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ABSTRACT. A norm inequality is proved for elements of a star algebra so that the algebra is
noncommutative. In particular, a relation between maximal and minimal extensions of regular
norm on aC*-algebra is established.
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Let H be a Hilbert space an8(H ) be the algebra of all bounded linear operatorsthnA
subset ofB(H) is alV*-algebra ord if X is aC*-algebra which is closed in the weak operator
topology, see [1]. Also, &/ *-algebra is aC*-subalgebra of3( H) which is weakly closed. In
particular, alV*-algebra is an algebra of operators. We note th@t-algebra acting ot is
commutative if and only if zero is the only nilpotent element of the algebra.

Let X be alW*-algebra andXs, be the set of self-adjoint elements &f, that is if T €
S(X) =T = T*, whereT* is the adjoint ofl". Here we prove the following theorem.

Theorem 1. A unital W*-algebra X of operators is noncommutativevfd, B € Xg4,
Al =1=B| = [[A+ B|| > 1+ [|AB]|.

Proof. SinceX is noncommutative, there exists an operdtan X such thafl? = 0. Suppose
X, is the range of” and X, is the orthogonal complement &f;. ThenH = X; & X,. Let S
be an operator with).S|| = 1. Then

0 S . (00
T_<OO) andT_(S*o).
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We use these representations foland 7™ to define the operatord and B as follows: For
o1 > 0,09 > 0ando; + 0, = 1, we have

SS* 0 «
fe (50

B — 0'155* O'QS
o O'QS* 0'15*5

Clearly,A = A*, B = B* andA, B € X. Next, we consider the following two cases.

) =0 (TT"+TT)+ 0o (T+T7).

Case l.Leto; =0, = 5 and

2\ 5 5*S 2
It is not difficult to see that|A|| = 1 and||B|| < 1. To obtain||B|| > 1, let|S|| = 1 then
da, € X 3: ||a,|| = 1. Also,
1S5 an — aull* = (1SS anll” — 2[15%an* + flan]|”
< 2(|lanl* = |15 anll")

and if||S*a,|| — 1 thenSS*a,, — a,, — 0. Further,(Bb — b) — 0, whereb = (a,, + S*a,) and
hence,|B|| > 1, which concludes thgtB|| = 1.

B:l(SS S ):1GW+TW+T+wy

Let
1 /85 S8
AB = 5( g S*S) and
£y SSt S 1
A+B::(SS£ 2 £§>:§@T+TW4T+T3
2 2

Choose,, as above andl, = (i—fﬂl) wherey > 1. Let
1
—o it (ot b))

M1 = 01 5 02 1

so that it satisfies the equation

(11 =01 =1) (1 — 01) = 0.
Then
[(A+ B) (ay, + b,) — p(ay, +b,)] — 0
and||A + B|| > u > 1. If we chooser, ando, so that

N|=

1 1\2
al+§+(az+;l) 14 (o2t od)}

then we have

|A+ BJ > 1+ |AB]|.
For example, it is sufficient to take, = Z ando, = 1. We note that; > 0. If 01 < 03 then
the above inequality fails. Singe> 1 + v/20, the proof in this case is complete.

Case 2.Let oy # 0. Then||AB|| < ay, (by mimicking the proof of Cadg 1), where

2 2
ap = sup {o1 [lal| + o2 [[b] « lal]” + [[b]" = 1} = y/of + 03
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Letb, (41 — 01) = 025*a,, whereu,; depends omr; ando,. Then||A + B|| > u; and one can
have the following form ofu, that is,2u; = (201 + 1) + /1 + ¢f. Henceu; > 1 + ao and
this concludes the proof of the theorem.

O

Remark 2. If X is commutative then fod, B € Xg4 with ||A|| = 1 = ||B||, we haved <
I — B — A+ AB, wherel is the identity operator. Thusd + B|| < 1+ ||AB]|.

Let0 < p, ¢, be real numbers such that2r + 1) > (2r + p) andq > 1. If two bounded
linear operatorsd, B € B (H) on a Hilbert spacé? satisfy0 < B < A then(B"APB")% >
BiB% . This inequality is called the Furuta inequality and can be found in [3]. Recently, Kotaro
and others in[[6] have extended this inequality in a unital hermitian Baradgebras with
continuous involution. We give a slightly different version of these inequalities in the following
corollary.

Corollary 3. Suppose thaiX.«is a C*-algebra acting onH. Let A, and o be three real
numbers witho > 0, A > 0. Then there exists operato?s, 7> and 75 in X >: \T7 + uTs +
oy > 0 < Mo > 1.

Proof. We recall that an operat@p € B (H) is positive if (Oh, h) > 0 for every vectorh.
Using the techniques of Theorér 1, the following operators belodg-to That is,

/85 0 B 0 VIS5
ho= ( 0 0)’ T2—(5*\/W 0 )’and

0 0
I = <o S*S)

are inXc-. In this case we have

ASS*  u/S57S
Ty 4 0Ty + 0Ty = .
ATy 4 il + 0T (us*\/w 55*S )

Let \XT} + uT5 + 0Ty = A. Then we observe that the determinant\ois zero if \o = 2. If
e < 0andh € H, then we have

I(A =) BI* = | AR||* — 2¢ (AR, ) + €% [|R]|* = —2¢ (AR, B) + 7 ||R]|* = +€* ).

