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Abstract

In the present paper, we study an error estimate for finite volume methods for
the stokes equations. The error is proven to be of order &, in H3-norm discrete
and in L?-norm, where h represents the size of the mesh. The result is new
even for the finite volume method.

2000 Mathematics Subject Classification: 35Q30, 76D07. Norms of certain operators on
Key words: Finite volume method, Stokes equations, Discrete Poincaré inequality, weighted ¢, spaces and Lorentz
Error estimate. sequence spaces
Contents A. Alami-Idrissi and M. Atounti
1 INtroduction. . ...t 3 .
. : Title Page
2 The Continuous Equations. . ..............coovvvn... 5
3 A Finite Volume Scheme on Unstructured Staggered Grids6
4 ErrorEstimate ............c i 11
44 44
References
4 4
Go Back
Close
Quit
Page 2 of 18

J. Ineq. Pure and Appl. Math. 3(2) Art. 20, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:alidal@fsr.ac.ma
mailto:
mailto:atounti@hotmail.com
http://jipam.vu.edu.au/
http://www.ams.org/msc/

The numerical solution of the Navier-Stokes equations for incompressible vis-
cous fluids has motivated many authors, so much so that giving a complete
bibliography has become an impossible task. Therefore, we restrict our atten-
tion only to crucial contributions making use of finite element approximations
and mixed finite element methods, among them we mentipn, [5, 8, 12, 13,

, 15,16, 17, 18] (see also the references therein).

The finite volume element method is used %, fthe basic idea is based on Norms of certain operators on
the Box method. From the Crouzeix-Raviart element, the authors constructed weighted ¢, spaces and Lorentz
the mesh of this method since every triangulation is associated to the spaces SIS S
of finite elements. Later on, they applied the Babuska theorem to the Stokes A. Alami-idrissi and M. Atounti
problem, thus they obtained an analysis of error.

The finite volume projection method for the numerical approximation of
two-dimensional incompressible flows on triangular unstructured grids is pre-
sented in{]. The authors considered the unsteady Navier-Stokes equations, the
velocity field is approximated by either piecewise constant or piecewise linear < >
functions on the triangles, and the pressure field is approximated by piecewise
linear functions. For the discretization of the diffusive flows, a dual grid con- S 4
necting the centers of the triangles of the primary grid is introduced there. Using Go Back
this grid, a stable and accurate discrete Laplacian is obtained.

Title Page

Contents

The finite volume scheme for the Stokes problem is obtained from a mixed Close
finite element method with a well chosen numerical integration diagonalizing Quit
the mass matrix which is used in][ The analysis of the corresponding finite Page 3 of 18
volume scheme is directly deduced from general results of mixed finite element
theory and the authors gave an optimal a priori error estimate. 3. Ineq, Pure and Appl. Math. 3(2) Art. 20, 2002
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The finite volume method on unstructured staggered grids for the Stokes
problem is presented in {]. The authors used an admissible mesh of triangles
satisfying the properties required for the finite element method. In the case
of acute angles, they proved the existence and the uniqueness of the solution,
therefore, if the mesh consist of equilateral triangles, the authors obtained the
convergence result.

In this paper, we are interested in the study of an error estimate for finite vol-
ume method for the Stokes equations in dimensgiea 2 or 3, on unstructured
staggered grids. The main difficulty of this problem is due to the coupling of  Norms of certain operators on
the velocity with the pressure. For this reason, we use the Galerkin expansion "9Z % saces &nc torentz
for the approximation of the pressure such that the pressure unknowns are lo-
cated at the vertices. The existence and the unigueness of the solution results
are proved by Eymard, Gallouet and Herbin in]][ We prove here that the
error estimate is of order one. Title Page

This paper is organized as follows: In Sectiynve introduce the continuous

A. Alami-Idrissi and M. Atounti

Contents
Stokes equations under some assumptions. In Segtime get the numerical
scheme and the main results of the existence and the uniqueness of the numeri- 4 »
cal solution. Finally, in Sectios, we present the error estimate for the velocity. < >
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We consider here the Stokes problem:

(2.1) —I/Aui(x)+gp () = fx) VeeQ ,Vi=1,....d,
4
4 gul

(2.2) Z; o = 0 Yz € Q,

with Dirichlet boundary condition:
(2.3) u'(z) =0 Ve e o \Vi=1,...,d,

under the following assumption.

