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Abstract

In this paper we study convolution operators T, with measures 1 in R* of the
form p(E) = [;xE (2,9 (x))dz, where B is the unit ball of R?, and ¢ is a

homogeneous polynomial function. If infj,c g1 |det (d2¢ (h,.))| vanishes only on
a finite union of lines, we prove, under suitable hypothesis, that 7), is bounded
from LP into L4 if G (—11> belongs to a certain explicitly described trapezoidal
region.
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Key words: Singular measures, L? —improving, convolution operators.

Partially supported by Agencia Cordoba Ciencia, Secyt-UNC and Conicet

Contents
1 INErOdUCTION. . o ottt e e e 3
2 Preliminaries. . . ... 5
3 Aboutthe Type Set........ ..., 16

References

Improvement of An Ostrowski

Type Inequality for Monotonic

Mappings and Its Application
for Some Special Means

E. Ferreyra, T. Godoy and
M. Urciuolo

Title Page

“« | »
« |

Go Back

Close
Quit
Page 2 of 27

J. Ineq. Pure and Appl. Math. 2(3) Art. 37, 2001
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:eferrey@mate.uncor.edu
mailto:godoy@mate.uncor.edu
mailto:urciuolo@mate.uncor.edu
http://jipam.vu.edu.au/
http://www.ams.org/msc/

It is well known that a complex measuseon R™ acts as a convolution operator
on the Lebesgue spacés (R") : u« LP C L* for 1 < p < oo. If for some
p there exists; > p such thaty x LP C L9, ;v is called LP— improving. It is
known that singular measures supported on smooth submanifdkisraty be
LP— improving. See, for example?], [5], [€], [9], [ 7] and [4].

Let ¢, ¢, be two homogeneous polynomial functionsidhof degreen >
2 and lety = (1, o) . Let 1 be the Borel measure d&t* given by

(L.1) i) = [ xo (oo @) ds,

where B denotes the closed unit ball around the originRif and dz is the
Lebesgue measure @t. Let 7}, be the convolution operator given by, f =
wx f, f € S(R*) and letE, be the type set corresponding to the meagure

defined by
E, = L 1), T 1< <
nw — 575 ” P«Hp,q<oo7 >P,4g >0,
where||T, ||, . denotes the operator norm f from L (R*) into L7 (R*) and
where thel? spaces are taken with respect to the Lebesgue measiite on
Forz,h € R? let ¢’ (x) h be the2 x 2 matrix whosej — th column is
¢} (z) h, wherey! (x) denotes the Hessian matrix of atz. Following [3, p.
152], we say thatr € R? is an elliptic point fory if det (¢” (z) h) # 0 for
all h € R?\ {0}. For A c R? we will say thaty is strongly elliptic onA if
det (¢} () h, ¢ (y) h) # 0 forall z,y € A andh € R?\ {0} .
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If every pointz € B\ {0} is elliptic for ¢, it is proved in {] that form > 3,
E, is the closed trapezoidal regiah, with vertices(0,0), (1,1), (-2, =)

m+17 m+1
2 1
and (m+1’ m+1) :

Our aim in this paper is to study the case where the set of non elliptic points
consists of a finite union of lines through the origity,, ..., L,. We assume
from now on, that forr € R* — {0}, det (©” (x) h) does not vanish identically,

as a function ofx. For eachl = 1,2, ...k, let 7y, andelL be the orthogonal
projections fromiR? onto L, and ;- respectively. Fob > 0,1 <[ < k, let L e

