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Abstract

Let A(z,n) = ¢(z,n) — zp(n)/n, where p(z, n) is the Legendre totient function
and o(n) is the Euler totient function. An inequality for A(z, n) is known. In this

paper we give a unitary analogue of this inequality, and more generally we give
this inequality in the setting of regular convolutions.
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The Legendre totient functiop(z, n) is defined as the number of positive inte-
gers< x which are prime ta. The Euler totient functiop(n) is a special case
of p(x,n). Namely,p(n) = ¢(n,n). It is well known that

Xz

(1.1) elom) =Y uld) 5]

d|n
wherey is the Mobius function. A direct consequence dflj is that On an Inequality Related to the

( ) Legendre Totient Function

ro(n
(1.2) 90(%, n) = SOT + O(Q(TL)), Pentti Haukkanen
wheref(n) denotes the number of square-free divisors wfith 6(1) = 1. This _
Title Page

gives rise to the functior\ (z, n) defined as\(z,n) = ¢(x,n) — %(”). Surya-
narayanad] obtains two inequalities for the functiof(z, n). Sivaramasarma Contents
[7] establishes an inequality which sharpens the first inequality and contains as

. . . . , 44 44
a special case the second inequality of Suryanaray#nalhe inequality of
Sivaramasarma/] states that ift > 1, n > 2 andm = (n, [z]), then < >
p(n) 1]1 O(n)  O6(m) mf(m)i(n) Go Back

1.3 A L N —
(1.3) (z,m) + {} n 2 [m =T T np(m) Close
where{z} = z — [z] andy is the Dedekind totient function. See algo §1.32]. Quit

In this paper we givel(.3) in the setting of Narkiewicz’s regular convolution Page 3 of 14
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For eachn let A(n) be a subset of the set of positive divisorsrof The ele-
ments of A(n) are said to be thel-divisors ofn. The A-convolution of two
arithmetical functiong’ andg is defined by

(fragm) = Y fld)g (%)

deA(n)

Narkiewicz [5] (see also {]) defines anA-convolution to be regular if

(a) the set of arithmetical functions forms a commutative ring with unity with

respect to the ordinary addition and tAeconvolution,
(b) the A-convolution of multiplicative functions is multiplicative,

(c) the constant functiohhas an inversg 4 with respect to thel-convolution,
andu4(n) = 0 or —1 whenevem is a prime power.

It can be provedd] that anA-convolution is regular if and only if
(i) A(mn) ={de:d e A(m),e € A(n)} whenevem,n) =1,

(if) for each prime powep® (> 1) there exists a divisar = 74(p®) of a such
that
Alp") ={Lp" 0", ....p"},

wherert = a, and

A" = {1, p'p*,. 0"}, 0<i<r
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The positive integet = 74(p*) in part (ii) is said to be thed-type ofp®. A
positive integem is said to beA-primitive if A(n) = {1,n}. The A-primitive
numbers ard andp’, wherep runs through the primes anduns through the
A-types of the prime powerns' with a > 1.

For alln let D(n) denote the set of all positive divisors ofand letU(n)
denote the set of all unitary divisors of that is,

n,(d,%) :1}:{d>0:d||n}.

The D-convolution is the classical Dirichlet convolution and tireconvolution
is the unitary convolutionl]]. These convolutions are regular with (p*) = 1
and7y (p*) = a for all prime powerg® (> 1).

Let k be a positive integer. We denotg,(n) = {d>0:d" € A (n")}.
It is known [5] that the A,-convolution is regular whenever the-convolution
is regular. The symbdlm,n) 4, denotes the greatesth power divisor ofm
which belongs taA(n). In particular,(m, n)p; is the usual greatest common
divisor (m,n) of m andn, and (m,n)y, usually written agm,n)*, is the
greatest unitary divisor of which is a divisor ofm.

Throughout the rest of the paper A will be an arbitaray but fixed regular
convolution and k is a positive integer.

The A-analogue of the Mobius function, is the multiplicative function
given by

U(n):{d>o:d

(1) = —1 if p*(> 1) is A-primitive,

Hap") = 0 if p* is non-A-primitive.

In particular,;.p = p, the classical Mobius function, and, = p*, the unitary
analogue of the Mobius function]f
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The generalized Legendre totient functipn (=, n) is defined as the num-
ber of positive integera < x such that(a,n*)4; = 1. Itis known [’] that

(2.1) panlmn)= Y pa(d) [%} :

deAy (n)

In particular,p 4 ,(n) = @a, k(nk, n). We recall that

(22) @Ak = nkH _tk

On an Inequality Related to the
Legendre Totient Function
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we define the generalized Dedekind totient functior), as
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(2.3) Yar(n) =n H (1+p™™). Title Page
pn
) o ) Contents
If A is the Dirichlet convolution and = 1, thenyy x(z,n), var(n) and
¥a(n), respectively, reduce to the Legendre totient function, the Euler totient 4 dd
function and the Dedekind totient function. < >
It follows from (2.1) that
Go Back
par(r,n) = Z fra, (d ( +0(1 )> Close
dGAk )
( ) Quit
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This suggests we define
T n
(2.4) Ayp(z,n) = oar(z,n) — WTQ().