Assumption 1. (i) Qisan open bounded connected polygonal subset of =
2, 3.

(i) v > 0.

(i) ffe L*(Q);Vi=1,...,d.
In the above equationy’ represents thé™ component of the velocity of
a fluid, v the kinematic viscosity angthe pressure. There exist several
convenient mathematical formulations af1) — (2.3).

Norms of certain operators on
weighted ¢, spaces and Lorentz
sequence spaces
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The finite volume scheme is found by integrating equatidi)(on a control
volume of a discretization mesh and finding an approximation of the fluxes on
the control volume boundary in terms of the discrete unknowns. Let us first give
the assumptions which are needed on the mesh.

Definition 3.1. Admissible mesh.

Norms of certain operators on

Let(2, be an open bounded polygonal subseRéf(d = 2 or 3). An admissible weighted ¢, spaces and Lorentz
finite volume mesh 6t, denoted byr, is given by a family of control volumes, SIS S
which are open polygonal convex subset§ afontained in hyperplanes &, A. Alami-Idrissi and M. Atounti

denoted by, (they are the edges (2D), or sides (3D) of the control volumes),
with strictly positive(d — 1)-dimensional measure and a family of pointgbf

o . . Title Page
denoted byP satisfying the following properties:
Contents
(i) The closure of the union of all the control volumes$lis « Y
(i) Forany K € 7, there exists a subsél; of £ such thatt K = K\K = < >
Uo—egKa', |et8 - UKETgK'
wee . - . - Go BaCk
(i) Forany(K,L) € T? with K # L, either thed-dimensional Lebesgue
measure ok N Lis0or K N L = & for somes € £. Closs
(iv) The family? =(zx)xcr is such thatry € K and ifo = K|L it is Qut
assumed that;, # x;, and that the straight linéx ;, going throughz x Page 6 of 18

andzy, is orthogonal toK | L.
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(v) For any o € & such thato € 01, let K be the control volume such
thato € &k, if xx ¢ o, let Dg,, be the straight line going throughx
and orthogonal tas. Then the conditiorDx, N o # () is assumed, let
Yo = Dk, No.

In the sequel, the following notations are used:
o size(T) =sup {diam(K),K € T}.
e m(K) thed—dimensional Lebesgue &f, forany K € 7.

] ) Norms of certain operators on
e m(o) the (@ — 1)-dimensional Lebesgue of for anyo € €. weighted £, spaces and Lorentz

sequence spaces
e Ei={o €& 0¢00N}andl,,;, = {o € £, 0 C IN}.
e lf o e (C:Z'mg, o = K’L thendg = dK\L = d(xK,IL> and ifo € g}( N geact

A. Alami-Idrissi and M. Atounti

thend, = dg, = d(vk, Yo)- Title Page
e For anyo € £ the transmissibility through is defined byr, = ";(“) if Contents
d, # 0andr, =0if d, = 0.
44 44
In some results and proofs given below, there are summationssogef, < >

with & = {0 € &;d, # 0}. For simplicity&, = £ is assumed.
Let us now introduce the space of piecewise constant functions associated Go Back
with an admissible mesh and discreté-norm for this space. This discrete

. . . . . . Close
norm will be used to obtain an estimate of the approximate solution given by a _
finite volume scheme. Quit
Definition 3.2. Let(2 be an open bounded polygonal subseR6f (d = 2, 3) Page 7 of 18
and7 be an admissible mesh. Defié7) to be the set of functions frofaito
R which are constant over each control volume of the mesh. . Ineq. Pure and Appl. Math. 3(2) Art. 20, 2002
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Definition 3.3. Let(2 be an open bounded polygonal subseR6f (d = 2, 3)
and7 be an admissible mesh. Farc X (7)), define the discreté&}-norm by:

el = (anam?) ,

el
where:
D,u = |UK — uL|Z'fg € Eint, 0 = K|L_ Norms of certain operators on
) weighted ¢, spaces and Lorentz
Dyu = |UK’Zf‘7 € Eeat NEK sequence spaces

