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Abstract

The present paper is devoted to the stability analysis of a general class of hemi-
variational inequalities. Essentially, we present two approaches for this class of
problems. First, using a general version of Minty’s Lemma and the convergence
result of generalized gradients due to T. Zolezzi [23], we prove a stability result
in the spirit of Mosco’s results on the variational inequalities [14]. Second, we
provide a quite different stability result with an estimate for the rate of conver-
gence of solutions when the given perturbed data are converging with respect
to an appropriate distance. Illustration is given with respect to a hemivariational
inequality modelling the buckling of adhesively connected von karméan plates.
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The theory of inequalities has received remarkable developments in both pure
and applied mathematics as well as in mechanics, engineering sciences and eco-
nomics. This theory has been a key feature in the understanding and solution
of many practical problems such as market price equilibria, traffic assignments,
monetary policy setting and so on. In this context, variational inequalities have
been the appropriate framework for studying some of these problems during
the last forty years. More recently, new and efficient mathematical inequali- N

. . .. . " - . Two Remarks on the Stability of
ties, called hemivariational inequalities, have facilitated the solution to many  Generalized Hemivariational
challenging open questions in mechanics and engineering. This class of prob- Inzzielinzs

lems has been pioneered by the work of Panagiotopouigsvho introduced a Mohamed Ait Mansour
variational formulation involving nonconvex and nonsmooth energy functions.
Subsequently, it has been developed from the point of view of existence results

: Title P

by many authors, we refer t6,[6], [1(], [17], [1€], [20] and references therein. He Tage

In this paper, we attempt to investigate stability results for the following Contents
generalized hemivariational inequalities: for ang N, find u,, € X such that <« >
forallv e X

< >
0 oy _

(GHI,) @, (un,v) + Uy (tn, v) + I, (Un; 0 — uy) + @n(v) — @n(uy) > 0. e
holds. Close

Here, X is a Banach spacé®,,),>o, (V,).>0 are sequences of real valued Quit

bifunctions defined oX x X, (¢,,),>0 @ sequence of extended real valued func-

tions and(J,,),, a sequence of real locally Lipschitz function;is the Clarke’s Page 4 of 38
derivative of.J,,. The main question is then the following : under what condi-
tions do the solutions,, to (G 1,,) converge to a solution of the initial problem 3. Ineq. Pure and Appl. Math. 3(2) Art. 28, 2002
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(GHIy)?

The remainder of the paper is organized as follows. In Se&iove discuss a
concrete mechanical example that has motivated our study. S8ctaevoted

to our main stability results. We present two approaches. Namely, we first pro-
pose a general version of Minty’s Lemma and proceed by the epi-convergence
method, Theorer.1 Further, we define a “distance” between two bifunctions
and present a stability result with an estimate for the rate of convergence of
solutions in terms of the given data rate of convergence: TheGr&fis first
stated in equilibrium problems formulation and Coroll&1is then derived Two Remarks on the Stability of
for (GHI,). In Sectiond, we illustrate the abstract results by an application to Ge”efa"zlrfgq'jzmiigg”a“"”a'
a hemivariational inequality that models the buckling of adhesively connected

von karman plates allowing for delamination. Finally, we conclude with some
comments.

Mohamed Ait Mansour
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To illustrate the idea of hemivariational inequalities and explain how impor-
tant this class of inequalities is, we suggest the following modslimmarized
from [15], further details and similar models can be foundin,[17, 18, 20].

The model is concerned with the buckling of adhesively connected von karman
plates allowing for delamination. Roughly speaking, it consists of character-
izing the position on equilibrium of the plates and lead to research of solution
to special problem formulated as a hemivariational inequality. Let us now for-

Two Remarks on the Stability of

mulate the problem. Consider a pld&teand the binding material oft’. In the Generalized Hemivariational
undeformed state, the middle of the plate occupies an open, bounded and con- Inequalities
nected subsef of R?, referred to a fixed right-handed Cartesian coordinate Mohamed Ait Mansour

systemOx,z,x3. Let I' be the boundary of the platé: is assumed to be ap-
propriately regular. Let also the binding material occupy a sufdsstich that

Q' c Qand’ T = 0. We denote by (x) the vertical deflection of the point i s
x € Q of the plate, and by = (0,0, f3(x)) the distributed vertical load. Fur- Contents
ther, letu = {u;, us} be the in-plane displacement of the plate. We assume that pp NS
the plate has constant thickngssMoreover, we assume that the plate obeys
the Von karman theory, i.e. it is a thin plate having large deflections. The von < 4
karman plates verify the following system of differential equations: Go Back
(2.1) KANC — W0aplp)a = f INQ;, Close
(22) OaBp = 0 in Qj, Quit
1lWe have recalled in details this model as it was stated‘hifi concern with existence of Page 6 of 38

solutions, here we deal with stability issue under data perturbation for hemivariational inequal-
ities modelling such problems.

