf{l -

Tty
2

r+y

2y €5 (X); llz -y ze};

px<e>:sup{1— x,yes<x>;ux—yus6};

we have defined inj] the angle modulus of convexity of, ¢, and the angle
modulus of smoothness of, py by:

1 —
&y (e) = inf { — (@.y)

g€ SX); |z —yl Ze};

1 —cos(z,y
g (6) =sup { L= )

z,y € S(X); Hx—yH§€}.

We also recall the known definition of modulus of flathessXofrx (Day’s
modulus):
2— |l +y|

w @) =sup{ I oy e 500 o -l <2}

We now quote three known results.

Lemma 1. (Theorem 6 in [] and Theorem 6 in[]). Let X be a real normed
space which igS), (SC) and(R) . Then for all f € X* there exists a unique
x € X such that

f=gy), (yeX).
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Lemma 2. (Theorem 7 in {]). Let X be a Banach space which (#S) and
(UC) and let[-, -] be an s.i.p. onX? which generates the norm ox (see []).
Then the dual spac&* is (US) and (UC') and the functional

(Jo,Jy) = [y, 2], (2,y € X),
is an s.i.p on(X*)*.

Lemma 3. (Proposition 3in []). Let X be a real normed space. Then farJ*
andr on their respective domains we have

Jt=7"17"and J = J 7.

Remark 1. Under the hypothesis of Lemn2athe mappings/, J* and r are
bijective mappings. Then, by LemaLemma2 and Lemmél, in this case,
we have

(Ja, Jy) = g (2x,y) = g (fy, fo), (v,y € X).

Lemma 4. Let X be a real normed space which(§), (SC) and (R) . Then
for z,y € S (X) we have

@ 2 2

x+yH _1-cos(wy) _ e —ullllfe — 1
J— J— 4 .

Proof. Under the hypothesis of Lemmausing Lemmal, we havef, = ¢ (z, )
(x € X). Consequently,

1fe = fyll = sup {lg (2, 8) = g (y, )] |t € S(X)}
>g(xt)—g(yt) (teSX)).

On Moduli of Expansion of the
Duality Mapping of Smooth
Banach Spaces

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 5 of 15

J. Ineq. Pure and Appl. Math. 3(4) Art. 55, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:pmilicic@hotmail.com
http://jipam.vu.edu.au/

Fort = Ly”, (x #vy), we obtain

lz—y
Tr — Tr —
© (o l) = (=) < 1= Al
lz —yll |z —yll
SinceX is (5), the functionaly is linear in the second argument. Hence, from
(5) we get
(6) L—g(z,y) —gz)+ 1 <[z —ylllfe = full-

Using the inequality

Ll ty| o Lmeostey) e~
2 - 2 - 2
(see Lemma 1 ind]) and the inequality®) we obtain the inequality4). O

Lemma 5. Let X be a Banach space which (&S) and (UC) . Letéx- be the
modulus of convexity of *. Then for eactr > 0 and for all z,y € S (X) the
following implications hold

(7) lz =yl < 20x- (&) = |Ife = full <&,
(8) 1fe = full = e = llz = yll = 20x- (¢) .

Proof. By Lemma2, X* is a Banach space which(&C') and(US) . SinceX*
is (UC) , for eache > 0, we haveix- (¢) > 0 and, for allz,y € S(X),

() [fa + fyll > 2 =20x- (e) = [Ifz = full <&
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Under the hypothesis of Lemniaby Remarkl, we havey (z,y) = g (fy, f2) -
Hence, by inequality

L—flz—yl| <g(zy <l|z+y| -1

(see Lemma 1 inf]]), we obtain

(10) L=z =yl <g@y) =9(fy, fo) < Ifa+ foll = 1,
so that we have
(11) |z =yl + I.fo + fyll > 2.

Now, letz,y € S (X) and||z — y|| < 20x~ (¢) . Then, by (1) we obtain
1fa + full > 2 —20x- (e).
Thus, by @), we conclude that
(12) lz =yl < 20x- (e) = |Ife = full <e

On the other hand ifiz — y|| = 20x- (¢) and||f. — f,|| > ¢, by (9), it

follows

lz =yl +IIfe + full < 2.
So, by (L1), we get

lz =yl + Ifo + fyll = 2.
Hence, using¥0), we conclude thaj (z,y) = 1— ||z — y|| ,i.e.,g (z,2 —y) =
||| || — y|| . Thus, sinceX is (SC') , using Lemma5inT], we getr = x — y,
which is impossible. So, the implication)(is correct. The implication&)
follows from the implication {2). ]
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We now introduce a new definition.
According to the inequality4), to make further progress in the estimates of
the modulidy, d'y, px, px, it is convenient to introduce

Definition 1. Let X be(S) andz,y € S (X). The functiore,;: [0,2] — [0,2],
defined by

es (&) =mf{|fo = fyll | lz—yll =<}
will be called the lower modulus of expansion of the dual mappging

