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Abstract

In this paper, using Steffensen’s inequality we prove several inequalities involv-
ing Taylor's remainder. Among the simplest particular cases we obtain lyengar’s
inequality and one of Hermite-Hadamard's inequalities for convex functions.
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In this paper, using Steffensen’s inequality we prove several inequalities (The-
oremsl.1andl.2) involving Taylor's remainder. In Sectiorisand4 we give
several applications of Theorensl and1.2. Among the simplest particular
cases we obtain lyengar’s inequality and one of Hermite-Hadamard’s inequali-
ties for convex functions. We prove Theorefngand1.2in Section2.

In what followsn denotes a non-negative integérC R is a generic inter-
val, and/° is the interior of/. We will denote byR, ;(c, ) the nth Taylor’s

Some Integral Inequalities

remainder of functiory (x) with centere, i.e. Involving Taylor's Remainder. |
n f(k) (C) % Hillel Gauchman
R, ¢(c,x) = f(x) — x—c)".
o) = ) = 3 e =) _

The following two theorems are the main results of the present paper. Title Page
Theorem 1.1.Letf : I — Randg : I — R be two mappingss, b € I° with Contents
a < b, andletf € C"**([a,b]), g € C ([a,b]). Assume that, < f+D(z) < <4« >
M, m # M,andg(x) > 0forall x € [a,b]. Set < >

1
A= i [f(”)(b) — f"™(a) —m(b— a)] . Go Back
—m
Then Close
1 b Quit
O Gy [ o= gt Page 3 0f 20

1 b (x _ a)n—H
< R, f(a; g(;) —m_ g(ZL‘)d:E J. Ineq. Pure and Appl. Math. 3(2) Art. 26, 2002
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b
< <n+11>! [ e =0t = @ = a2 gla)da
+ <_1)n+1 a—M( i - )n+1 ( )d .
= a x)"g(x)dr;
and
(ii) ( —il_l)!/“ (a+X—z)"g(zx)dr

IN

(o /ab [Rn,f(b, z) — mw} g(x)dz

M—m (n+1)!
b
< ﬁ [ l=a = o= 22y gy
_1\n+1 b
+ Ean);;' /b)\(x — b+ N)"g(z)dx.

Theorem 1.2.Letf : I — Randg : I — R be two mappingsg,b € I°
witha < b, and letf € C""!([a,b]), g € C ([a,b]). Assume thaf™**(z) is

increasing ona, bl andm < g(x) < M, m # M, for all x € [a, b]. Set

1 b m b—a
)\ — o n+1 d - .
! (M—m)(b—a)"“/a(x )" g@)de = g T
1 b m b—a
N = b— x)"g(x)ds — : .
2 (M—m)(b—a)”+1/a< o glw)dr = T
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Then

O ACICEPWES )

n ! b
(M —<m;(_blz' a)n+1 / R"vf(a’ :E) (g<x) - m)dx

F0) = 76— An);

IN

IN

and
(i)
F(a+As) = f™(a)
< (_1>n+1 (M _(Z;blzl a)n+1 /a Rn,f(b7 x) (g(x) — m) dx
< f) = f (b= ),

Remark 1.1. It is easy to verify that the inequalities in Theoreingand 1.2

become equalities jf(x) is a polynomial of degreg n + 1.
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1.1 1.2

The following is well-known Steffensen’s inequality:

Theorem 2.1.[4]. Suppose the and g are integrable functions defined on
(a,b), f is decreasing and for each € (a,b), 0 < g(x) < 1. SetA =
f;g(m)daz. Then

b b a+A
b f(x)daj < / f(a:)g(:v)d:v < / f<x)dx Some Integral Inequalities

Involving Taylor's Remainder. |

Proposition 2.2. Let f : I — Randg : I — R be two mapsg,b € I° with Hillel Gauchman
a < bandletf € C"*' ([a,b]), g € C[a,b]. Assume thadl < "1 (z) < 1 for
all z € [a,b] and f;’(t — x)"g(t)dt is a decreasing function af on [a, b]. Set