We next present four lemmas which are needed in the proof of our inequality
for the functionA 4 x(z, n).

Lemma 2.1.If f (z,n*) = {%} andm” = ([z],n") , ,, then

On an Inequality Related to the
(I) f (l’, nk) =0ifm = n, Legendre Totient Function
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(i) ™5 < f(z,n*) <1— 200 m < n.

Proof. (i) If m = n, thenn*|[z] and thus{%}} ~0. Title Page
B Contents
(i) Letm < n. Thenn* f [z] and thugz] = an* + r, where0 < r < n*,
Therefore{%l} = L, where0 < r < n¥, thatis, % < {m} <1- L. « dd
Now, writing 2} = EL% ; we arrive at our result ¢ >
[ Go Back
Lemma 2.2. Forn > 2 Close
uit
> =" ;
A 9 Page 7 of 14
de Ay (n)
w(d) is odd
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Proof. It is clear that

deAg (n)
w(d) is odd

Lemma 2.3. Letm” = ([z], n*) 4. Then

> KA (d)= (w(ln)> + <w(3n)> I

)

s DL )ar _ mtomiastn

deAy (TL)

Proof. By multiplicativity it is enough to consider the case in whicks a prime

dk

nktpak(m)

power. For the sake of brevity we do not present the details.

Lemma 2.4. We have

Proof. Clearly

PAK (ZL’, n) =

SOAk

-2 mad

dEAk )

> o (%~ (%)

deAy(n)

rpak(n)

nk

- > @

deAk (TL)

f(z,d").

S
——

]
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Thus .
Aaplan)=— 3 Mk(d){%}.

de Ay (n)

It can be verified thaf 2 } = 2} {Ef—,}} Thus

AA’k(l',n) _ _{I}wA,k’(n) . Z /J“Ak(d) {[dik]} .

nk’
deAg(n)
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1.3

Theorem 3.1.Letz > 1,n > 2 andm® = ([z],n*) 4. Then

SOAk i1
3.1) |A — = |—
(3.1) agp(z,n) + {z} Z{m}
S + O(m)  m*0(m)pax(n )
2 2 nhﬂA k( )
. . On an Inequality Related to the
Proof. Flrstly, suppose that, = n, that IS,nk ‘ [m] Then Legendre Totient Function
MA ©A k(n) Pentti Haukkanen
k )
par(z,n) dAZ —[az] A
€ Ak(n) Title Page
Thus Contents
{z}oan(n)
Apr(z,n) + — 5 =0 <« 3
Sincen > 2, the left-hand side of3 1) is = 0. Therefore 8.1) holds. < >
Secondly, suppose that< m < n. Then, by Lemma&.4,
Go Back
{z}par(n)
Apglom)+—=m= = Y 0 i (@ f (@, d)— ) i (d)f (@, d), Close
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< Y () (1——([$]’;€)A”“) -y uik(d)—([x]’gk)A’k

de Ay (n) deAp(n)
w(d) is odd w(d) is even

dk flz) dk Jla]

= > - Y k@
de Ay (n) de Ay (n)
w(d) is odd w(d) is odd
dk|[]
([, d*) 4 ([2], d*)
=Y @ () R
deAg(n) de Ay (n)

dk|[a]

By Lemmas2.2 and2.3 and definition of the number,

{r}par(n) _ 0(n) m*O(m)iax(n)
AA,k<x7 n) + nk < 9 - dEAZk(m> /ﬁxk (d) - nk¢A,k(m> +9(m)
w(d) is odd

We distinguish the cases = 1 andm > 1 and apply Lemma&.2in the case
m > 1 to obtain
{e}oan(n) 1 F} L 0n)  0(m)  mO(m)vas(n)

Aalm) = g ) S 72 T T T whagm)

In a similar way we can show that

{r}par(n) 1 P] 5 _0n) _6(m)

nk 2 |m 2 2

m*0(m)ia(n)

“kwA,k(m)

This completes the proof. H

AAJC({E, TL) +
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Remark 3.1. If A is the Dirichlet convolution and& = 1, then @.1) reduces to
1.3.
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1.3

We recall that a positive integélris said to be a unitary divisor of (written as
d||n) if dis a divisor ofn and(d, 2) = 1. The unitary analogue of the Legendre
totient functiony*(x,n) is the number of positive integets < x such that
(a,n)* = 1. Its arithmetical expression is

M) =) 5]

d||n

In particular, the unitary analogue of the Euler totient function is given by
©*(n) = ¢*(n,n). We define the unitary analogue of the Dedekind totient

function as
i) =n][Q+p).

pelln
It is easy to see that*(n) = o*(n), whereo*(n) is the sum of the unitary
divisors ofn. The functionA*(x, n) is defined as\*(z, n) = ¢*(x,n) — ””“‘#(”)
The unitary analogue ofL(3) is

2 |m 2 2 no*(m)

wherem = ([z],n)*. In fact, if A is the unitary convolution anél = 1, then
(3.1 reduces to4.1).
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