Type Inequality for Monotonic
Mappings and Its Application

Vi={reBi1/2<|m, (@) < 1and |my (@) <6, ()]} for Some Special Means

. E. Ferreyra, T. Godoy and
It is easy to see (see Lemrfidl and Remarl3.2) that for§ small enough, there M. Urciuolo

existso; € N and positive constantsandc¢’ such that

|y @) < inf Jaet (¢ @) W) < [y (@) THe Page
€s Contents
for all € V. Following the approach developed itj,[we prove, in Theorem <« NS
3.5 that if @« = max;<;<; oy and if 7a. < m + 1, then the interior off, agrees
with the interior ofy,,,. < >
Moreover in Theoren3.6 we obtain thaty,, = ¥,, still holds in some cases Go Back
where7a > m + 1, if we require a suitable hypothesis on the behavior, near the Close
linesLy, ..., L, of the map(x, y) — infjcq1 [det (¢ () b, @4 (y) R)|. _
In any case, even though we can not give a complete description of the inte- Quit
rior of £/,, we obtain a polygonal region contained in it. Page 4 of 27
Throughout the paper will denote a positive constant not necessarily the
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Let 1,02 : R? — R be two homogeneous polynomials functions of degree
m > 2 and lety = (1, o). Ford > 0 let

1
(21) ‘/(5:{($17$2)€BI—<|$1|§1and|I2|§5|ZL’1|}.

5 S
We assume in this section that, for sosge> 0, the set of the non elliptic points
for ¢ in Vj, is contained in the; axis.

Forx € R? let P = P(x) be the symmetric matrix that realizes the
quadratic formh — det (¢” (z) h), SO

(2.2) det (" () h) = (P (x) h,h).
Lemma 2.1. There exist € (0,dy), @ € N and a real analytic functiory =
g (z1, xz2)oNn Vs with g (z1,0) # 0 for z; # 0 such that

(2.3) inf |det (¢" () h)| = |a2|" g (z)]

|h|=1
forall x € Vj.

Proof. Since P(x) is real analytic onVs; and P () # 0 for = # 0, it fol-
lows that, foré small enough, there exists two real analytic functiongx)
and); (x) wich are the eigenvalues @t (x) . Also, inf|,— [det (¢” (x) h)| =
min {|A; ()], |2 (z)|} for x € V5. Since we have assumed ttiat0) is not an
elliptic point for p and thatP (x) # 0 for = # 0, diminishingd if necessary, we
can assume that, (1,0) = 0 and that|\; (1, z9)| < |A2 (1, 22)| for |zo| < 4.
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Since P (x) is homogeneous im, we have that\; (z) and\, () are homoge-
neous inz with the same homogeneity degréeThus|\; ()| < A2 (x)] for

all x € V5. Now, \; (1, 22) = 25G (x2) for some real analytical functio =
G (z9) With G (0) # 0 and so\; (71, 72) = x{\ <1, “) = {725 @ (i—f) .

z1

Takingg (x1, 72) = 297G (i—j) the lemma follows. O
Following [3], for U C R? let Jy : R? — R U {co} given by

Ju(h)= inf [|det (¢’ (z+h)—¢ (z)),

x, z+helU
where the infimum of the empty set is understood todbéVe also set, as there,
for0<a<1

RY (f) (x) = / Ju (z — y)™  (y) dy.

Forr > 0 andw € R?, let B, (w) denotes the open ball centered.atith
radiusr-.
We have the following

Lemma 2.2. Letw be an elliptic point forp. Then there exist positive constants
c and ¢ depending only orfjo: || sy and [zl sy such that ifo < r <
cinfipj—1 |det (¢” (w) h)| then

(1) |det (¢’ (x4 h) — ¢ (2))| = 5 |det (¢" (w) h)| if 2,2+ h € B, (w).

@ By || <ertiflly, feS®Y.
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Proof. Let F'(h) = det (¢’ (z+ h) — ¢’ (z)) and letd’ F' denotes thej—th
differential of ' at . Applying the Taylor formula toF' (k) aroundh = 0
and taking into account thdf (0) = 0, doF (h) = 0 and thatd3F (h, h) =
2det (¢” (x) h) we obtain

det (¢’ (x + h) — ¢ (x)) = det (" (z) h) + /0 (1 _Qt) d3 F (h, h,h)dt.

Let H (z) = det (¢" (x) h) . The above equation gives

1

et (¢ o+ 1) = ¢ (2)) = det (6" () D)+ [ dusrim ¥ ()

11 _4)2
+/0 ( 2t> d3, F (h,h, h) dt.

