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Abstract

In this paper we obtain the conditions for L'-convergence of the r-th deriva-
tives of the cosine and sine trigonometric series. These results are extensions
of corresponding Sidon’s and Telyakovskii's theorems for trigonometric series
(case: = 0).

2000 Mathematics Subject Classification: 26D15, 42A20. . Som_e RG_BSUItS on
Key words: L!-approximation, Fourier series, Sidon-Telyakovskii class, Telyakovskii L*-Approximation of the  r-th
inequality Derivate of Fourier Series

The author would like to thank the referee for his suggestions and encouragement. Zivorad Tomovski

1 INtrOdUCTION. . . oottt e e e 3
2 RESUIS. . ..o e 8 4« dd
3 Lemmas. . ... 10 < >
4 Proofsofthe MainResults .. .......... ... ... ... 16
References Go Back
Close
Quit
Page 2 of 23

J. Ineq. Pure and Appl. Math. 3(1) Art. 10, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:tomovski@iunona.pmf.ukim.edu.mk
http://jipam.vu.edu.au/
http://www.ams.org/msc/

Let

(1.2) flx) = % - nio;an cosnz,
(1.2) glx) = Z a, sin nx
n=1

be the cosine and sine trigonometric series with real coefficients.
LetAa, = a, —a,.1,n € {0,1,2,3,...}. The Dirichlet’s kernel, conjugate
Dirichlet’s kernel and modified Dirichlet’s kernel are denoted respectively by

_ Zn:sink’t _ cost— cos (n + %) t
QSiné ’

— 1t - s (n+ 3t
Dn(t> = ——ctg— + Dn(t) — _M

2 2 2sin%
Let
1 1 =
E,(t) == *t and E - —ikt,
(t) 2+;6 (t) 2+;6
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Then ther-th derivativesD!” (¢) and D’ (¢) can be written as

(1.3) 2D
(1.4) 2iD

S|

") = BY @)+ EY) (1),
") = B () - BU)(t).

n

S 3%

In [2], Sidon proved the following theorem.

Theorem 1.1.Let{w,}. -, and{p,}. -, be sequences such that,| < 1, for
everyn and letd"> | |p,| converge. If

%) k
(1.5) an:Z%Zal,nEN
k=n l=n

then the cosine seried () is the Fourier series of its surh

Several authors have studied the probleni bf convergence of the series
(1.7) and (L.2).

In [4] Telyakovskii defined the following class @f'-convergence of Fourier
series. A sequencf},., belongs to the class, or {a,} € Sif ay — 0 as
k — oo and there exists a monotonically decreasing sequéHdgé,- , such
that) ", A, < oo and|Aqy| < Ay for all k.

The importance of Telyakovskii's contributions are twofold. Firstly, he ex-
pressed Sidon’s condition.) in a succinct equivalent form, and secondly, he
showed that the clas$ is also a class of.!-convergence. Thus, the claSss
usually called the Sidon—Telyakovskii class.

In the same paper, Telyakovskii proved the following two theorems.
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Theorem 1.2.[4]. Let the coefficients of the seriggz) belong to the class.
Then the series is a Fourier series and the following inequality holds:

KﬁﬂMMSMfym
n=0

whereM is a positive constant, independent Hin

Theorem 1.3.[4]. Let the coefficients of the seriggz) belong to the class.
Then the following inequality holds fer= 1,2, 3, ...

| gl =140 (ZA)

m/(p+1) n=1
In particular, g (x) is a Fourier series if5">° 122l « .

n=1 n

In [5], we extended the Sidon—Telyakovskii clgss= S, i.e., we defined
the classS,, r = 1,2,3,... as follows: {a},-, € S, if ay — 0ask —
oo and there exists a monotonically decreasing sequérgé,- , such that

vy k" A < oo and|Aay| < Ay for all k.

We note that by4;, | 0 and) ", | k" A; < oo, we get

(1.6) Et A, =0(1), k— oo.

Itis trivially to see thatS, ., C S, forallr =1,2,3,.... Now, let{a,}°, €
S;. For arbitrary real numbet,, we shall prove that sequen¢e, }°° , belongs
to Sp. We defined, = max(|Aag|, A1). Then|Aag| < Ay, i.e. |Aa,| < A,
foralln € {0,1,2,...} and{ A4, }>°, is monotonically decreasing sequence.
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On the other hand,

iA” §A0—|—inAn < 0.
n=0 n=1

Thus,{a,}>2, € Sy, i.e. S,41 C S, forallr =0,1,2,.
verifies that the implication

. The next example

{an}esr+1:>{an}esra r=0,1,2,...
is not reversible.
Example 1.1.Forn = 0,1, 2,3, ... definea,, = an 72+ Thena, — 0 as
n — oo and forn =0,1,2,3,..., Aa, = (n—:l) Firstly we shall show that

{an}n, & Si.
Let{A,}>, is an arbitrary positive sequence such that| 0 and Aa,, =
|Aa,| < A,. However)_>* nA, > Z n+1 —— is divergent, i.e{a,} ¢ 5.