A. Alami-Idrissi and M. Atounti
anduy denotes the value taken byon the control volume'.

Lemma 3.1 (Discrete Poincaré inequality).LetQ2 be an open bounded polyg- Title Page
onal subseR?, (d = 2,3), 7 be an admissible mesh andc X (7), then:
Contents
lullr2 < diam()|ull,7, < 33
where||-||, ;- is the discretef;-norm. < >
Proof. See [0, p. 38, 11]. O Go Back
AssumeK and L to be two neighboring control volumes of the mesh. A Close
consistent discretization of the normal fluxsy u.n over the interface of two Quit
control volumeg< andL may be performed with differential quotient involving Page 8 of 18

values of the unknown located on the orthogonal line to the interface between
K and[L, on either side of this interface.
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In [10], the authors consider the mesh ©f denoted by7, consisting of
triangles, satisfying the properties required for the finite element method, see
[7], with acute angles only, and defining, for &l € 7, the pointzx as the
intersection of the orthogonal bisectors of the sides of the triardghigelds that
7 is an admissible mesh. Fere Sz, let ¢, be the shape function associated
to s in P;. A possible finite volume scheme using a Galerkin expansion for the
pressure is defined by the following equations:

(3.1) v Z Fi,+ Z ps/gfjs (x)dx
K

o€k sESK

—m(K)fi. YKeT Vi=1,..4d

(3.2) F}CU = 1,(uty —ub), fo€&py,c=K|L,i=1,..d,
(33) Fi, = muk, ifoc&mNEx,i=1,..,d,

(3.4) ZZuZK/gis(x)dx = 0 VseSr,

(3.5) / > peds(x)dz = 0, and
Q seST
(3.6) fi = ﬁ/fi(x)dx VK eT.

Norms of certain operators on
weighted ¢, spaces and Lorentz
sequence spaces
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The discrete unknowns oB(1) — (3.6) areu’,, K € 7 ,Vi = 1,...,d, and
Ps, S € ST.
The approximate solutions are defined by:

(3.7) ute (z) = ule aere K VK eT Vi=1,...d

and

3.8 = sOs-

( ) br S;:Tp ¢ Norms of certain operators on

weighted ¢, spaces and Lorentz
X . ) . sequence spaces
The existence and the uniqueness of the solution of the discrete probl®m (

— (3.6) are proved by Eymard, Gallouet and Herbin iri]] Moreover, if the A Alamildrissiand M. Atount
element of7 are equilateral triangles then they obtained the following conver-
gence result. Title Page
Proposition 3.2. Under Assumption, there exists an unique solution .0 — Contents
(3.6), denoted by{u,, K € T, i = 1,...,d} and{p,, s € Sr}. Furthermore, «“« b
if the elements of are equilateral triangle, them; — u, assize(7) — 0,
whereu is the unique solution ta2(1) — (2.3 anduz = (uk, ..., ul) is defined < 4
by 3.7). Go Back
Proof. See [L0, p. 205]. O Close
Quit
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In this section, we present the error estimate theorem that is of order one.

Theorem 4.1. Under Assumptior, let 7 be an admissible mesh as given by
Definition3.1andu’ € X(7), Vi=1,...,d, suchthau’ = u%., Vi=1,...,d
fora.e.x € K, for all K € 7 where(u%,)xer is the solution to §.1) — (3.6).
Letu = (u') be the unique variational solution of proble@ 1) — (2.3) and for
eachK € 7T, ¢y = u'(zx) — ul, andel € T defined byl (z) = €l for a.e.

x € K, forall K € 7. Then there exist§’' > 0 depending only o, 2 andd Norms of certain operators on
. weighted ¢, spaces and Lorentz
SUCh that sequence spaces
(4_1) Helle T < Csize(T) A. Alami-Idrissi and M. Atounti
and Title Page
4.2 e |lz2 < diam(Q)Csize(T), Contents
where||-||, ;- is the discrete;-norm. 4 dd
< >
Proof. Integrating overk the equation.1), then:
Go Back
. B A
4.3) —v / Vu' - W oxdogx + ap (x)dx = /fz(x) Vi=1,...,d. Close
Z;
K K K Quit
As Page 11 of 18
/Vui-ﬁaKdoaK: Z/Vui-ﬁgda Vi=1,...,d.
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We denote by:

F;U:—/Vui-ﬁgda Vi=1,...,d,

then:

—i dp : )
(4.4) vy Fr,+ (z)de = | fi(x) Vi=1,....d.
K/ ox; /

Let F}' be defined by:
FI*(ZU = 1,(u'(zg) —u'(xy)) fo€&w,0=K|Li=1,....d,
F[*(la = ul(rg) fo€&umNéx,i=1,...,d,
then the consistency error may be defined as:
Fro— Fil =m(o)Rl, Vi=1,....d

Thanks to the regularity af, there exists”; € R, only depending om, such
that:

(4.5) |Ry,| < Cisize(T) VK eTando €&, Vi=1,....d.

If o € & NEK ,0 = K|L, then, we have:

=1

i - N A wi i
FK,U_FK,U - FK,cr FK,U+FK,U FK,U
_ ) *,0 i
- m<0) K,o + FK,U - FK,U

(4.6) = m(0) R, + To(€k — L),

Norms of certain operators on
weighted ¢, spaces and Lorentz
sequence spaces
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and ifo € &€.,; N Ex, then, we have:
4.7) FZKU — F};J = m(a)RkU + Tpehe.
Subtracting 8.1) from (4.3) then:

4.8) vy (F;ﬂ — F;;J) + / gfi (z)dz — /

o€EK K SESK K

=/f‘<x> m(K) i

Multiplying (4.8) by €%, summing forK € 7 ands, then we obtain:

S Y (Fe - #)

i KeT oe€i

S Y

i KeT oefk

BK+ZZ Z RZKO—BK

i KeT oelk
d d

(4.9) = Z 237'0.|DaeiT|2 + Z Z Z m(o) Z}(’Ue’k.
i o€ i KeT oefk

Usingdiv(u) = 0 and the relation3.4), we deduce that:

(4.10) Z > 893 -y ps/‘%s eh = 0.

i KeT sESK

Norms of certain operators on
weighted ¢, spaces and Lorentz
sequence spaces
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From the relation{.6), then:

(4.11) Z > /f’ K)fico | €k = 0.

i KeT K

Replacing 4.9), (4.10, (4.11) in (4.8), hence:

d
E E To ‘ DanK|2 E E E RlK JelK, Nc_ers of certain operators on

i ocE i KeT oc€ weighted ¢, spaces and Lorentz
K sequence spaces

then: A. Alami-Ildrissi and M. Atounti

(4.12) Z e I3 = Z Z Z R’KUGK Title Page

i KeT o€k

Contents
Thanks to the propriety of conservativity, one g, = — R} , for o € &, PP >
such thav = K|L, let R, = |Rj ,|. >
Reordering the summation over the edges and using the Cauchy-Schwarz in- 3
equality, one obtains: Go Back
Close
S mo) Rk < 3 mlo)|RIIDach ou
KeT oe€yk oefk
1 1 Page 14 of 18
m(o) i 12 : 2 ’
< 7 i .
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From the relation 4.5, we have|R!| < C;size(7) and we remark that

> m(o)d, = m(Q), then we deduce the existence(@f only depending om
€€
and(2, such that:

> > ml0)Ri i

KeT oe€i

(4.13) < Cyllel |l rsize(T).

Then:

d d
(4.14) Dollerlfr < G (Z Heile,T) size(T).
i=1 i=1

Using Young's inequality, there exists; only depending oni, €2 andd, such
that:

d 3

(4.15) (Z ||eg||§77) < Cysize(T).
=1

We have:

(4.16) lefrllir < (Z ||e’THfT> < Cssize(T) Vi=1,...,d.
=1

Applying the discrete Poincaré inequality, we obtain the relatiod ( O

Norms of certain operators on
weighted ¢, spaces and Lorentz
sequence spaces
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