J. Ineq. Pure and Appl. Math. 3(2) Art. 28, 2002
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1 .
(23) OaB = C’am(g(ewg(u) + ECNC’&) N Qj.

Here the subscriptsy, 3,v,0 = 1,2 correspond to the coordinate directions:
{oag}, {eap} andC,z,s denotes the stress, strain and elasticity tensors in the
plane of the plate. The components@fare elements of.>°(2) and have the
usual symmetry and ellipticity properties (further explanations and figures can
be found in [.5]). Moreover,K = #’ig) is the bending rigidity of the plate
with E the modulus of elasticity and the Poisson ratio. For the sake of sim- ~
plicity, we consider here isotropic homogeneous plates of constant thickness. " Remarks on the Stabiliy of
In laminated and layered plates, the interlaminar normal strgss one of Inequalities

the main cause for delamination effects. Note that this is a simplification of the

problem. In order to model the action®f, f is splitinto a vectorf, which de-
scribes the action of the adhesive aghd L?(Q2), which represents the external

Mohamed Ait Mansour

loading applied on the plate: Title Page
_ Contents
f=f+finQ. « R
We introduce now a phenomenological law connectingith the correspond- < >
ing deflection of the plate describing the action of adhesive material. We assume E——
that:
o Close
wherej3 is a multivalued function defined as in< (by filling in the jumps in Page 7 of 38

the graph of a functio € L7 (R)). We note here that cracking as well as

loc

crushing effects of either a brittle or semi-brittle nature can be accounted for 2 ineq. pure and Appl. math. 32) Art. 28, 2002
http://jipam.vu.edu.au
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by means of this law. The following relation completes in a natural way the
definition of f:

f=0inQ—-q.
In order to obtain a variational formulation of the problem, we express relation
(2.4) in a superpotential form. I8(¢ £ 0) exists for every. € R then, from []
and [L9] a locally Lipschitz (nonconvex) functiof : R — R can be determined
up to an additive constant such that

— Two Remarks on the Stability of
5(5) &](f), Generalized Hemivariational

. . . Inequalities
whered is the generalized gradient of Clafke Moreover, we suppose the

following boundary condition on the plate boundary: Mohamed Ait Mansour

¢=0onl. Title Page

Now, let us denote by: the outward normal unit vector tb and by g, SRS

(o = 1,2) the self-equilibrating forces and assume for the in-plane action the < >
boundary conditions

< >
(2.5) Tapng = go ONI" v =1, 2. Go Back
Notice that in [.5], (2.5) involves an eigenvalug such that,snz = A\g,. Here Close
we take)\ = 1. For the moment we assume that = 0 o = 1,2. We can Quit
now derive the variational formulation of the problem. Frdixil), by assuming Ew—————

age 8 0

21For the convenience of the reader we recall (s3ethat 9; is defined bydj(z) = {¢ €
Z*:{¢,v) < jO%w;v) forallv in Z} and;O(z;v) := limsupt (5 (y + tv) — j (y)).
Yy—x

J. Ineq. Pure and Appl. Math. 3(2) Art. 28, 2002
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sufficiently regular functions, multiplying by) —¢() | integrating and applying
the Green-Gauss theorem, we obtain the expreg4ign

aC,z—0) + / howpCa(z — () 5df

Q

_ /F hoasCsnalz — C)dl + /Q Tz — Q)dn
+ [ R0 - car = [0

Here,«, 6 = 1, n denotes the outward normal unit vectodto

(2.6) a(C,z) = K/Q[(l —V)CapZap + VACAZ]AQ, 0 <v < 0.5,

(2.7) Mn(C) =-K [VAC + (1 - V) (2n1n2(’,12 + n%c,ll + ngfzz)}
and

(2.8) K,(¢)
NG

=-K [W + (1 — V)% [n1n2(§22 — () + (nf — n%)C,m] ,

where is the unit vector tangential tb such thatv.7 and theOzx3-form a
right-handed system. A similar argument applieda@)leads to the following
expression

(2.9) / TapEap(V — u)dSd = /aagnﬁ(va —ue)dl'. o, =1, 2.
Q r
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Further, the following notations are introduced:

(2.10) R(m,k) = / CoapysMapkapdSd. a, B,7v,6 = 1,2.
Q

and

(2.11) P(¢ 2) ={Cazs}, P(C,€) = P(Q),

wherem = {m,z} andk = {k,s3}, o, 0 = 1,2 are2 x 2 tensors.
Let us also introduce the functional framework. We assume dhate
[H'(Q2)]? and that(, z € Z, where

7 ={z|z € H*(Q),z=0o0nT}.