) (n) Title Page
e Contents
1 b
SR R oo
(n+ D! Sy ‘ :
b
= / Fn s, 2)g(x)d Go Back
! b Close
< m/ [(z —a)"™ = (z —a—N)"""] g(z)dz ou
" e ui
-1 n+1 a+XA
—(( _: D)1 / (a+ X —x)""g(z)da. Page 6 of 20
n '/,
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Proof. Set

ThenF, (x), G,(z), and\ satisfy the conditions of Theorethl. Therefore Some Integral Inequalities
Involving Taylor's Remainder. |
b b a+A '
(2.2) / Fo(x)dx < / Fo(2)Gp(z)dr < / F,(z)da. Hillel Gauchman
b—A a a
It is easy to see thdt! (z) = —F,_;(x). Hence Title Page
) , Contents
| F@G@ds = [ Fi@a ) « | »
a ((1 ) ’ ’ (n) 4 >
= fY(x)F, "Nz)F,_1(x)d
FEEE) a +/a ) 1(e)d Go Back
(n) b b
= _f '<a> / (.I o a)”g(ac)d:r _|_/ Fn_l(I)Gn_l(l‘)dl’ Close
n! .
a a t
f(n)(a) b Qui
- (z —a)"g(z)dx Page 7 of 20
n!
f(n_l) (a
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M) (q) [P (=1 (q) [°
— _f_()/ (z —a)"g(z)dx — f—()/ (x —a)" 'g(x)dx

n! (n—1)!

-t | gle)do + / ' f@g(e)da

Thus "
Some Integral Inequalities
b b Involving Taylor's Remainder. |
(2.3) / Fn<x)Gn(m)d$ = / Rmf(a? x)g(aj)daj Hillel Gauchman
In addition Ay —
a+A 1 at+A b
/ Fy(x)dr = — ( / (t — x)”g(t)dt) dz. Contents
a " Ja g «“ b
Changing the order of integration, we obtain < >
atA Go Back
/ F,(x)dx
a Close
1 a+A t 1 b a+A )
= — / (t —x)"g(t)dx ) dt + — / (t —x)"g(t)dx | dt Quit
n! a a n! a+A a
=t —at\ Page 8 of 20
1 [ot (t — )"t ‘ 1 [ (t — )"t et
=—= gO)——=—| dt—— [ g(t) dt
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a+X
~o ) e
— ﬁ /H [(t—a—X)""" = (t—a)"™] g(t)dt
1 ’ n+1 1 ’ n+1

:m/a (t —a) g(t)dt—m/a (t—a—X)""g(t)dt

Thus,
a+ 1 b

(2.4) F,(x)dx = CES] / [(z—a)"' = (z —a— N)""] g(2)dz

(-1t
(n+1)!

a+A
/ (a+ X —2)"g(z)dx.

Similarly we obtain

b 1 b
(2.5) /b/\ F,(x)dx = CE] /b/\(x — b+ \)"g(x)dx
Substituting 2.3), (2.4), and @.5) into (2.2), we obtain 2.1). H

Proposition 2.3.Let f : I — Randg : I — R be two mapsg,b € I° with
a < bandletf € C"*' ([a,b]), g € C ([a,b]). Assume thatr < f+D(z) <
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M forall z € [a,b] and ff(t — x)"g(t)dt is a decreasing function afon [a, b].
SetA = L [f™(b) — f™(a) — m(b— a)]. Then

M-—m

b
(2.6) ;'/ (x — b+ N)"g(x)dr

(n+1)! Jy_n
1 b (x —a)"t!
< M—m/a {Rn,f(%l’) —mm g(z)dz
1 k n+1 n+1
< m/ (& = ) = (z — a— A" g(a)da
(_1)n+1 oA n+1
+ / (a+ A — )™ g(z)da.
Proof. Set
_ 1 ($ _ a)nJrl
fl@)=3r— {f(x)—mm} -

Theno < f(D(z) < 1 and

1
M—m

[F®(0) = f(a) = m(b—a)] = f™(0) = F(a).

