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ABSTRACT. In this paper, we utilize a variant of the Griiss inequality to obtain some new per-
turbed trapezoid inequalities. We improve the error bound of the trapezoid rule in numerical
integration in some recent known results. Also we give a new lyengar’s type inequality involv-
ing a second order bounded derivative for the perturbed trapezoid inequality.
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In the literaturel[[2],[4] —[[8],/[11],[[12] on numerical integration, the following estimation is
well known as the trapezoid inequality:

b
1.1) [ @ = S0 - @ + 0] < 0 - o,

— 12

where the mapping : [a,b] — R is supposed to be twice differentiable on the intevab),

with the second derivative bounded @nb) by Ms = sup,c 4 [/ (z)| < +oo. In [5], the
authors derived the error bounds for the trapezoid inequ (1.1) by different norm of mapping
f. In[2,[7,[11], the authors obtained the trapezoid inequality by the difference of sup and inf
bound of the first derivative, that is,

b
[ e = 50— @ + 0] < 5= w0 - o

wherel'; = sup,c ) f'(7) < +oo andy; = infoeiup) f/(7) > —oo.
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For the perturbed trapezoid inequality, S. Dragomir et al. [5] obtained the following inequality
by an application of the Griss inequality:

Lo—a2(ro) - fla)

(1.2) >

r)dr — (b~ a)(F(a) + F5)) +

1 3
< 3—2(F2 Y2)(b — a)”,

wheref is supposed to be twice differentiable on the intefvab), with the second derivative
bounded on(a,b) by I'y = supxe(a (@) < +ooandy, = infocp) f'(x) > —oo. The
constant is smaller than6— givenin [11] andlsf given in [2].

In thls note we first improve the constaﬁt in the mequality.) to the best possible one
of 36\[ Then we give two new perturbed trapezoid inequalities for high-order differentiable
mappings. We need the following variant of the Gruss inequality:

Theorem 1.1.Leth, g : [a,b] — R be two integrable functions such that< g(x) < & for
some constants, ® for all x € [a, b], then

(1.3) ﬁ/@bh(x)g(x) dx—%/bh(m) dx/bg(x) dz

(b—a) e
(/

<
Proof. We write the left hand of inequality (1.3) as

IS}

] b
h(x) — b a h(y)dy

dm) (@ — ¢).

N | —

a

1 b

b b b b
[ H@terde = = [ hi)de [ atayde = [ i) =52 [ b dpgto) .

:/abmax(h(:v)— bia/abh(y) dy,0) dx

b
T = / min(h(zx) — —/ y) dy, 0)
Obviously/* + I~ = 0. For¢ < g(z) < @, then
b 1 b
[ e - = [y de< 170416

_/ __/ 2)de < Tt —T®

and hence the obtained res{lt (1.3) follows. O

Denote

and

and

Theorem 1.2.Let f : [a,b] — R be a twice differentibale mapping dia, b) with I’y =
SUD,e(ap) [/ () < +ooandyy = infiep) f(z) > —oo, then we have the estimation

@) | [ f)de— Sb—a)(fla) + FB) + = (0~ aP(£(B) ~ F'a)

1 3
< m(FQ —72)(b—a)’,

where the constapthl— is the best one in the sense that it cannot be replaced by a smaller one.

&

J. Inequal. Pure and Appl. Math3(2) Art. 29, 2002 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

A NOTE ON THE PERTURBED TRAPEZOID INEQUALITY 3

Proof. We choose inl (1]3);(z) = —3(z — a)(b — z) andg(z) = f"(x), we get

%/ab h(x)—bia/abh(y)dy dr = / (h(x)+11—2(b—a)2) d
= HEt-a"

wherez; = a + %g(b —a)andzy = a + %g(b — a). Thus from ), we derive

1 20 ¢/ /
50— @) (f(0) = f(a))

b b b
[ ye-at-orwi- . [ -le-ae-od [ e
(I'y —72)(b — a)g-

) dz — %(@ —a)(f(a) + F(b) +

1
< —
~ 36V3

To explain the best constagétl— in the inequality), we can construct the functi(x) =
S (/7 4(2) dz) dy to attain the inequality ir] (1]4),

( 3—vV3
Yo, a<zT<x=a+ 6\/_(b—a),
(z) = 3 3
i) Iy, i <z<wzy=a-+ +6\/_(b—a),
. V2, T2 S X é b.
The proof is complete. O

Theorem 1.3.Let f : [a,b] — R be a third-order differentibale mapping di, b) with I'; =
SUDP,e(qp) [ () < 400 andyz = inf,c(qp) f”(2) > —oo, then we have the estimation

@5) | [ f@)de—S0-a)(fa) + £0) + 50— @ (0) - (@)
1 4
< (0= )b - a)',

where the constan; is the best one in the sense that it cannot be replaced by a smaller one.

Proof. We choose inl (1]3,(z) = 15(z — a)(2z — a — b)(b— ), g(z) = f"(x), to get
a+tb

I 1 2 .
§/a h(z) = +— ) h(y)dy\dﬂﬂ—/a h(z)dz = 507 (b= a)’,

Thus from [(1.B) in Theore@ 1, we can derive the inequdlity] (1.5) immediately. Finally, we
construct the functiorf(z) = [ (/Y (/7 j(s) ds) dz) dy, wherej(z) = I's fora < z < £
andj(z) = 3 for “% < g b, then the equality holds if (1.5). O
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Theorem 1.4.Let f : [a,b] — R be a fourth-order differentibale mapping dn,b) with
My = Sup,e(qp |fP(2)] < +00, then

(1.6) o — (b~ a)(f(a) + F0) +

1 2( ¢/ !
(b0 () - F(@)

1
< N —
g Ma(b—a)’.

wherem is the best possible constant.