Taking into account expressidty), (2.9), the boundary conditions and the in-
equalities defining the multivalued operatbwe obtain the following problem:
findu € [H'(2)]* and( € Z such as to satisfy the hemivariational inequality
(HI):

1

G,z = O+ hR(E() + 5PO). PGz = O) + [ ¢z =)o

2/9?(2—()619. V2eZ

and the variational equalityy F) :

R(=(u) + %P(C), v —u)) =0, Yo € [HY(Q)

Two Remarks on the Stability of
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Further we shall eliminate the in-plane displacement of the plate. To this end
we note first that?(.,.) as defined inZ.10 is a continuous symmetric, coer-
cive bilinear form on[L?(Q)]* and thatP : [H?*]* — [L*(Q)]* of (2.1]) is a
completely continuous operator (see]p. 219). Thus the equality}” ) and

the Lax-Milgram theorem imply that to every deflectione Z, there corre-
sponds a plane displacemertt) € [H'(©)]?. Indeed, due to Korn’s inequality
R(e(u),e(v)) is a bilinear coercive form on the quotient spdég' (Q2)]?/R,
whereR is the space of in-plane rigid displacements defined by

(212) R = {f/f c [H1<Q)]2, = + bl’g, Ty = Qg — bl’g, aq, Qg, be R}
From(V E) it results that
(2.13) e(u(Q)) : Z — [L(Q)]*

is uniquely determined and is completely quadratic functio, sfnces(u(())
is a linear continuous function d?(¢). We also introduce the completely con-
tinuous quadratic functio&' : Z — [L*()]* which is defined by

1

(2.19) ¢ = G(O) = £(ul¢)) + 3P(O)

and satisfies the equation

(2.15) R(G(C),e(u(¢))) = 0.
We now define the operatos : 7 — Z andC' : Z — Z such that

(2.16) a((, z) = (A¢, 2)

Two Remarks on the Stability of
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and

(2.17) hR(G(C), P(¢.2)) = (C(C), 2).

A is a continuous linear operatar,a completely continuous operator apd )
denotes the scalar productih Thus the following problem results:

find { € Z, so as to satisfy the hemivariational inequality

— Two Remarks on the Stability of
(2.18) a(¢, z—¢)+(C(¢), Z—Q-l-/ 7°(¢, z—¢)dQ > / f(z—Q)dQVz € Z. Generalized Hemivariational
o Q Inequalities
The last hemivariational inequality characterizes the position of equilibrium of Mohamed Ait Mansour
the studied problem. Note that the second membe? 4 can be expressed
by means of a linear, self-adjoint and compact operBtdror the explicit form Title Page

of B, we refer to P(] (equation 7.2.13).

Contents
Therefore, this problem can be viewed as, and actually is, a particular case

of (GHI,). <4< >
Remark 2.1. Notice that if we takd = 0, (GH I,) covers the Generalized vari- < 4
ational and quasi variational inequalities. Some other mathematical problems B Bt
contained in(GH I,) can be found in{].

Close

Quit
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In this section, we present our stability results. By means of a general version of
the celebrated Minty’'s Lemma, we proceed first by the epi-convergence method.
In the sequel, unless another framework is specified, the sfasea Banach
space with dualX* equipped with the wedktopology denoted byv*. The
symbols— will stand for the strong convergence bothXhand X*. We first
recall the following definitions:

Definition 3.1. A sequencef,, : X — (—o0,+00) is said to be equi-lower
semidifferentiable iff for every € X there exists a balB aroundz such that
for everys > 0 we can findd > 0 so as

(3.1) fa(2) 2 fuly) + (u, 2 —y) —ellz —y|

for everyy € B, everyn, everyu € 0~ f,(y) and every: such that|z —y| < 4.
Whereo~ denotes the lower semigradient given for some fungtiandz € X
by: uw € 0~ ¢g(z) iff u € X* and

lim inf(g(y) — g(z) — {w,y —2))/lly — = = 0.

Definition 3.2. A sequencef,, : X — (—oo,+00) is called strongly epi-
convergent tof : X — (—o0,+00) iff v, — vimpliesf(v) < liminf, f,(v,),
and for every € X there exists a sequeneg — v such that:lim sup,, f,,(v,) <

f(w).