Now, foralln = 0,1,2,...let A, . ThenA,, | 0, |Aa,| < A, and
Yo oA En1n2<00|8{an}n0650

Our next example will show that there exists a sequdngg® ; such that
{an}, € S, but{a,}>>, ¢ S,+1,forallr=1,2,3,....

Namely, foralln = 1,2,3,.. . leta, = Y . Thena, — 0 asn — oo
and forn = 1,2,3,..., Aa, = —5. Let{4,}>2, is an arbitrary positive
sequence such that, | 0 andAa,, = |Aa,| < A,. However,

00 00 1 [e's) 1

§ :nr—l—lAn Z § :nr+1 — § : -
n7”+2 n

n=1 n=1 n=1
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is divergent, i.e.{a,} ¢ S,.;. On the other hand, for ah = 1,2,... let
A, = 5. ThenA, | 0, |Aq,| < 4, and} 7 n"4, = > | 5 < oo, ie.
{an} € S;.

In the same papeb] we proved the following theorem.

Theorem 1.4.[5]. Let the coefficients of the serie$.{) belong to the class
S,., r=0,1,2,.... Then ther—th derivative of the serieslL(l) is a Fourier
series of somg(™ ¢ L! (0, 7) and the following inequality holds:

/W |f0) (@) de < MDY " A,
0 n=1

where0 < M = M(r) < oco.

This is an extension of the Telyakovskii Theorérg.
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In this paper, we shall prove the following main results.

Theorem 2.1. A null sequencéa,, } belongs to the clasS,, r = 0,1,2,... if
and only if it can be represented as

[e'S) k
(2.1) an:Z%Zal, neN
k=n l=n

where{a, } -, and{p,} -, are sequences such that,| < 1, for all n and

o0
Z n" |pn| < oco.
n=1

Corollary 2.2. Let{a,}, -, and{p,} -, be sequences such that,| < 1, for
everyn andletd >  n"|p,| < oco,r=0,1,2,....If

[eS) k

anzz%zgl, neN
k=n l=n

then ther—th derivate of the seried (1) is a Fourier series of somg”) e L.

Theorem 2.3. Let the coefficients of the serigéx) belong to the class,., r =
0,1,2,... Then ther-th derivate of the series.(2) converges to a function and
form =1,2,3,... the following inequality holds:

(*) /ﬂ ’g(T) ([L‘)‘d{bﬂM(Z‘aTJnT—1+anAn> ,
n=1 n=1

7/(m+1)
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where
0<M=DM(r)<oo.

Moreover, ify 7 ,n"!|a,| < oo, then ther-th derivate of the seriedl(2) is a
Fourier series of someg™ ¢ L'(0,7) and

/71' ‘g("‘) (I)| dx <M (Z |an| . n?‘—l + ZnTAn)
0 n=1 n=1

Corollary 2.4. Let the coefficients of the seriggz) belong to the class,,
r > 1. Then the following inequality holds:

/7r ‘g(r) (z)] do < MZn’”An,
0

n=1

where0 < M = M (r) < oc.
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For the proof of our new theorems we need the following lemmas.
The following lemma proved by Sheng, can be reformulated in the following
way.

Lemma 3.1.[1] Let  be a nonnegative integer ande (0, 7], wheren > 1.
Then

" (n+ Y rsin[(n+ i)+ ko
D(r)(x)zz( +2) [( "’2) +2] w(2),

n . r+1—-k
z S Result:

(sin (3)) D-sommmagohoie.
wherep, = J and gy, k£ = 0,1,2,...,r — 1 denotes various entirdr — Derivate of Fourier Series
periodic functions of, independent of.. More preciselyy, k =0,1,2,...,r Jivorad Tomovski
are trigonometric polynomials cf.

Lemma 3.2. Let {aj}fzo be a sequence of real numbers. Then the following Title Page
relation holds forr = 0,1,2,...,randr =0,1,2,... Contents
T k . |2 . v
(U +3) sin [(G+3) 2+ 577 X b
Uk - Zaj . z\\rt1—v dx
m/(k+1) | ;=0 (sm (5)) < >
i 2 Go Back
1 0 bac
= O (k+1)™"" a?(j+1)* :
e (Lo —
Proof. Applying first Cauchy—Buniakowski inequality, yields Quit
1/2 Page 10 of 23
U, < /7T dx
k= r —v
witern) (sin (5))% o
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k v 2
" R R o1 (v+3)m
X Q; j+—> 81n[(]+—)x+—u dx
/rr/uem Lz:; ! ( 2 2 2

