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Littlewood’s Inequality for

In the literature f], [4] — [€], [11], [17] on numerical integration, the follow- PSS

ing estimation is well known as the trapezoid inequality: HEEATEE) ClEnE, £ I S
b 1 1 .
@ | @ 500U + )] < 15Malb - ) Title Page
where the mapping’ : [a,0] — R is supposed to be twice differentiable « R
on the interval(a, b), with the second derivative bounded onb) by M, =
SUDe(ap) |f”(7)] < +oo. In [5], the authors derived the error bounds for the < >
trapezoid inequalityX) by different norm of mapping. In [2, 7, 11], the au- Go Back
thors obtained the trapezoid inequality by the difference of sup and inf bound
of the first derivative, that is, Close
b 1 1 Quit

[ Ha)dn = 50 -a)(r(@) + FO)| < 5T - )b - Page 201 16

wherel'; = sup e f'(7) < +o0o andy; = infoe(up) f'(7) > —oo. 3 '”E?'tSJJESZ?n‘\_"V"J_2”331552’A“‘ 29,2002
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For the perturbed trapezoid inequality, S. Dragomir et ‘dl.optained the
following inequality by an application of the Griss inequality:

@ | [ )= b)) + F6) + 50— aP(F6) - (@)

1 3
< (=) -a)

where f is supposed to be twice differentiable on the interfvab), with the
second derivative bounded ¢m, b) by I'y = sup,¢(, ;) [ ( ) < +oo andy, =
inf,e(op) f”(x) > —oo. The constant; is smaller than,—= given in [L1] and
ﬁg given in [].

In this note we first improve the constaﬁtin the inequality @) to the best
possible one of.~. Then we give two new perturbed trapezoid inequalities

for high-order dlﬁfrentiable mappings. We need the following variant of the
Gruss inequality:

Theorem 1. Leth, g : [a,b] — R be two integrable functions such that<
g(x) < ® for some constants, ¢ for all = € [q, b], then

3) ﬁ/ﬂbh(x)g(:v)dx—ﬁ/bh( )dm/b (z) da

g%(/ab ——/ dydx) (P — o).
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Proof. We write the left hand of inequalityd] as

/ab h(z)g(x) dx — 5 ! /abh(x) dx /ab g(x)dx

—Qa

= [0 -1

Denote
1

= / " max(h(a) - — / ’ h(y) dy. 0) de

and
1

= / b min(h(z) - — / bh(y) dy, 0) da.

Obviously/™ + I~ = 0. For¢ < g(z) < @, then

b b
/ (h(z) — bia/ hy) dy)g(x)de < TT® +17¢

and

_/ (h(x)—bia/ h(y) dy)g(z) dz < —T*6 — I-@

and hence the obtained restij {ollows.

Theorem 2. Let f : [a,b] — R be atwice differentibale mapping @n, b) with
[y = sup,e(op) f'(z) < 400 andy, = infieap) f/(7) > —oo, then we have
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the estimation

(4)

where the consta% is the best one in the sense that it cannot be replaced

by a smaller one.

Proof. We choose in%), h(z) =

1

wherex; = a + %g(b —

derive

<_

36v/3

b

3o

de =

[ rardn = 0= a)s@+ fo) +

/ab__

[ #a)dn = 0= a)(r(@) + FO) + 150 - (0 - Fa)

1 3
< m(FQ —72)(b—a)’,

a)(b—x)andg(z) = f"(x), we get

- (h(x) + 1—12(17 - a)2> dx

T
1
——(b—a)’,
36\/§< )

a) andzy = a + %(b — a). Thus from @), we

b= aP(70)  f(a)

1
S = )b~ ) f"(@) da
b b
_bia/ —%(x—a)(b—:t)dx/ f'(x) dz
(I — 1) (b — a)?.
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To explain the best constangl— in the inequality ¢), we can construct the
function f(z) = [ (fy ) dz) dy to attain the inequality in4),

3—v3
72, a<zr<x=a+ 6\/_(b—a),
(r) = 3 3
i) Iy, m<z<zy=a-+ +6\/_(b—a),
L 72, @2 < <D
The proof is complete. O

Theorem 3. Letf : [a,b] — R be athird-order differentibale mapping d@n, b)
With I’y = sup,¢ (4 f"(2) < +oo andys = infre(ap) f(z) > —o0, then we
have the estimation

®) b= aP(70) ~ f(a)

r)dr— 3(b— a)(f(a) + FO) + £

1
< 384<F3 —73)(b—a)*,

where the constargglﬁ is the best one in the sense that it cannot be replaced by

a smaller one.

Proof. We choose ing), h(z) =
to get

(@ —a)2r—a—b)(b—x) g(z) = f"(2),

a+b

1/ﬂm>— L ) gl —/szwz— L by
g | Ty T ) mwasiar =] EaE =g A0 T A
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Thus from @) in Theoreml1, we can derive the inequalitySX immediately.