Having our applications in mind, we make the following assumptions:

Two Remarks on the Stability of
Generalized Hemivariational
Inequalities
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(Hy) X is separable and has a equivalent norm that is Fréchet differentiable off
0;

(Hy) i) ®yis monotone, thatis for eachv € K, ®¢(u,v) + Po(v,u) < 0;

i) @y is upper hemicontinuous i.e., for allv,w € X, the mapt €
[0,1] — Po(tu + (1 — t)v,w) iS upper semicontinuous;

iif) @, is convex on the second argument d@ndu, u) = 0 for all u € X;
(Hy) ¥, is convex on the second argument andu, u) = 0 for all u € X;
(H3) o is proper and convex;

(Hy) @, is monotone for each and(®,,) lower-convergest®, : vV u € X,v €
X, Yu, — wand¥(vy,), — v itresults®q(u,v) < liminf, ®,(u,,v,) ;

(Hs) (V,,) upper-converges td, :Vu € X,v € X, Vu,, — uandVvov, — v for
a subsequenag, one hadim sup;, V,,, (tn,, U, ) < Yo(u,v) ;

(Hg) the sequencép,,),, is strongly epi-convergent tgy;

(H;) The sequencd,, is locally equi-Lipschitz, that is for every balt in X
there exists\/ > 0 such that

| Jn(u) = Jn(v)] < M[u —v]
forall u,v € B and alln;

(Hs) (Jn)n is equi-lower semidifferentiable and strongly epi-convergenkto

Two Remarks on the Stability of
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Remark 3.1. We should notice that we do not need to make appeal to the as-
sumption(H,) 4) since it is included i H,). Indeed, for any,, v € X and for
someu,, — u andwv,, — v, let us remark that

Oo(u,v) + Po(v,u) < liminf &, (u,,v,) + liminf &, (v,, n,)

< Hminf[®, (tn, vy) + P (Vn, )]

< 0.
In the following theorem we denote I8, the set of solutions ta{/ 1,,). Two Remarks on the Stability of
. L G lized Hemivariational
Theorem 3.1. Suppose that assumptiofd,) — (Hg) are verified. Then, we e”era'z.;’equimi'ﬁ”a“"”a
have Mohamed Ait Mansour
s — liminf S,, C Sj.
Remark 3.2. The result of Theorerd.1 means that whenever a sequengeof Title Page
solutions to (- H 1,,) is strongly converging ta, u is a solution to(GH I). Content
ontents
To prove this theorem, we first collect some lemmas. « N
Lemma 3.2.[8] Let ¢ be a real Lipschitz function of ranknearz. Then, the
functionv — ¢° (z; v) is positively homogeneous and subadditive (thus convex), < 4
continuous and Lipschitz of rarikon X. e
Lemma 3.3 (Minty’s). Let f be an extended real-valued bifunction such that Close
f is convex in the second argument afid, v) = 0 for eachv € X. Assume _
moreover that H, ) hold, then the following statements are equivalent. Quit

a) There exists, € X such that for every € X, Page 15 of 38

P (u, U) + f(u, U) >0. J. Ineq. Pure and Appl. Math. 3(2) Art. 28, 2002
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b) There exists, € X such that for every € X,
®o(v,u) < f(u,v).
Proof. a) = b) Letwu € X such that) is satisfied. Thus we have
—Po(u,v) < f(u,v).

since®, is monotone, it follows tha®,(v, u) < —Pg(u,v), Vo € X. There-
fore, for everyv € X we have

(I)O(U’u) S f(u,v),

which means that) is verified.
b) = a) Letwu be a solution irb) and fixv € X andt €]0, 1]. Then, using
(H,) i) and the convexity of (u, .), for w, = tu + (1 — t)v, we have

0 = Dg(we, wy) (1 —t)Po(wy, v) + tPo(wy, w)
(1 —1)Dg(we,v) + tf(u,w)
(

1 —t)®g(wy,v) +t(1 —t)[f(u,v)].

IN A IA

Becausef (u,u) = 0. Therefore,
_t[f(ua U)] < <I>U(wta U)‘
Hence, by upper hemicontinuity df,, we end at

—[f(u,v)] <limsup ®(wy,v) < Po(u,v)

t—1

Two Remarks on the Stability of
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which leads to
0 < Po(u,v) + f(u,v).

Finally, v being arbitrary chosen iX, the last inequality means that is satis-
fied O

Remark 3.3. Notice that a particular case of Lemnfa3 is the variational
Minty’s Lemma given in13, p. 249] as follows:

findu € X suchthat (l,v —u) < (A(u),v —u) forallve X -
Two Remarks on the Stability of

. . Generalized Hemivariational
is equivalent to

Inequalities
findu € X suchthat (l,v —wu) < (A(v),v —u) forallve X Mohamed Ait Mansour
whereA is an hemicontinuous and monotone operator from a Banach sjace _
into its topological dualX*, andl € X*. UL T
Lemma 3.4.[&] Let g be as stated in Lemna2. Then,0g(z) is a nonempty, Contents
convex, week-compact subset of * and ||(|| < k for each( € 0g(x). <« (33
Lemma 3.5. Assumption H;) holds. Then, the sequence of set-valued map < 4
(0J,)n is uniformly bounded. E—
Proof. Let u,, be a bounded sequenceu,), is then contained in a balB = Close
B(0,r) wherer > 0. Let alsoM be a positive constant such that
Quit

| J(w) — J(v)| < M|ju—o]| forall u,v € B andall n. Page 17 of 38

Therefore by Lemma&.4we deduce thatjo.J, (u,)|| < M, thatis whenevef €
0J,(uy,) we havel[£]| < M. This means thal.J, is uniformly bounded. [ o IS FGEILAGoIL (AER: BT 2, 200
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Lemma 3.6. [S] Considerg as stated in Lemma.2. Then, For every in X,
one has

g°(x;0) = max{{C,v) : ¢ € dg(x)}.