Since
™ dx 4 dx
/ . 2(r+1—v) < i) / 2(r+1—v)
7/ (k+1) (sm (%)) ©/(k+1) L
7T(l€ + 1)2(r+1—y)—1
2r+1—-v)—1
S 7T(k + 1)2(T+1—V)—17
we have
Ui < [m(k+ 1217071
9 1/2
dx

x /07r [Zk:aj (j—Ir%)Vsin KjJr%)er ”;34

J=0

< [27m(k 4 1)+ 1/2

2 k v 2
1 3
X / [E Q; (j+§> Sin[(?j%—l)t%—ygL W]] dt

Then, applying Parseval’s equality, we obtain:

1/2

k 1/2
1/2
Uk S |:27_‘_ (k + 1)2(T‘+1—V)_1i| [Z |OZ]|2 (] + 1)2V
7=0
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Finally,

1/2
Up=0 | (k+1)"*z (Za (G+1 )

]

Lemma 3.3. Letr € {0,1,2,3,...} and{a;},_, be a sequence of real num-
bers such thata,| < 1, for all k. Then there exists a finite constahf =
M(r) > 0 such that for any: > 0

) /7r7/r(n+1> 2

k=0

akﬁ,(;)(x) de < M- (n+1)"

Proof. Similar to Lemma3.1it is not difficult to proof the following equality

B () = (n+%)ksin[(ntil)ﬂz+k—;37r]
; (sin (3))

wherey, denotes the same variods-periodic functions ofr, independent of
n.
Now, we have:

ka(‘r)a

/ Zakﬁ,(;)(x) dx
w/(n+1) k=0
- n r . 1\ v o . 1 v+3
s/ DD i +3) enlls +rf1)a,i+ = pu(@) | | da.
m/(n+1) 7=0 v=0 (Sin (%)
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n

Sincey, are bounded, we have:
i j+3) sin[(j+ %) v+ 37

A >l es EESEES < Hh

/(D) |j=o (sin (3))

whereU,, is the integral as in Lemm&2, andK = K (r) is a positive constant.
Applying Lemma3.2, to the last integral, we obtain:

de < KU, ,

T n . l v . . l V__;'_g)
[ e o) o) et 5l i
n/(n+1) |20 (sin (2))
. 1/2
=0 | (n+1) "tz (Z ai(j+ 1)2”>
=0

~0 ((n F 1) (n 1>V+%) —0((n+1)*) .

Finally the inequality £x) is satisfied. O]

Remark 3.1. For » = 0, we obtain the Telyakovskii type inequality, proved in

[4].

Lemma 3.4. Letr be a non-negative integer. Then for alk |t| < 7 and all
n > 1 the following estimates hold:

6) |ED 0] < =,

Gi) [D (1)) < 5=,
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Proof. (i) The caser = 0 is trivial. Really,

_ T 3T 47’(’
[En(®)] < [Da(®)] +[Dn(t)] < z\ty 20 T
|E_n(t)] = |En(—t)] < %

Letr > 1. Applying the Abel’s transformation, we have:
n—1 1 1
A(K") (Ek<t) - 5) +n" (En(t> - 5)]
k=1
n—1 1
IEW ()] < 2 [(k+1)" — k"] ( + | By (t )I) +n' (§+ |En(t)|)

™ 3m — A A Amnt
< (m+2|t|){2[(k:+1) —k:]+n}— T

n

Er(Lr) (t) ., Z ke ikt _

k=1

k=1

SinceE") (t) = E (—t), we obtain‘Eﬂ (t)‘ < dnim
(77) Applying the inequality(i), we obtain
2 0] = [iD

1 (r) .
0] <3 1B 0]+ 5 [E o)<
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(4ii) We note tha4 (ctg%)(r)‘ =0 (m%) Applying the inequality(ii), we

obtain
(r) r
—(r) = (r) 1 t an"m 1
D () < |DY(t)] + = tg— < +O0(——1.

" 2
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Proof of Theoren2.1. Let (2.1) hold. Then

ZOO p

Aak = Oy - )

m
m=k

and we denote

o0
p
Z - Some Results on
m—k m L'-Approximation of the r-th
) Derivate of Fourier Series
Since|ay| < 1, we get )
Zivorad Tomovski

(e}
|Aay] < fox] Y [P < Ay forall k.
m
=k

Title Page
Contents
However,
- - - - 44 42
|Pm| [P
k’r‘ T < T
> ZkZ Z—mZ > [pm| <00, < >
k=1 m=k m=1 k=1 m=1
Go Back
andA; | 0i.e.{a;} € S,. Close
Now, if {a;} € S,, we puta;, = AT‘:C andpy, = k (A, — Apyq) .
Quit

Hence|ay| < 1, and by (L.6) we get:

Z K" |pk| = Z E (A — Apyy) <
k=1 k=1

Page 16 of 23

MS

1) k™A < o0
J. Ineq. Pure and Appl. Math. 3(1) Art. 10, 2002

k=1 http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:tomovski@iunona.pmf.ukim.edu.mk
http://jipam.vu.edu.au/

Finally,

Aa; = iaA Za AA
k

i=k = i=k m=1
=D o =YY
i=k m=t m=k i=k
i.e. (2.1 holds. ] S —
Proof of Corollary2.2. The proof of this corollary follows from Theorenis4 La@?f;&*ﬁ?i‘é‘;ﬁ;’{ ?:riesr'th
andz.1 - Zivorad Tomovski
Proof of Theoren?.3. We suppose that, = 0 and Ay = max (|a1|, A1) .
Applying the Abel’s transformation, we have: Title Page
i o Contents
(4.2) g(x) = AapDy(z), x € (0,7].
- « ad
— < >
Applying Lemma3.4 (iii), we have that the seri€s,,- | Aa; D, () is uni-
formly convergent on any compact subseffr], wheres > 0. Go Back
Thus, representatiord (1) implies that Close
0o Quit
()
= Z AapD; " (x). Page 17 of 23
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Then,

T U s
/ 19" (z)|dz < Z/ ZAakD,(:)(x) dx
w/(m+1) i=1 77/ 0D | k=0
m 7/j [ee] —
o [ | aan @) ) .
j=177/G+D) | p=;
Let
m o oer/j 371 L
Il = Z/ ZACL]CD](:)((L‘) dl‘,
j=1 Y7/ | k=0
(I A )
L= [ Y aaD @) dr.
j=1 Y7/ | k=
Sincectgs = = + Yo T WWQ (see p)) it is not difficult to proof the follow-
ing estimate
x\  2(=1)"r!
Thus o
— —1)r iy
DV(z) = (:C)TT +0((n+1)*Y), z € (0,7]
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Hence,

I, =r! Aay, / .
j=1 | k=0 w1y T
m (=] /i
+0<Z Z|Aak|(k+1)f+1]/ dm)
j=1 Lk=0 m/(j+1)
m m j—1
. k:—l— ) Aa
_o, (ZI%U 1>+0(ZZ l k')v
Jj=1 j=1 k=0
whereO, depends om. However,
m j—1 T+ A m j—1
Z l{"{‘l | ak:' _ Z 7‘+1|Aa|
‘i JU+D p= JJ+1k:0
< k 7”+1 A -
< Y riaal Y i
k=0 j= k:+1
= ) (k+1)[Aa
k=0
= [Aag| + > (k+1)"|Aayl
k=1
<l +2 30K Aay

k=1
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i |Aay| + 2" Z kA, < (1427 i k" Ay
k=1 =

Thus,

m j—1 e’
A 1r+1
o a7
7j=1 k=0 ‘7+1 k=1

whereO, depends on.
Therefore,

— 0, (Z || f—1> + 0O, (Z mk) .
j=1 k=1

Application of Abel’s transformation, yields

Ad; I Adi—(r
ZAaka ZAAkZ G (1) —Ajz AC: D(x) .

=0
Let us estimate the second integral:
= > 4 Aai—(r
) < @4 [ (x)

; kz JG+1) A

i |2 Agr—
+4; / T ‘D (@)

m/(G+1) | =0 ‘M
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Applying the Lemma3.3, we have:

k
4 Aai—(v')

(4.2) Jp = / D; ()
MﬂUE:Ai

=0

dr = O, ((k+ 1))

whereO, depends om. Then, by Lemma.4(iii),
/i A Ady—¢r
/ Z zD( ) da|
i+1) Some Results on
/G L'-Approximation of the r-th

j—1 ; Derivate of Fourier Series
|Aa,| / L0 jz Aa;| [ dx
) +1 Zivorad Tomovski
J+1) € i=0 A; 7/(G+1) z’

43) =00 )+0( ) =0:(")

Title Page

whereO, depends omn. However, by 4.2), (4.3) and (L.6), we have Contents
i s 44 44

L < ) (AA) S+ 0, (Z jrA]-) ) ,

k=1 j=
° Go Back
= 0,.(1 AA) K+ 1)+ 0, "A;
(1) (a4 (Z] ) o

o Quit
= O, A
Zl J 4 Page 21 of 23
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Proof of Corollary2.4. By the inequalities
zm: la,| -0t < in’"_l f: |Aay|
n=1 n=1 k=n
i nr—l f: Ak
n=1 k=n
00 k 00
= D Ay TN KA,
k=1 n=1 k=1

IN

and Theoren?.3, we obtain:

/|g(”)(x)\dx§1\/[ Zn’"An )

0 n=1

where0 < M = M(r) < oo.
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