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ABSTRACT. In this paper we establish some new multidimensional integral inequalities of the
Griss type by using a fairly elementary analysis.
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1. INTRODUCTION

The following inequality is well known in the literature as the Gruss inequallty [2] (see also
[4, p. 296)):

[ rwswan- (2 [rww) (2 [swa)]

provided thatf, g : [a,b] — R are integrable ofu, b] and
m< f(z) <M, n<g(z) <N,

forall z € [a,b], wherem, M, n, N are given constants.

Since the appearance of the above inequality in 1935, it has evoked considerable interest and
many variants, generalizations and extensions have appeared, see [1, 4] and the references cited
therein. The main purpose of the present paper is to establish some new integral inequalities of
the Griss type involving functions of several independent variables. The analysis used in the
proofs is elementary and our results provide new estimates on inequalities of this type.
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2. STATEMENT OF RESULTS

In what follows,R denotes the set of real numbers. Ret [a, b] x [c, d], A® = (a, b) x (¢, d),
Q = [a, k] x[b,m]x[c,n], Q° = (a, k)x(b,m)x (c,n) fora,b,c,d, k,m,ninR. Forfunctionm
and3 defined respectively on and(2, the partial derlvatlve§ “(‘T ¥ and %ig’; 22) are denoted
by Dy Do (z,y) and D3 Dy D43 (x,y, z) . Let

D={z=(v1,...,20) 10, <z; <b; (i=12,...,n)}

and D be the closure ofD. For a functione defined on D the partial derivatives
%lr) (;=1,2,...,n) are denoted bye (z) .
First, we give the following notations used to simplify the details of presentation.

A(DyDyf (z,y)) = Ala, c;x,y;b,d; DaDy f (s,t)]

T Y T d
:/ / Dngf(S,t) dtdS—/ / D2D1f (S,t) dtds
a c a Yy
b ry b pd
_ / / DyDy f (s, 1) dids + / / DyDyf (s,1) dtds,
T c €z Y

B(D3Dy Dy f (r,5,1))
= Bla,b,c;r, s, t; k,m,n; D3Dy Dy f (u, v, w)]

/ / / D3Dy D f (u, v, w) dwdvdu — / / D3Dy D f (u, v, w) dwdvdu
b Ji

k
/ / / D3Dy D1 f (u, v, w) dwdvdu — / / / D3Dy D1 f (u, v, w) dwdvdu
b c
k m t
/ / / D3Ds D1 f (u,v,w) dwdvdu+/ / / D3Dsy D f (u, v, w) dwdvdu
k m n
/ / / D3Dy D f (u, v, w) dwdvdu — / / / D3Dsy D f (u, v, w) dwdvdu,
s t

E(f(z,y)) = Ela,c;z,y;b,d; f]

= U @ e+ f )+ @)+ f ()
— U (@0 (and) + £ (be) + £ (b, )],

L(f(r,s,t))=Lla,b,c;r, s, t;k,m,n; f]

:éym@@+f%mmﬂ

_i[f(r,b,c)+f(r,m,n)+f(7",m>c)+f(’”’ban)]

1

—Z[f(a,s,c)—l—f(k,s,n)+f(a,87n)+f(k57570)]
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_i[f(a,b,t)+f(k,m,t)+f(k,b,t)+f(a,mat)]

51 (@5 0)+ F (ks 0] 4 5 [F (0) + £ (m, )

—l—%[f(r,s,c)%—f(r,s,n)].

Our main results are given in the following theorems.

Theorem 2.1. Let f,g : A — R be continuous functions od\; DyD;f (x,y),
DyDi g (z,y) exist onA® and are bounded, i.e.

|D2D1f|le = sup |DoDif (z,y)] < oo,
(z,y)eA0
|D2D1gll, = sup [|DyDig(x,y)| < oo.
(z,y)eA0
Then
(2.1) f(z,y) g (x,y)dydz

b pd
5 [ [ B @ + B £ )] dde

<lo-ay@—c / / (I @,9)| [ D2Difllo + |f (2,9)] | D2Digll.) dyde.

oo

Theorem 2.2. Let p,q : ©Q — R be continuous functions of; D3DsDip(r,s,t),
D3sDyDqq (1, s,t) exist onQ° and are bounded, i.e.

|DsDyDipll,, = sup |DsDyDip (r,s,t)| < oo,
(r,s,t)€Q0
|DsDyDhgll, =  sup |DsDyDig(r,s,t)| < oo.
(r,s,t)€Q0
Then
(2.2) p(r,s,t)q(r,s,t)dtdsdr
= —/ / / (rys,t))q(r,s,t) + L(q(r,s,t))p(r,s,t)] dtdsdr
<~ (h—a)(m—b)(n—0
<16 a) (m n—c

< / / / (I (ry5,0)] | DsDaDipll. + Ip (ry 5,8)| | DsDaDigllL) dedsdr.
a b c

Theorem 2.3.Let f, g : R — R be continuous functions ait and differentiable orD whose
derivativesD,; f (x), D;g (z) are bounded, i.e.,

IDiflle = sup|Dif ()] < oo,

zeD

I1Digll, = sup|Dig(z)| < .
x€eD
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Then

(2.3) ‘M/f dx—(%/jjf(x)da:) (%/Dg(x)d:c)

<o /D > (g @IS o + 1 @) 1Digl0) E: () d,

where

M = H(bz_ /|5L‘z yz|dy7
=1

de = dxy---dv,, dy=dy,---dy,.