Lemma 3.7. Under (H,), (H;) and (Hg) , for anyu,v € X and anyu,, —
u, v, — v there exists a subsequenes, ), such that

limksup Iy (U3 0n, ) < J3 (us0).

Remark 3.4. To simplify the notation we consider, without loss of generality,
the inequality of Lemma.7 as:

lim sup J (un; vn) < J3(u; ).
Proof. Let u,, — u, &, € 0J,(u,) and letv, — v. As, for eachn, 9.J,,(u,,) is
weakly compact, there exists a mgp: X — X* defined, for eaclw € X, as
follows: &, (w) € 0J,,(u,,) such that

_ g0, .

Sinceu,, is bounded, by Lemma.5it results that &, (v, )), is bounded. There-
fore, (&, (v,)), has a weakly converging subsequence also denot&g by, ) ) ..
Let{(v) € X* be the weaklimit of &,(v,). On the other hand,H-) implies
that (J,,),, is locally equi-bounded. Then, biH,) and (Hs), we apply P3,
Theorem 1] and obtain

lim sup gph 0J,, C gph 0Jy in (X, s) x (X*, w"),
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which implies that (v) € dJy(u). Hence, taking Lemma&.6into account, we
end at

limsup JO(up; v,) = limsup max (£, v,)

n n geaJn (un)
= limsup (&, (vn), vn)
n
= (¢(v),v)
< max (€)= J(u0).
£€0Jo(u) Two Remarks on the Stability of
Generalized Hemivariational
] Inequalities

Mohamed Ait Mansour

Proof of Theoren3.1L Letwu, € s — liminf S,, andu be the strong limit ofy,.

We wish to prove that. € Sy. To this end, fixv € X. By (Hg) there exists
a sequencév,),, such that,, — v andlimsup,, ¢, (v,) < @o(v). AS u, is a Title Page
solution to(GH I,,), by monotonicity ofd,, it follows:

Contents
D1 (Vn, ) < (U, ) + T (U3 U = Un) + PuVn) = n(un). “ b
hence, taking into accountl,) — (H) and LemméB.7, there existgn,, ), such 4 >
that Go Back
Dp(v,u) < limkinf D, (Vn, s Un, ) Close
< limksup Jgk(unk; Upy, — Unp,, ) — limkinf On, (Un,,) Quit

+ lim sup @, (v, ) + limsup ¥, (v, , U, ) Page 19 of 38
k k

IN
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therefore,
Do (v, u) < W(u,v) + Jg(u;0 — u) + @o(v) — o(u).

Sincey, is proper, it follows that. € dom(p). Hence, as/{ (u; . —u) is convex
(Lemma3.2), we can takef = Uo(u,v) + J3(u;v — u) + @o(v) — @o(u) in
Lemma3.3and obtain

0 < ®g(u,v) + Wo(u,v) + J§ (u;v — u) + ©o(v) — @olu).
Two Remgrks on thg St_ab_ility of
Now, v being arbitrary chosen, we conclude thas a solution td GHI,). The S G

K Inequalities
proof is therefore complete. ]
Mohamed Ait Mansour

Remark 3.5. Let us mention that, if we také& = 0 in (GH 1), this result is
not affected if the sequence of solutions is weakly converging. In this case we

shall obtain: e P
w — liminf S,, C Sy. Contents
In fact, we have made recourse to strong convergencéfy) because of the 4« (44
presence of Clarke’s derivative (16 H ). P >
From Theoren8.1we deduce the following variant of the stability results in Go Back
[12,14].
Close

Corollary 3.8. Let T and T, for eachn > 1, be operators fromX to X*. _
Suppose that: Quit

. . . Page 20 of 38
a) T is hemicontinuous oX;
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c) (T,)., converges td,, in the sense that: for any € X, any sequence,,
strongly converging ta we haverl, u, — Tu;

d) (Hg) is satisfied.

