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Abstract

Two classes of univalent harmonic functions on unit disc satisfying the condi-
tions

∑∞
n=2(n−α)(|an|+|bn|) ≤ (1−α)(1−|b1|) and

∑∞
n=2 n(n−α)(|an|+|bn|) ≤

(1− α)(1− |b1|) are given. That the ranges of the functions belonging to these
two classes are starlike and convex, respectively. Sharp coefficient relations
and distortion theorems are given for these functions. Furthermore results con-
cerning the convolutions of functions satisfying above inequalities with univa-
lent, harmonic and convex functions in the unit disk and with harmonic functions
having positive real part.

2000 Mathematics Subject Classification: 30C45, 31A05.
Key words: Convex harmonic functions, Starlike harmonic functions, Extremal prob-

lems.
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1. Introduction
Let U denote the open unit disc andSH denote the class of all complex val-
ued, harmonic, orientation-preserving, univalent functionsf in U normalized
by f(0) = fz(0) − 1 = 0. Eachf ∈ SH can be expressed asf = h + g where
h andg belong to the linear spaceH(U) of all analytic functions onU .

Firstly, Clunie and Sheil-Small [3] studiedSH together with some geometric
subclasses ofSH . They proved that althoughSH is not compact, it is normal
with respect to the topology of uniform convergence on compact subsets of
U . Meanwhile the subclassS0

H of SH consisting of the functions having the
propertyfz(0) = 0 is compact.

In this article we concentrate on two specific subclasses of univalent har-
monic mappings. These classes have corresponding meaning in the class of
convex and starlike analytic functions of orderα. The geometrical properties of
the functions in these classes together with the neighborhoods in the meaning
of Ruscheveyh and convolution products are considered.
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2. The Classes HS(α) and HC(α)

Let Ur = {z : |z| < r, 0 < r ≤ 1} andU1 = U . Harmonic, complex-valued,
orientation-preserving, univalent mappingsf defined onU can be written as

(2.1) f(z) = h(z) + g(z),

where

(2.2) h(z) = z +
∞∑

n=2

anz
n and g(z) =

∞∑
n=1

bnz
n

are analytic inU .
Denote byHS(α) the class of all functions of the form (2.1) that satisfy the

condition

(2.3)
∞∑

n=2

(n− α)(|an|+ |bn|) ≤ (1− α)(1− |b1|)

and byHC(α) the subclass ofHS(α) that consists of all functions subject to
the condition

∞∑
n=2

n(n− α)(|an|+ |bn|) ≤ (1− α)(1− |b1|),

where0 ≤ α < 1 and0 ≤ |b1| < 1. The corresponding subclasses ofHS(α)
andHC(α) with b1 = 0 will be denoted byHS0(α) andHC0(α), respectively.
Whenα = 0, these classes are denoted byHS andHC and have been studied
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by Y. Avcı and E. Zlotkiewicz [2]. If |b1| = 1 and (2.3) is satisfied, then the
mappingsz + b1z are not univalent inU and of no interest.

If h, g, H, G are of the form (2.2) and if

f(z) = h(z) + g(z) and F (z) = H(z) + G(z)

then the convolution off andF is defined to be the function

f ∗ F (z) = z +
∞∑

n=2

anAnz
n +

∞∑
n=1

bnBnzn

while the integral convolution is defined by

f � F (z) = z +
∞∑

n=2

anAn

n
zn +

∞∑
n=1

bnBn

n
zn.

Theδ−neighborhood off is the set

Nδ(f) =

{
F :

∞∑
n=2

n(|an − An|+ |bn −Bn|) + |b1 −B1| ≤ δ

}
(see [1], [5]). In this case, let us define the generalizedδ−neighborhood off to
be the set

N(f)

=

{
F :

∞∑
n=2

(n− α)(|an − An|+ |bn −Bn|) + (1− α)|b1 −B1| ≤ (1− α)δ

}
.
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3. Main Results
First, let us give the interrelations between the classesHS(α) andHS, HC(α)
andHC.

Theorem 3.1. HS(α) ⊂ HS andHC(α) ⊂ HC. ConsequentlyHS0(α) ⊂
HS0 andHC0(α) ⊂ HC0. In particular if 0 ≤ α1 ≤ α2 < 1 thenHS(α2) ⊂
HS(α1) andHC(α2) ⊂ HC(α1).