Ijencef(x), g(x), and\ satisfy the conditions of Propositidgh2. Substituting
f(z) instead off (x) into (2.1), we obtain P.6). O

Proof of Theorem..1(i). If g(x) > 0 for all x € [a, ], thenff(t — x)"g(t)dt
is a decreasing function afon [a, b]. Hence Propositio.3 implies Theorem

1.105). O
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Proof of Theorem4.1(ii), 1.2(i), and 1.2(ii). Proofs of Theorems.1(ii), 1.2(i),
and1.X(ii) are similar to the above proof of Theoreml(i). For the proof of
Theoreml.1(ii) we take

For the proof of Theorer.2(i) we take

Fol@) = —f"(@), Gula) = — / (= o) g(tydt. nvahing Teytor's Remmaincon |
e Hillel Gauchman
For the proof of Theorer.2(ii) we take
F,(z) = _f("+1)(g;), Gn(z) = 1 /x(x —t)"g(t)dt. Tile Page
n! J, Contents
O 44 44
< | 2
Go Back
Close
Quit
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1.1

Theorem 3.1.Let f : I — R be a mappinga,b € I° witha < b, and let
f € C"1([a,b]). Assume thatr < f+)(z) < M, m # M, forall z € [a, b].
Set

A= [1O0) - 1) - mib - a)].
Then
O gy =@ (01— m)x]
< /ab Ry (a,2)de
< gy M=) = (M =)o — 0 = X))
and
) gy (=)™ (0 = m)x+]
< [ Roslb, )
< ﬁ [M(b—a)™* = (M —m)(b—a—\)"7]
Proof. Takeg(x) = 1 ona, ] in Theorem. L O
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Two inequalities of the formd < X < BandA <Y < B imply two
new inequalitiesA < 3(X +Y) < Band|X — Y| < B — A. Applying this
construction to inequalities (i) and (ii) of Theoreiri, we obtain the following
two more symmetric with respect toandb inequalities:

Theorem 3.2.Let f : I — R be a mappinga,b € I° witha < b, and let
f € C" ([a,b]). Assume thaty < " (z) < M, m # M, forall z € [a, ]
Set

1
_ M (py — M (4) — —_
A= M —m [f (b) f (a) m(b a)} ’ Sor_ne Integral Inequa_lities
Then Involving Taylor's Remainder. |
1 Hillel Gauchman
() g0 = @)+ (O —m)n
n :
b1 Title Page
< / B [Rus(a,z) + (=1)""'R,, 4(b,2)] da PE—
1
< M(b—a)"t — (M —m)(b—a—\)""?]; <« >
< gy MO =)™ = (M —m)(b— o= X)) 4 :
and Go Back
b
(ii) / [Rp.f(a,) + (—1)" Ry s (b, )] da Close
@ u Quit
—-m n n n
§<n+2)! (b= @)™ = X" = (b—a — A" Page 13 of 20
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Case3.1.n =0
Inequality (i) of Theoren3.2for n = 0 gives us the following result.

Theorem 3.3.Let f : I — R be a mappinga,b € I° with a < b and let
f € C"([a,b]). Assume thatn < f'(z) < M, m # M, forall z € [a,b]. Set

1
A= [f(b) = f(a) = m(b - a)].
Then
(M —m)» _ f(b) = f(a) (M —m)(b—a—N)?
< <M —
"M S p—a  © b—a)

Remark 3.1. Theorem3.3 is an improvement of a trivial inequalityh <
LO-J@) < )y,

For n = 0, inequality (ii) of Theoren3.2 gives the following result:

Theorem 3.4.Let f : I — R be a mappinga,b € I° with a < b, and let
f € C*([a,b]). Assume thatn < f'(z) < M, m # M for all z € [a,b]. Then

/ f(x dx—M(b—a)

[f(b) = fla) =m(b—a)][M(b—a)— f(b) + f(a)]
2(M —m) '

<

Theorem3.4 is a modification of lyengar’s inequality due to Agarwal and
Dragomir [1]. If |f'(z)| < M, then takingm = —M in Theorem3.4, we
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obtain
/f iz — LT ) <

This is the original lyengar’s inequality?’]. Thus, inequality (ii) of Theorem
3.2can be considered as a generalization of lyengar’s inequality.

Case3.2n=1
In the casen = 1, inequality (i) of Theoren3.2 gives us the following result:

M(b—a)* 1
4 AM

[£(b) — f(a)).