Then, if a sequendg:,,) of solutions to the variational inequality:

(VI,) findu € X suchthat(T,u,v —u)+ ¢,(v) — pn(u) >0 Yo € X

converging to a point;, w is a solution to the variational inequality: w6 Remarks on the Stabilty of
WO Remarks on the stabllity O

Generalized Hemivariational

(VI) findu € X suchthatTwu,v —u) + p(v) — p(u) >0 Vv € X. TS
Proof. It suffices to take, for each,v € X, ®(u,v) = (Tu,v — u) and LA A Y ETetell
®, (u,v) = (T,u,v — u). The result is hence an easy consequence of Theo-
rem3.1 [ Title Page

The paragraph below presents a stability result without recourgé;toand Contents
(Hs). <« >

< >
. . - I Go Back
In this paragraph, we first present the stability result for the equilibrium prob-
lem. Further, we derive the result f0& H I,). In this respect, we suppose that Close
X is a normed vector space with noifr]| and assume that, = 0. We shall Quit

also consider a sequence of bifunctidris: X x X — R and the following

e : Page 21 of 38
equilibrium problems: for any > 0 find w,, € X such that: 2o

(E'Pn) Fn (ﬂn, 'U) > O for a" v E X J. Ineq. Pure and Appl. Math. 3(2) Art. 28, 2002
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To carry out our stability analysis, we need the following monotonicity as-
sumption:

(Ay) Fo(u,v)+F,(v,u) < —M|u—v|*forallu,v € X,n > 1,whereM > 0.

F,, will be said— M -monotone.

Remark 3.6. LetC' : X — X* be ar-Lipschitz operator, (where > 0) and
B : X — X* be alinear bounded operator. Let us define the bifunctioaad
hi given by

Two Remarks on the Stability of
Generalized Hemivariational

h(u,v) = (Cu,v — u) andhy (u,v) = (Bu;v — u). Inequalities

Mohamed Ait Mansour

It is easily shown thak is »-monotone and; is || B||-monotone.

Let us give now an-essential-example of bifunction satisfying a relaxed mono-

.. . . . . Title Page
tonicity assumption of 4;). Let X = H be a Hilbert space/ the identity
mapping onH and.J; a real locally Lipschitz function oiX. Contents
Lemma 3.9. Suppose that, for somec R, d.J, + ol is monotone. Then, the 4« 44
bifunctiong defined, for alku, v € H, by g(u,v) = J(u; v —u) is a-monotone. < >
Proof. Straightforward. O Go Back
Remark 3.7. Let us remark that in lemma9, we can easily check that/; is Close
strongly monotone ift < 0, monotone il = 0 and weakly nonmonotone if Quit
a > 0. Itis known from convex analysis that the monotonicity éf leads to
convexity of/;. Then, whenever < 0 the problem(G H I,) comes back to the Page 22 of 38
generalized variational inequality, since in this caggis a convex , whereas if
«a > 0 the function/Jy is not necessarily convex. 3. Ineq. Pure and Appl. Math. 3(2) Art. 28, 2002
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Remark 3.8. A special case af;) is when it is defined as follows:

Jolu) = / j(u(z))dz

Here, the spac« is supposed imbedded I#(2) with 2 an open bound subset
of R", and

_ /0 B(e)ds: B e L ().

Two Remarks on the Stability of

Notice that in ['], the authors provided some condition Grso as to satisfy the Generalized Hemivariational
monotonicity condition of Lemnfa9. Precisely, they considered the following nequalities
property: Mohamed Ait Mansour
(3.2) ty <ty = BY () < B (t2) +(t2 — 1), Title Page
where,r > 0 and 5" and3_ are given by Contents
+(4) — 44 44
BT(t) = 1111(1] €55 Sup B(s), B_(t) = (lslil(l) ess %ndf B(s) for somet € R.
< >
Using this assumption, it is argued in][that .J, is K-monotone for some con- Go Back
stantiK > 0.
Close
Remark 3.9. The condition of Lemma 9is nothing else than a relaxed form of _
monotonicity ford.J, but it keeps the nonconvex framework for the energy func- Quit
tion .J,. After we have finished this work we have realized that a such condition Page 23 of 38
was used by Naniewicz and Panagiotopoulos!lid] [ Chapter 7) for existence
results. J. Ineq. Pure and Appl. Math. 3(2) Art. 28, 2002
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Before stating the main result of this paragraph, we introduce the following

"distance" between two bifunctiorfsandg as follows:

|(f — 9)(u, v)]

sup
uFv,|lul| <7

wherer > 0.

Remark 3.10. Let A and B be two operators fronk toX*. We associate tal
and B two bifunctions as follows:

fa(u,v) = (Au,v —u); fp(u,v) = (Bu,v — u).

It is readily shown that

pT(Aa B) = p‘r(anfB) < d‘r(Aa B)

whered, is the classical "distance” defined by

d;(A, B) := max ||A(u) — B(u)]|.