The functiorey : [0,2] — [0,2], defined as On Moduli of Expansion of the
Duality Mapping of Smooth
Banach Spaces

e (&) =sup{[lfa = fyll | lz =yl <e}

is the upper modulus of expansion of the dual mapping

Now, we quote our new results. Firstly, we note some elementary properties e e
of the modulie,; ande;. Contents
Theorem 6. Let X be(S). Then the following assertions are valid. <4< >

a) The functiore, is nondecreasing off), 2] . 3 >
b) The functiore; is nondecreasing oft), 2] . Go Back
0 ea(e) €5 (e) (=€ [0,2]), .

ul
d) If X is a Hilbert space, then,(¢) = €5 (¢) . E————
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Proof. The assertions a) and b) follow from the implications

a1 <ea = {(x,y) | |z =yl = e} D {(z,9) | [lx =yl = &2}
(z,y € S(X)),

a1 <ea={(x,y) | [z =yl <ery {(z9) | [lo =yl < &2}
(z,y € 5(X)).

c) Assume, to the contrary, i.e., that there issag [0, 2] such thate,(e) >
€7 (¢). Then

inf {|fe = full |l =yl =e} = mb{|[fo = £ll | Iz =yl =€}
>sup{[[fa = fyll | llz —yll <&}
Zsup{|[fo = fyll | llz =yl =<},

which is not possible.
d) In a Hilbert space, we have

1o = fyll = sup{l(z,8) = (v, )] |t € S(X)} <[lz—yl.

On the other hand, the functional — f, attains its maximum in = ﬁ €
S(X).

Hencel||z — y|| = ||f. — f,|| . Because of that, we havg(c) = &5 (¢) =
€. [

In the next theorems some relation between moduli’y e, €5 are given.
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Theorem 7. Let X be(S), (SC) and(R) . Then, fore € (0,2] we have

a) dx (¢)

IN

N | —
S
=
o

b) p (¢)

IA

=] M
Q)
Q|
—~
[©)
~—

0) Zpx (€) < mx (6) < 377 (2).

Proof. The proof of the assertions a) and b) follows immediately using the def-
initions of the function®’y andy’y and the inequality4).
c) Letz,y € S(X), x # y. By Lemma4, we have

ISSTR By A S
|z =y |z =y 2
1 —cos(x,y)
|z =y
SHx—WWh—hH
2|z =yl

_ e = Al
2

2z +yl _ Ilfe = fyll
le—yll = 2
Using the definition of)x ande;, we obtain

nx (€) < 2e7 (o).

So

l\')
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On the other hand

1 1
<o<ux—yus€>:s(—z—)
o=yl = 2
2(y_llz+yl
€ 2 '

2 — [lz+yl
|z —yl|

v

Because of that we have 5

nx () > oPx (e).

Remark 2. The last inequality is true for an arbitrary space.

Corollary 8. For a g.i.p. space, it holds that
e\ 4
(13) (@)= (5) 2.

Proof. By a) of Theorenv and the inequalit)% < 0% (¢) (see Corollary 2 in
[5]), we get (L3). O

Corollary 9. If X is (S), (SC) and(R) then

a) oy, (e) < e (e),

—_
N | —

b) Py < 56 (e),
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A Spx- (6) < v (6) < 377 (0).

2
Proof. It is well-known that if X' is (S), (SC) and(R) thenX* is (S), (SC)
and(R) . Hence Theorend is valid for X*. O

Theorem 10. Let X be a Banach space which(&C') and (U S) . Then, for all
e > 0, we have the following estimations:

a) pl (20x. (2)) < 2 )

B) pl. (26 () < <5

C) eg+(e) > 20x~ (),

d) 75 (20x- () <&, (e (26x () < 2.

Proof. a) Using, in succession, the definition of the functjgn the inequal-
ity (4) in Lemma2 and the implication), we obtain:

, 1 —cos(x
dy (205 (£)) = sup { —y] e — yll < 20x- (2 >}

—_

5w {llz —yllIfe = Al | llz —yll < 20x- ()}

»-lkP—‘an

< —2edx+ (€)

_ edx- (e)
==
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b) If, in @), we setX* instead ofX (X** instead ofX*), we get

edx (&)
—

Let F, G € S (X**). Under the hypothesis of Theorelf, we have

(14) P+ (20 (€)) <

F
5o (€) _inf{l | ‘;G”‘ IF -G zg}
:inf{l ||T:B;Ty” |72 Ty||25}
:inf{l— SRS P IE y)||25}
_mf{1—”“y”‘|| y||>€}
2
:5)( (5)

Consequently the inequalityt4) is equivalent to the inequality b).

c) Using, in succession, the definition @f, Lemma3, and the implication
(8), we get

e (&) =imf{|[J"fo = TSyl | Ifa = Syl = €}
= nf {[jrz —7y| | [Ife = full = &}
Z 25)(* (8)
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d) Using the definition of; and the implication), we get

€7 (20x- (¢)) = sup{|[fo = fyll | llz —yll <20x-(e)} <e.

Replacing, hereX* with X** and.J with J*, we get the second inequality.

O

Since in a Banach spaceé we have

(5X(5)§1—\/1—§ and dx () < 8% (e)

(see Theorem 1 ir]), using b) and a) of TheorerD, we obtain
Corollary 11. Under the hypothesis of Theorelfi, we have

) 2. (20x (2)) < bx () < 20k (0]

. 5 g?
b) ply (20x- (€)) < 5 (1 1 Z) .
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