Proof. Since

(3.1)
∞∑

n=2

n(|an|+ |bn|) ≤
∞∑

n=2

n− α

1− α
(|an|+ |bn|) ≤ 1− |b1|

and
∞∑

n=2

n2(|an|+ |bn|) ≤
∞∑

n=2

n(n− α)

1− α
(|an|+ |bn|) ≤ 1− |b1|

we have the proof of theorem.

Corollary 3.2. (i) Each member ofHS0(α) mapsU onto a domain starlike
with respect to the origin.

(ii) Functions of the classHC0(α) mapsUr onto convex domains.

Theorem 3.3.The classHS(α) consist of univalent sense preserving harmonic
mappings.
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Proof. From [2, Theorem 1] forf in HS(α) and forz1, z2 ∈ U with z1 6= z2

we have

|h(z1)− h(z2)| ≥ |z1 − z2|

(
1− |z2|

∞∑
n=2

n|an|

)
and

|g(z1)− g(z2)| ≤ |z1 − z2|

(
|b1|+ |z2|

∞∑
n=2

n|bn|

)
.

When we consider the relation (3.1), it follows that

|f(z1)− f(z2)| ≥ |z1 − z2|

(
1− |b1| − |z2|

∞∑
n=2

n(|an|+ |bn|)

)

= |z1 − z2|

(
1− |b1| − |z2|

∞∑
n=2

(n− α)(|an|+ |bn|)

−α|z2|
∞∑

n=2

(|an|+ |bn|)

)
≥ |z1 − z2|[1− |b1| − |z2|(1− α)(1− |b1|)− α|z2|(1− |b1|)]
= |z1 − z2|(1− |b1|)(1− |z2|) > 0.

Sof is univalent. Since

Jf (z) = |h′(z)|2 − |g′(z)|2

≥ (|h′(z)|+ |g′(z)|)

(
1− |z|

∞∑
n=2

n|an| − |b1| − |z|
∞∑

n=2

n|bn|

)
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≥ (|h′(z)|+ |g′(z)|)(1− |b1|)(1− |z|) > 0

f is sense preserving.

Remark 3.1. (i) The functionsfn(z) = z + n−1
n+1

eiθz are in HS(α) and the
sequence converges uniformly toz + eiθz. Thus the classHS(α) is not
compact.

(ii) If f ∈ HS(α), then for eachr, 0 < r < 1, r−1f(rz) ∈ HS(α).

(iii) If f ∈ HS(α) andf0(z) = (f(z)−b1f(z))/(1−|b1|2) thenf0 ∈ HS0(α),
butf(z) = f0(z) + b1f0(z) may not be inHS(α).

(iv) If f = h + g ∈ HS0(α) then the function

F (z) =

∫ 1

0

f(tz)

t
dt =

∫ z

0

h(u)

u
du +

∫ z

0

g(u)

u
du

satisfies (2.3) with b1 = 0, henceF (z) is a convex harmonic mapping.
Convexity ofF (z) however, does not imply starlikeness off(z) (or even
univalence) in general situation.

Theorem 3.4.Each function in the classHS0(α) maps disksUr, r ≤ 1−α
2−α

onto
convex domains. The constant1−α

2−α
is best possible.

Proof. If f ∈ HS0(α) andr, 0 < r < 1 be fixed, thenr−1f(rz) ∈ HS0(α).
We must find an upper bound forr such that

∞∑
n=2

n(n− α)

1− α
(|an|+ |bn|)rn−1 ≤ 1.
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Sincef ∈ HS0 we have
∞∑

n=2

n(n− α)

1− α
(|an|+ |bn|)rn−1 =

∞∑
n=2

n(|an|+ |bn|)
(n− α)rn−1

1− α
≤ 1

provided(n− α)rn−1/(1− α) ≤ 1 which is true if r ≤ (1− α)/(2− α).

Theorem 3.5. If f ∈ HS(α), then

|f(z)| ≤ |z|(1 + |b1|) +
(1− α2)(1− |b1|)

2
|z|2

and

|f(z)| ≥ (1− |b1|)
(
|z| − (1− α2)

|z|2

2

)
.