[[ull<7

Assume that the set of solutions (&' i), also denoted by, is nonempty

and bounded and let> 0 such thatS, C B(0, 7). We claim the following:

Theorem 3.10. Assume that assumptidr ;) holds and the sequendg, con-
verge, followingp,, to F. Then, whenever the solutian, to (E'P,) exists it
must be unique and strongly convergent to the unique solatjda (E 7)) and
we have

_ _ 1
[t — || < MPT(FMF0)~
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Proof. Let us first establish, for eagh> 1, the following estimation:
_ 1
[ — | < Mﬂr(Fi,Fo)-

Leti > 1. Since, forj = 0, ¢, u; is a solutions tq £ P;), we have
Fj(wj,v) >0 forall ve X

thus, we make itEP;), v = w,, for m = 0,7 andm # j, and adding the two
relations we obtain:
F;(u;,uo) + Fo(ug, uw;) > 0.

Therefore
Fi(;,wo) — Fo(us, o) + Fo(t;, wo) + Fo (o, w;) > 0.
Taking into accountA; ), we deduce that

Mlw; —wl|* < Fy(ug, ;) — Fi(uo, ;)
< p(F;, Fo)llw; — Go|

which leads to
(3.3) M||@; — %ol < p-(Fi, Fo).

Now for n > 1, the uniqueness of solutian, to (EP,) comes 8.3). Fur-
thermore, we have

. . 1
Hun - UOH < MPT(Fm F)
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therefore, we conclude that

e(uy, S) = sup |u, — w|| — 0 asn goes to+ oc.
wes

Hence,u, strongly converges to somewhich must be the unique solution to
(E'Py). The proof is then finished. O

We are now in a position to derive a result with estimation of solutions to

(GHI,). We hence claim the following:

Corollary 3.11. Assume thafX is Hilbert space, for eaclh. > 1 ®,, is —~-
monotone for some > 0, dJ, + «l is monotone for some > 0, (¥,,), is
c-monotone and > a + ¢. Then, ifr > 0 is such thatS, C B(0, 7), whenever

the solutionu,, to (GHI),, exists is unique and the following estimation holds:

_
(y—a—o0)

If moreover, the sequencés,,), (¥,,) and(g,,) converge with respect to.,
thenw,, strongly converges to,.

[t — || < [pT<q)mq)0) + pr (¥, ¥o) +pr(gmg())]'

Here we have adopted the notation:
In(u,v) = J(usv — ).
Proof. Let us take:
Fo(u,v) = @, (u,v) + Jo(u,v — u) + W, (u, v).

Using Lemma3.9, we see that’, is (v — o — ¢)-monotone. The result is hence
direct from Theoren3.10Q ]
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We treat here a mathematical problem which simply models the equilibrium

problem of the von karman plates presented In Sectidn this way, letV be a
Hilbert space with scalar produgt -) and the associated norjfti|. Spacel is
supposed densely and compactly imbedded i@, R) for somep > 2. Here
Q) is abounded domain iR” . We shall consider a bilinear form: V xV — R,
a nonlinear operato€’ : V' — V, a functiong € Ly (R) and the locally
Lipschitz function; defined by: j(t) = fotﬁ(s)ds, t € R. The problem is
formulated as a hemivariational inequality: find= V' so as to satisfy:

(EVKP) a(u,v) + (Cu,v) + / P (u(z);v(z))de > 0o € V

Q
which is equivalently expressed as

(EVKP)equi) a(u,v—u)+ (Cu,v —u)+ /Qjo(u(x); v(x) — u(x))dx

>0V e V.

Indeed, suppose thatis a solution to £V /i P) and letv € V. By makingv’ =
v—uin (EV K P)we see that; SolveS(EV K P)qui. If wsolves(EV K P)qui,
foranyv € V we takev’ = v + u to see that: is a solution to £V K P).

Remark 4.1. The solutions to this problem have been providedlid py use
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Letus remark that if we set: L*(Q2) — R defined byJ(u) = [, j(u
V, the problem [V K P) can be regarded in the form aﬂH]) Moreover it

is possible to prove that these two problems are equivalent under suitable as-

sumptions. The following lemma argue the passage froii () to (£'V K P).
Lemma 4.1. Assume that for some, € R andasy > 0, we have

(H) 1B(s)] < oy + ag|s|P7h, Vs € R.

Then every solution to

(GHI) a(u,v) + (Cu,v) + J°(u;v) > 0Vv € V
is also a solution to £V K P).

Proof. We should first mention that, in view of assumptian)( J is well de-
fined and locally Lipschitz on’.?(2) (see []). Now let u be a solution to
(GHI). Let us remark that, following Examplein [7], the assumption )

ensures that

Vs € R, V&€ 0j(t), €| < ar+ 20 tay|s|Pt

Hence, sincé’ is dense inL?({2) we can apply Theorem 2.7.5 di][and The-
orem 2.2 of [] to conclude that:

On the other hand, sinaeis a solution to (- I), it follows that

—a(u,v) — (Cu,v) < Ju;v) Vo € V.