Theorem 3.5.Let f : I — R be a mappinga,b € I° with a < b and let
f € C?([a,b]). Assume thatr < f”(z) < M, m # M, forall 2 € [a, b]. Set

A= [F0) ~ )~ m(b— a)].
Then
5 [mlo— o + <M )]
/f HO 10,y , IO 110,
< S [M(b—a)* ~ (M —m)(b—a— 2],

Inthe case: = 1, inequality (i) of Theoren3.2implies that iff € C? ([a, b])
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andm < f"(x) < M, then

f0) = fla) — f'(a) + ['(b)
b—a 2
/() = f'(a) —m(b—a)][M(b—a) - f(b) + f'(a)]
2(b—a)(M —m) ‘

<

This result follows readily from lyengar’s inequality if we takézx) instead of

f(x) in TheorenB.4. Some Integral Inequalities
Involving Taylor's Remainder. |
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1.2

Takeg(xz) = M on[a,b] in Theoreml.2. Then); = \y = n—+2 and Theorem
1.2implies

Theorem 4.1.Let f : I — R be a mappinga,b € I° with a < b, and let
f € C" ([a,b]). Assume that™*!(z) is increasing orja, b]. Then

N (b—a)"tt [ b—a .
(I) (n + 1)! f( ) a+ n-+2 B f( )<a) Sor_ne Integral Inequa_lities
Involving Taylor's Remainder. |
b (b _ a)n-H b—a
< /a Rmf(a, l‘)dl‘ < m {f(n)(b) — f(n) (b — - 2)} ; Hillel Gauchman
and Title Page
N b — a)"t! b—a Contents
(ii) { ( 2) - f(")(a)}
n «“ 33
< (- 1)”+1/ R, (b, z)dx < >
_ \n+l _ Go Back
< M F™ @) = f™ (b— b—a )
(n+1)! n+2 Close
The next theorem follows from Theorefl in exactly the same way as Gt
Theorem3.2 follows from TheorenS.1 Page 17 of 20

Theorem 4.2.Let f : I — R be a mappinga,b € I° with a < b, and let
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f € C""([a,b]). Assume thaf™*!(z) is increasing orja, b]. Then

() (b—at [f(m (a L b= a) _ f(")(a)]

(n+1)! n+2
1 b
< 5/ [Rn’f(a, z) + (=1)"" R, +(b, x)] dx
(b—a)"' [ b—a
< )y = ) [ — .
~ (n+1)! fre =1 n+2)|’
Some Integral Inequalities
Involving Taylor's Remainder. |
b Hillel Gauchman
(i) / [Ry.f(a,x) + (—1)"R, ¢(b,x)| dz
(b—a)"tt (n) b—a b—a Title Page
<> 7 )y ) [ — _ £ (n) ]
~ (n+1)! Jre) =7 n+2 / a+n—|—2 7 Contents
We now consider inequalities (i) and (i) of Theorém2in the simplest cases 4 dd
whenn =0 or 1. < >
Case 4.1.n = 0. Go Back
Inequality (i) of Theorer.2gives a trivial fact: Iff'(x) increases therf (“T*b) < ——

w. Inequality (ii) of Theoremt.2 gives the following result: Iff'(z) is _
increasing, then Quit
Page 18 of 20
a+b

(4.1) f< . >gbia/abf(x)dxgf(a)+f(b)—f(a;b>.
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The left inequalityZ.1) is a half of the famous Hermite-Hadamard’s inequality
[3]: If f(zx)is convex, then

(52 L [ 1320

Note that the right inequality4(1) is weaker than the right inequalityt(2).
Thus, inequality (ii) of Theorem.2 can be considered as a generalization of
the Hermite-Hadamard’s inequality (2£%) < - fabf(:z:)d:t, where f(z) is
CONnvex.

Case4.2.n =1.

In this case Theorerm.2implies the following two results:

Theorem 4.3.Let f : I — R be a mappinga,b € I° witha < b, and let
f € C?%([a,b]). Assume that”(z) is increasing orja, b]. Then

o S5+ +f’(a)}
< [ fyas - 1110

(4.2)

SRR a)+w(b_a)2

<o {f’(b)—f’(b;“)];
0 ‘fa% J)_ S f’(b)‘

S%[f’(a)—f’ (a+b;“> " (b—b;“)w’(b)].
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