Equalities are attained by the functions

fθ(z) = z + |b1|eiθz +
1− |b1|

2
(1− α2)z2

for properly chosen realθ.

Proof. We have

|f(z)| ≤ |z|(1 + |b1|) + |z|2
∞∑

n=2

(|an|+ |bn|).

Since
∞∑

n=2

(|an|+ |bn|) ≤
1

2
(1− α)(1− |b1|) +

α

2
(|a2|+ |b2|)
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− 1

2

∞∑
n=3

(n− α− 2)(|an|+ |bn|)

≤ 1

2
(1− α)(1− |b1|) +

α

2
(1− α)(1− |b1|)

=
1

2
(1− α2)(1− |b1|)

it follows that

|f(z)| ≤ |z|(1 + |b1|) +
(1− α2)(1− |b1|)

2
|z|2

for z in U.

Similarly we get

|f(z)| ≥ |z|(1− |b1|)− |z|2
∞∑

n=2

(|an|+ |bn|)

≥ |z|(1− |b1|)−
(1− α2)(1− |b1|)

2
|z|2

= (1− |b1|)
(
|z| − (1− α2)

|z|2

2

)
.

The classesHS(α) andHC(α) are uniformly bounded, hence they are normal.

Remark 3.2. We can give a similar result forHC(α) to that given forHS(α).
As the proof is similar we shall omit it.
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Theorem 3.6. If f ∈ HC(α), then

|f(z)| ≤ |z|(1 + |b1|) +
3− α− 2α2

2α
(1− |b1|)|z|2

and

|f(z)| ≥ (1− |b1|)
(
|z| − 3− α− 2α2

2α
|z|2
)

.

Equalities are attained by the functions

fθ(z) = z + |b1|eiθz +
3− α− 2α2

2α
z2

for properly chosen realθ.

Theorem 3.7.The extreme points ofHS0(α) are only the functions of the form:
z + anz

n or z + bmzm with

|an| =
1− α

n− α
, |bm| =

1− α

m− α
, 0 ≤ α < 1.

Proof. Suppose that

f(z) = z +
∞∑

n=2

(anz
n + bnzn)

is such that
∞∑

n=2

n− α

1− α
(|an|+ |bn|) < 1, ak > 0.
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Then, if λ > 0 is small enough we can replaceak by ak − λ, ak + λ and we
obtain two functionsf1(z), f2(z) that satisfy the same condition and for which
one getsf(z) = 1

2
[f1(z) + f2(z)]. Hencef is not a possible extreme point of

HS0(α).
Let nowf ∈ HS0(α) be such that

(3.2)
∞∑

n=2

n− α

1− α
(|an|+ |bn|) = 1, ak 6= 0, bl 6= 0

If λ > 0 is small enough and ifµ, ζ with |µ| = |ζ| = 1 are properly chosen
complex numbers, then leaving all butak, bl coefficients off(z) unchanged and
replacingak, bl by

ak + λ
1− α

k − α
µ, bl − λ

1− α

l − α
ζ

ak − λ
1− α

k − α
µ, bl + λ

1− α

l − α
ζ

we obtain functionsf1(z), f2(z) that satisfy(3.2) and such thatf(z) =
1
2
[f1(z) + f2(z)]. In this casef can not be an extreme point. Thus for|an| =

(1−α)/(n−α), |bm| = (1−α)/(m−α), f(z) = z+anz
n or f(z) = z+bmzm

are extreme points ofHS0(α).

Similarly we can obtain that the following result is true.

Theorem 3.8.The extreme points ofHC0(α) are only the functions of the form:
z + anz

n or z + bmzm with

|an| =
1− α

n(n− α)
, |bm| =

1− α

m(m− α)
, 0 ≤ α < 1.
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Let K0
H denote the class of harmonic univalent functions of the form (2.1)

with b1 = 0 that mapU onto convex domains. It is known [3, Theorem 5.10]
that the sharp inequalities

2|An| ≤ n + 1, 2|Bn| ≤ n− 1

are true.

Theorem 3.9.Suppose that

F (z) = z +
∞∑

n=2

(Anz
n + Bnzn)

belongs toK0
H . Then

(i) If f ∈ HC0(α) thenf ∗ F is starlike univalent andf � F is convex.