3. PROOF OF THEOREM [2.]
From the hypotheses we have the following identities (See [6]):
1
(3.1) fzy) = E(f(z,y) + ZA(D2D1f(%y))7

(3.2) g(x,y) = E(g(x,y))JriA(Dleg(x,y)),

for (z,y) € A. Multiplying (8.1) by g (z,y) and [3.2) byf (z,y) and adding the resulting
identities, then integrating oA and rewriting we have

b d
(3.3) / / f (2,9) g (z,y) dydz

5 [ [ B @s)+ B o) f @) dyo

/ / (DaD1f (2,9)) g (2.) + A(DyDrg (.9)) f () dyde.

From the properties of modulus and integrals, it is easy to see that

b d
(3.4) AD:D:f (e < [ [ DD (s.) s,

b pd
(35) |A (D2D1g (I,y))| < / / |D2Dlg (57 t)| dtds.

From [3.3) —[(3.b) we observe that

b d
/ f(z,y) g (z,y) dydx

A [ B o + B o) f ) s

b d
< é/ / (Ig (2, )| |A (DD f (2,9) + | (2, 9)| |A (DD g (2, ))]) dyda
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< o[ [ (e [ [ 1ais i opaas

b pd
+ If(x,y)l/ / |DsDq g (s,t)|dtds) dydx

b d
< 50-a@=0 [ [ Ua@nlIDDufll+1F (2.9)]1D2D1g]c) dyde

which is the required inequality in (2.1). The proof is complete.

4. PROOF OF THEOREM [2.2

From the hypotheses we have the following identities (see [5]):
1
(4.1) p(rs,t) = Lp(rs,t))+ oB(DsDeDip(r,s,1)),
1
(42) q (7", S, t) = L (q (T, S, t)) + gB (D3D2qu (Tv S, t)) ’

for (r,s,t) € Q. Multiplying (4.1)) byq (r, s, t) and [4.2) byp (r, s, t) and adding the resulting
identities, then integrating on and rewriting we have

(4.3) /ak /bm /Cnp(r,s,t)q(r,s,t) dtdsdr

- %/a /bm /C" [L(p(r,s,t)q(r,s,t)+ L(q(r,s,t))p(r,s,t)] dtdsdr

T
+1_6/ / / (B(D3DyDip (1, s,t)) q(r,s,t)
a b c
+ B(DsDyDig (v, 5,1)) p (1, 5,1)) didsdr.

From the properties of modulus and integrals, we observe that
k m n
(4.4) |B (D3DyD1p (1, s,t))] < / / / |D3DsD1p (u, v, w)| dwdvdu,
a b c

k m n
(4.5) |B (D3DsD1q (r,s,t))| < / / / |D3 Dy D1 q (u, v, w)| dwdvdu.
a b c

Now, from (4.3) —[(4.p) and following the same arguments as in the proof of Théorém 2.1 with
suitable changes, we get the required inequality in (2.2).

5. PROOF OF THEOREM [2.3

Letz € D,y € D. From then—dimensional version of the mean value theorem, we have
(seel3]):

(5.1) fla)—fly) = ZD@-f (©) (i — i),

wherec = (y1 + 6 (x1 —v1), - Yn + 0 (T —yn)), 0 < 0 < 1.
Integrating [(5.]L) with respect tp we obtain

(5.2) f () mesD = /D Fo)dy+y /D Dif (¢) (2 — 1) dy,
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wheremesD =[], (b; — a;) = M. Similarly, we obtain

(5.3) g () mesD = /D 95 dy+ /D Dig (¢) (2 — 1) dy.

Multiplying (6.2) by g (x) and [5.8) byf () and adding the resulting identities, then integrating
on D and noting thatnesD > 0, we have

(5.4) /Df(as)g(x)dx:% (/Df(w)dx> (/Dg(x)dx)
+ o8 [/Dg@f) (g/Dsz(c) (xi—yz-)dy> da
+ /Df(x) (i/DDz‘g (c) (i — vi) dy> dm] .
From (5.4) we observe that -

= [r@a@a- (5 [r@a) (5 [ s@a)

21\142 /DZ (lg @) Difll o + If (@) |1 Diglly) Ei (x) d.

This is the required inequality ifi (2.3). The proof is complete.

<
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