Proof. We may write the remainder of the perturbed trapezoid inequality in the kernel form

@ [ e J0-a @+ 70+ 50— G0 - 5@ = [ 1O

wherek,(z) = o;(z — a)*(b — z)*. Then we get
b 1 [t 2 1
(1.8) /a |ky(x)| dz = 2 (1—x)*dr = 50"

Then [1.7) —[(1.8) imply{ (1]6). The equallty holds fofr) = 2%, a < = < bininequality [1.6).
O
Remark 1.5. We also can prove Theorgm [1.2 and 1.3 in the kernel form

b
@9 [ e J0- 7@+ JO)+ 15000 @) = [ 7Ok,

whereky(z) = —1(z — a)(b — z) + 5 andks(z) = 5(z — a)(2z — a — b)(b — z). By the
formula (1.7) and[(1]9), and derive the perturbed trapezoid inequality for different norms as
shown in [5].

Now we present the composite perturbed trapezoid quadrature for an equidistant partitioning
of interval[a, b] into n subintervals. Applying Theoreris 1.2 —[1.4, we obtain

/f Vdi = T, (f) + Ru(/),

where
nuv:b%?iép(a+f s (a0 - L rw - i,

and the remaindeR,, (f) satisfies the error estimate
(((b—a)’

( 72>7 if 2 < f”(ZL‘) < FQ? V€ (avb)’

36v/3n2
b—a)t _
@10 R O r, ) iy < ) <Dy e € 0
b—a)’ _
( (72022 M, if |f9(x)| < My, Vo € (a,b).

Then we can us¢ (1.]10) to get different error estimates of the composite perturbed trapezoid
guadrature.
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As in [5], we may also apply the Theorems|1.2]1.3 1.4 to special means. In this case we
may improve some of the bounds related to inequalities about special means as diven in [5, p.
492-494].

Furthermore, we discuss the lyengar’s type inequality for the perturbed trapezoidal quadra-
ture rule for functions whose first and second order derivatives are boundad. lIn/[1,13, 9, 10] they
proved the following interesting inequality involving bounded derivatives.

If fis a differentiable function ofw, b) and|f’(x)| < M, then

/a f(x)dx — %(b —a)(f(a)+ f(b)| < M1<b4_ a)’ (f(b)z;w{(a))?'

If |f"(z)] < Ms, x € [a, b] for positive constand/, € R, then

b
[ H@)de = S0 - a7 + 1) + 0= 0 - fa)

where
(1.11) A= f(a)—2f (a;b

We will prove the following inequality.
Theorem 1.6.Let f : I — R, wherel C Ris an interval. Suppose thditis twice differentiable

in the interior I of I, and leta,b € I witha < b. If |f"(z)] < Ms, x € [a,b] for positive
constant), € R. Then

(1.12)

[ #a)ds = (6= a)(f@) + 1) + 50~ @P(F0) - £(@)
whereA, is defined ag (1.11).

2
1 |A1]3(b—a)3
< —q)d — =2
< oMb —a) \\ " 2hn
Proof. Denote

b
Iy = [ faydo = 5= a)(fa) + 10) + 50— aP (7 B) - £a)

It is easy to see that
b1 b\>
Jwil§(x—a;) f"(x) d,
and

(1.13) A= f(a) - 2(f(l;)_—af(a)) + f'(b) = ; i a/ 2 (x - a—2|—b> f"(x)dx.
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For anyle| < i, we get for| f"(z)| < Ma, € [a, b],

Jytelb—aian = /ab %(x_a;—b)2+25(b—a) (x—a;—b)> f(x)dx
< F(e)Ma(b—a)?,
o = hop [ (-2 o o3

_/H 1?M 1
B A "2

where

dx

1

Il
——
N

[
&
VR

N |
VR

8

- |
N | —
~~
no

+
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o
VR
8
|
|
~~
N~
Q.

5]

L, 32,
= — 4+ —¢".
24 3
For the case-; < ¢ < 0, we have similarly
1 32
Fle) = — — 2263,
=53¢

We can provéA,| < ;(b— a) M, easily from (1.1B). Thus we choose the parameter

: A 1
x — A aa’1 . Nagr * S =
s=sigBN\ e o, 1S3
By the above inequalities, we obtain
1 (b —a)?|A[?
< — —a)?A; < —(b—a)P)My — | ——L—L
Jf ~ F(&k)Mz 6*(b CL) Al ~ 24(b a) M2 72M2
Replacingf with — f, we have
1 (b—a)’|A]?
p=—Jp < —(b—a)’M, — | ———=.
Top=—Jrs 5= a)ils 720,

Thus we obtain bounds f¢7;| and prove the inequality (1.[L.2).
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Remark 1.7. As|A;| < 1My (b — a), we have

NN
MQ - b—a Mg’

s = 30~ @) + FO) + {0~ 7 0) - 1(0)

My 5 Alb—a)
< Z(b_ a) 61,
For the cas¢g’( ) f'(b) = 0, we have
(114) )ds = 50 (@) + £0)] < 520 - b - 3 LD ZSOE

The inequahty@) is sharper than that stated in [9, p. 69].
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