(ii) If f(z) satisfies the condition
∞∑

n=2

n2(n− α)(|an|+ |bn|) ≤ 1− α

thenf ∗ F is convex univalent.

Proof. We justify the case (i). Since
∞∑

n=2

(n− α)(|anAn|+ |bnBn|) =
∞∑

n=2

n(n− α)

(
|an|

∣∣∣∣An

n

∣∣∣∣+ |bn|
∣∣∣∣Bn

n

∣∣∣∣)
≤

∞∑
n=2

n(n− α)(|an|+ |bn|) ≤ 1− α
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it follows thatf ∗ F is in HS0(α). Namelyf ∗ F is starlike univalent.
Furthermore, the transformation∫ 1

0

f ∗ F (tz)

t
dt = f � F (z)

now shows thatf � F ∈ HC0(α).

Let S denote the class of analytic univalent functions of the formF (z) =

z +
∞∑

n=2

Anz
n. It is well known that the sharp inequality|An| ≤ n is true.

Theorem 3.10. If f ∈ HC0(α) andF ∈ S then for|ε| ≤ 1, f ∗ (F + εF ) is
starlike univalent.

Proof. Since
∞∑

n=2

(n− α)(|anAn|+ |bnBn|) ≤
∞∑

n=2

n(n− α)(|an|+ |bn|) ≤ 1− α

it follows thatf ∗ (F + εF ) is starlike univalent.
LetP 0

H denote the class of functionsF complex and harmonic inU, f = h+g
such thatRe f(z) > 0, z ∈ U and

H(z) = 1 +
∞∑

n=1

Anz
n, G(z) =

∞∑
n=2

Bnz
n.

It is known [4, Theorem 3] that the sharp inequalities

|An| ≤ n + 1, |Bn| ≤ n− 1

are true.
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Theorem 3.11.Suppose that

F (z) = 1 +
∞∑

n=1

(Anz
n + Bnzn)

belongs toP 0
H . Then

(i) If f ∈ HC0(α) then for 3
2
≤ |A1| ≤ 2, 1

A1
f ∗ F is starlike univalent and

1
A1

f � F is convex.

(ii) If f(z) satisfies the condition

∞∑
n=2

n2(n− α)(|an|+ |bn|) ≤ 1− α

then 1
A1

f ∗ F is convex univalent.

Proof. We justify the case (ii). Since

∞∑
n=2

n(n− α)(|anAn

A1

|+ |bnBn

A1

|) ≤
∞∑

n=2

n2(n− α)

(
|an|

n + 1

|A1|n
+ |bn|

n− 1

|A1|n

)
≤

∞∑
n=2

n2(n− α)(|an|+ |bn|) ≤ 1− α

1
A1

f ∗ F is convex univalent.
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Remark 3.3. If f ∈ HS0(α) andF ∈ K0
H , thenf ∗ F need not be univalent.

For example, iff(z) = z + 1−α
n−α

zn andF (z) = Re
(

z
1−z

)
+ i Im

(
z

(1−z)2

)
then

f ∗ F (z) = z + (n+1)(1−α)
2(n−α)

zn is not univalent inU. But f � F is univalent and
starlike.

Theorem 3.12.Let

f(z) = z + b1z +
∞∑

n=2

(anz
n + bnzn)

is a member ofHC(α). If δ ≤ 1−α
2−α

(1− |b1|), thenN(f) ⊂ HS(α).

Proof. Let f ∈ HC(α) andF (z) = z + B1z +
∑∞

n=2(Anz
n + Bnzn) belong to

N(f). We have

(1− α)|B1|+
∞∑

n=2

(n− α)(|An|+ |Bn|)

≤ (1− α)|B1 − b1|+ (1− α)|b1|

+
∞∑

n=2

(n− α)(|An − an|+ |Bn − bn|) +
∞∑

n=2

(n− α)(|an|+ |bn|)

≤ (1− α)δ + (1− α)|b1|+
1

2− α

∞∑
n=2

n(n− α)(|an|+ |bn|)

≤ (1− α)δ + (1− α)|b1|+
1− α

2− α
(1− |b1|)

≤ 1− α.
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Hence, for

δ ≤ 1− α

2− α
(1− |b1|)

F (z) ∈ HS(α).
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