Finally, we construct the functiofi(z) = [~ (fy (/7 4(s)ds) dz) dy, where
j(z) =Tsfora <z < 2 andj(x ) = 75 for &2 < 2 < b, then the equality
holds in 6). O]

Theorem 4. Let f : [a,b] — R be a fourth-order differentibale mapping on
(a,b) with My = sup,c (o4 [f* ()] < +00, then

1 1 ) ) . , .
(6) v)dr = S(b—a)(f(a) + (b)) + 75 (b — @)*(£'(b) — f'(a)) AT
1 o .
< . \5 Xiao-liang Cheng and Jie Sun
< o Malb—a)”,
Where720 is the best possible constant. Title Page
Proof. We may write the remainder of the perturbed trapezoid inequality in the Contents
kernel form <« >
’ 1 20 ¢! ! < >
@) [ f@ds = 50- @)+ ) + 550 (O) - £ (@)
a Go Back
b
= [ FO@ka) d. Close
“ Quit
wherek,(z) = 5;(xz — a)*(b — z)*. Then we get Page 7 of 16
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Then (7) — (8) imply (6). The equality holds forf(z) = 2%, a < z < bin
inequality ©). ]

Remark 0.1. We also can prove Theorefrand 3 in the kernel form

© [ Fla)de = 6= a)f@) + 10) + 50 () - 1)

b

= [ 1@k @) s
a Littlewood’s Inequality for
p—Bimeasures

whereks(z) = —3(z—a)(b—2z)+ 5 andks(z) = 5 (z—a)(2z—a—b)(b—=z).

By the formula {) and ©), and derive the perturbed trapezoid inequality for
different norms as shown irv].

Xiao-liang Cheng and Jie Sun

Title Page
Now we present the composite perturbed trapezoid quadrature for an equidis- E—
tant partitioning of intervala, b] into n subintervals. Applying Theorenis-4, ontents
we obtain , <44 44
[ @ =10+ Rl <o
where Go Back
- Close
Tn(f)zb_a {f(aﬂ'b_a)+f(a+(z‘+1)b_a)} Quit
2n “4 n n
=0 ) Page 8 of 16
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and the remaindeR,, (f) satisfies the error estimate

b—a)? .
;6\/§T)L2 (FZ - 72)7 if Y2 S f”(aj) S F2> Vo € (a> b)7
_\4
(10) |R.(f)] < %(Fg, —3), Iy < f"(x) <Ty, Vo€ (a,b)
(b— CL)5M if ’f(4)<x>’ < My, Vx € (a,b) Littlewood's Inequality for
\  720n* o = T p—Bimeasures

Then we can usel() to get different error estimates of the composite perturbed Xiao-liang Cheng and Jie Sun
trapezoid quadrature.
As in [5], we may also apply the Theorem@s 3 and4 to special means.

In this case we may improve some of the bounds related to inequalities about [P
special means as given in, [p. 492-494]. Contents

Furthermore, we discuss the lyengar’s type inequality for the perturbed trape- PP >
zoidal quadrature rule for functions whose first and second order derivatives are
bounded. In, 3, 9, 1(] they proved the following interesting inequality in- S 4
volving bounded derivatives. Go Back

If fis a differentiable function ofw, b) and|f’(x)| < M, then Close

b 2 9 .
[ 1@ - 50— a0 + sop| < =L IO =L —
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If |f"(z)| < Ms, x € [a, b] for positive constand/, € R, then

v) dz — %(z) —a)(f(a) + (b)) +

1 2( ¢! !
§0 - @(0) - )

oo 6),

M2 3 A%(b — CL)
< 5 (b—a) 60,
where
1) A= ria -2 (“50) + 1o
A, — f'(a) (f(bl)) : Z(a)) + f/(b)

We will prove the following inequality.

Theorem 5. Let f : I — R, where[ C Ris an mterval Suppose thagt
is twice differentiable in the mtenoI of I, and leta,b € ] witha < b. If
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|f"(x)] < My, z € |a, b] for positive constand/, € R. Then

@) | [ 0)de = 40— @)+ 70) + {0 -0 - 11(0)

1 [1A1P(b = a)?
< SEPAL S bkl B

whereA, is defined asX1).

Proof. Denote

b
Jy= [ faydo = 5= a)(fa) + 10) + 50— P (7 B) - £a)

It is easy to see that

and
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For anyle| < g, we get for|f"(z)| < Ma, x € [a, D],

Jf + €(b — CL)2A1

[ (A=) om0 (- 150 s

< F(e)My(b — a)3,
where

F(s):ﬁ/b%(x a;”) 26 (b — )(x—“;b)
- [l3(g) v (eg)| e
For the cas® < ¢ < §, we have
o= [ f(e-2) v (e1)
{/j‘%(;(x_;)125<x_;)>dx
S (8 (g

dx

dx
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1 2,
T T3

For the case-; < ¢ < 0, we have similarly

F(e)

We can provéA,| < 1(b— a)M, easily from (L3). Thus we choose the param-

eter

£. = sign(Ay)

By the above inequalities, we obtain

1 .
Jf S F(a*)Mg—e*(b—a)QAl S ﬁ(b—a)dMg— (

Replacingf with — f, we have

1
J_f = —Jf S ﬁ(b - a)3M2 —

Thus we obtain bounds f¢J;| and prove the inequalityl).

32(b - CL)M27

b—a)*[A,f°
2M,

(b—a)’|Af?
2M,
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Remark 0.2. As|A;| < 1M, (b — a), we have

!A1’> 2 A
Mg - b—a MQ’

b
[ #a)dn = 0= 070+ £0) + 50~ *(FO) - £(@)

_ 3
s b-a) 61,
For the casef’(a) = f'(b) = 0, we have

19 |[ sa)de - 50~ a0+ £0)

M,
<204
e TR S v

The inequality {4) is sharper than that stated ir?[ p. 69].

B A2(b— a)

s 21— fa)P
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