Thuse ¢ SP,, (A), the approximate point spectrum af This means thatA — ¢) is left
invertible. Sincg A — ¢) is hermitian, it must also be right invertible. Thatdés¢ SP (A) and

SOA > 0 <= Ao > %
Alternatively, fora € X; andb € X5, we have
2
2
+ (A - ”—) I15%al®.
g
2

S5+
(A(a+b),(a+b)>:‘\/53b+,u\/ s
SS* 14
b, € Xy 2: /0 (Sb,) + 1 Oa—>0:A20<:>A——20.

Sincea € X, therefore
ag

Hence the proof of the corollary is complete. O

Remark 4. By reducing the matrix\ into a product of three matrices the above corollary can
also be proved. Thatig, = L*DL, where

L= ( é ‘jf ) and W =LV/S5°5V5S.
g
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By the partial commutation relation, we have
VS§S5*S = SV.S*S
and hence
(A-)ss o
D =
0 oS*S
Under the above assumption abeuaind S*S, the Sylvester type test applies. ThatAsjs
positive (semi definite) if and only # > 0 and\ — “72 > 0.

Let A, B > 0 be invertible operators oA. In this case a Furuta type inequality is obtainable
by replacingl with 0 in the original Furuta inequality in Remdrk 2. In fact, we have

A% > (ATBPAT) @
Also,if A> B >0,>: A> 0, then for eachy € [0,1] andp > 1 we have

(1+r—a)

{A% (A%“BGA‘T“‘> A%}“”‘“)s*” < AW+ for s> 1 and r > a.

For more details, se€![3]. The following examples give an application of these inequalities in
case ofC*-algebras.

Example 0.1.Let X be a commutativé'*-algebra acting ort/. If we take
A = 617+ 07Ty, + 373 and
B = 3T+ 215+ 15
then
A—B=3T1 - 2T, + Tj
and by the Corollary|3 we hawt — B > 0. We further note thati? is not greater than or equal
to B2, since forb € X,
((A? = B?) b,b) + ((5*S)*b,b) = 0.
Example 0.2. Let
A = 2T, B=T,+1T,+ 13 and
C = 4171+ T, + Ts.
ThenA > 0andB + C > 0. Further, by the Corollary|3, we have+C — A > 0. Let¥ < B

and® < C, whereA = ¥+ ®. Then¥ < A. Hence, from Corollary|3, fo € X; andb € X5,
we have

(T4 To+ T5) (a+ 1), (a+ ) = ||VEEa + SbHQ.

Also, b, € Xy — ¥ =0, because(Sbn + \/SS*a> — 0. Thus

Example 0.3. Let

1
A - ng, B:T1+T2+T3 and

C = 4T1 +2T2 +T3

ThenA > 0andB+C > 0. Next, by Corollary 8, we geB+C — A > 0. Now by Exampl¢ 0.2
it follows thatA = & = %Tl < C. This contradicts Corolla@ 3,since fo€ — A), Ao < p?.
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Remark 5. The algebra nornj|-|| on a non-unital Banach algebfiacan be extended to an
algebra norm on the unitizatign™ = Ce + J, (wheree is the unit in the algebra) in many ways.
In particular, the following two norms,
hh—norm= [|(A)e +all; = |A| + o]
and the operator norm,
A e+allop =sup {[[(A) b+ abll, [(A) b+ ball; b3, [|b] <1}, AeCaey

are the maximal and the minimal extensions of the original norm respectively, if it is a regular
norm, that is,
lall = sup {{lab]|, [[bal[; b€ J, [[bll <1},

see[[4]. The unitizatioj* is complete under botft||, and|-||,», SO by the two norm lemma,
[2, 11, 2.5] these two norms are equivalent.Jlis aC*-algebraa € J is self-adjoint, and\ is
complex, therj|(X) e + al|; < 3|(X) e+ al|,p - So far the constardtis the best possible in this
case.

Recently, in[[5], we extended the above result to localigonvex algebras. Now we prove
the following corollary.

Corollary 6. If is a commutative non-unital'*-algebra A, B € Ys4 with ||Al| = 1 = || B,
and ) is complex, then

AL+ W)} < Ao+ 3]®]lpp
where)y >0, ¥ = A+ B,and® = AB.

Proof. Since
(A + A+ B)[l; <3[[(M+ A+ B)llpp,

we have

1

3N+ A+ Bl < A+ [(A+ Blllop = (M + W)ll; < Ao +3[[2llop,
where\, = 3 (J]\| + 1) > 0. This concludes the proof of the corollary. O
Remark 7. [[(Ai + ¥)[|pp < 22 + [|®]| op -
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