))dz u €

Two Remarks on the Stability of
Generalized Hemivariational
Inequalities

Mohamed Ait Mansour

Title Page

Contents
<4< 44
< >
Go Back
Close
Quit
Page 28 of 38

J. Ineq. Pure and Appl. Math. 3(2) Art. 28, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:mansour@ucam.ac.ma
http://jipam.vu.edu.au/

Therefore, by definition Clarke’s gradient, it results that:

—a(u,.) — (Cu,.) € 0Jyy(u) C / Jj(u(z))dx.
Q
Which is interpreted as:

—a(u,v) = (Cu,v) < max z(v(x))dx
0 #€0j(u(z))

< /Q Pu(), v(x))dz Vo € V.

u is henceforth a solution ta<{V' K P). O

Now, by varyinga, C' and.J we consider the perturbed problem: filagde V
S0 as to satisfy:

(EVKP), a,(t,,v)+ (Culin,v) + J° (U,;v)dx > 0 Vv € V.

Consequently from Theoretlwe have the following stability result for-{() i P).

Corollary 4.2. Assume that:

i) ais positive, that isi(u,u) > 0 Vu € V and continuous;

i) a, is positive for eacm and for allu,v € V, all v, — « andall v,, — v
it results
a(u,v) < liminf a,(u,, v,);
n
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i) (C,), converges t@’, thatis forallu,v € V,all v, — v andall v, — v
it results
lim sup Cy, (1, vn) < (Cu,v);

n

vi) Assume thatH,) holds and(.J,,),, satisfies assumptiori¢/;) and(Hyg) of
Theorens3.1

Then whenever the sequen@g,),, of solutions to(EV K P,,)cqu: Strongly
converges ta, @ is a solution to( EV K P) ;.

We now apply the result of the second approach.
Corollary 4.3. Assume that
hy) for eachn, a, isy-coercive, that isi, (u,u) > v|ul|* Vu € V;
hy) for eachn, C,, is Lipschitz of rank: > 0;
hs) 0J, + ol is monotone, for each, for somex > 0;
)

h,) the sequencegi,),, (Cy), and (g,), p--converges ta, C' and g respec-
tively wherer is such that the solutions t&&V K P).,,; are contained in
B(0,7).

Then, ify > a + ¢, the solutionu,, to (EV K P, )4 IS unique and strongly
converging to the unique solutianto (E'V K P).,,; and the following estima-
tion holds:

[un = ul| < C)[pf(an,a)<+-pf((7n,<7)-+-pf(gn,g)}

(v —a-—
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Here,OT(CLmCL) = pT(famfa) with fan(u7 U) = an(uav - u) and fa(uav) =
a(u,v —u).

Remark 4.2. Assume moreover, for eaghthata, is continuous. Then, thanks
to remark3.10the estimation of the last corollary leads to
1

o gllan = all+ dr(Co, €) + pr(ga, )]

[un = ul| <
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1. The Theorem of Zolezzi] has been a crucial argument in our Theorem
3.1 To make our result more powerful, one should improve the result
of [23] in two directions. First to extend it to the case where the space is
equipped with the weak topology instead of the strong one. Further, to look
whether it is possible to delete the assumption of semi-differentiability on
J, since the hemivariational inequalities do not involve (in their general
formulation) any type of differentiability energy functiods.

Two Remarks on the Stability of
Generalized Hemivariational
Inequalities

2. The distance approach was presented for variational inequalities in the pa-
per by Doktor and Kucer&’[, wherein the authors have dealt with the fol-
lowing two monotone variational inequalities in a Hilbert sp&tegiven
two operatorsd,, A, : H — H, two closed convex subsets;, K, and

Mohamed Ait Mansour

f1, f2 € H, one seek: € IC,, so as to satisfy Title Page
V1) (Apu,v —u) > (fn,v—u) forall ver,. Contents
They have obtained the following estimate between the solutigrand « dd
Ug: 4 4
(5.1) lur — us| < clo(Ky, Ko) + || f1 = fol| + a(Ar, As)], Go Back
Close

for appropriate distances a and a positive constant These connection
between solutions have been based on the fact that solutigh¥}9 are Quit
characterized by means of the projectigg, into C,, as follows:u solves

Page 32 of 38
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~ being an arbitrary positive number. Thus, estiméaté)(has been con-
cluded thanks to the Lipschitz property 4f, and nonexpansivity of the
projection mappingP. This technique is not valid for hemivariational in-
equalities because we cannot find a Lipschitz operdtol” — V*, which
satisfies

(B(u),v) := /Qjo(u(x);v(x))dx Vu,v € K.

Itis the case only when the Clarke’s derivative coincides with the Gateaux
derivative which corresponds to the smooth energy functignas it has
been shown in].
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The results of this paper were obtained during my Ph.D. studies at Cadi Ayyad
University of Marrakesh and are also included in my thes]s [ would like

to express deep gratitude to my supervisor Prof. Hassan Riahi whose guidance

and support were crucial for the successful completion of this project and also
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