Then, forz,xz + h € B, (w) we have
[det (¢ (x + h) = ¢' () = det (¢" (w) h)| < M [B]* < 2Mr |n|*

with M depending only[¢1]] s ) and [leall s s - If we choosec < 457, we
get, for0 < r < cinfj,—; |det (¢" (w) h)| that

|det (@' (z + h) = ¢ (2))] = % |det (¢ (w) h)]

and that

1
Toawy (B) > 5 det (o () )] > v [

1
2
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ThusHRf"(“’) (f)H < dre || (Hllg < dre HfH% , Where [, denotes the
2 6

Riesz potential ofiR*, defined as in 0, p. 117]. So the lemma follows from
the Hardy-Littlewood—Sobolev theorem of fractional integration as stated e.g.
in[10, p. 119]. O

Lemma 2.3. Letw be an elliptic point forp. Then there exists a positive con-
stantc depending only on|¢1[gs ) and [|¢z| sy such that if0 < » <

cinfip=y [det (¢” (w) h)| then for allh # 0 the mapz — ¢ (x4 h) — ¢ (x) Improvement of An Ostrowski

e . . Type Inequality for Monotonic
is injective on the domaifw € B: 2,2 + h € B, (w)}. “zgppmg‘; g i Application

for Some Special Means

Proof. Suppose that, y, = + h andy + h belong toB, (w) and that
E.F , T. God d

¥ (J] + h) — ¥ (J]) =@ (y + h) - (y) . err?\)ll.rirciuo?o e
From this equation we get

1 , 1 pl ) Title Page
0= th) — ¢’ th)) hdt = d —x, h) dsdt.
| @@= mynar= [ [ e = ds o
Now, forz € Br (’U]), <« Y
‘(dQSO d )( —SL’,h)‘ = / d2+uw z)@(w_z7y_x7h)du < 4
0
S M’/’|y—$| ‘h| Go Back
then Close
1 pl i
Quit
0 = //di s(y—a)P (Y — x, h) dsdt
Hihtsly ( ) Page 8 of 27
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So|d2p (y —x,h)| < Mr|y— x||h| with M depending only o1l cs

and ||z s () -
On the other handy is an elliptic point fory and so, forlu| = 1, the matrix

A= ¢" (w)uis invertible. AlsoA~! = (det A)~" Ad (A), then
— -1
|A7 | = [det A| 7 |Ad (A) 2] < et A |z,
where M depends only 0|’ng1||ci@) and [z || c2(p)- Then, for|v| = 1 and
x = Av, we have|Av| > |det A| /M. Thus
e ly—a )| 2 ly—allh] i 1| _y ldue (w )]
= ly—al ] nf | (w)uv)]

v

— |y — x| |h| inf |det " (w)ul.
Lyl o, et )

If we chooser < — infj, -1 | det " (w) u the above inequality implies = y
and the lemma is proved. O

For any measurable set C B, let us be the Borel measure defined by
pa (E) = [, xe (x,¢(x))de and letT),, be the convolution operator given by
TuAf = pa* f.

Proposition 2.4. Let w be an elliptic point forp. Then there exist positive
constantsc and ¢’ depending only onlg: | os () @nd [lgs|| sy such that if

Improvement of An Ostrowski

Type Inequality for Monotonic

Mappings and Its Application
for Some Special Means

E. Ferreyra, T. Godoy and
M. Urciuolo

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 9 of 27

J. Ineq. Pure and Appl. Math. 2(3) Art. 37, 2001

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:eferrey@mate.uncor.edu
mailto:godoy@mate.uncor.edu
mailto:urciuolo@mate.uncor.edu
http://jipam.vu.edu.au/

0 < r < cinfjp= |[det ¢” (w) h| then

Proof. Taking account of Lemma.3, we can proceed as in Theorem 0 #h{o
obtain, as there, that

_1
Ty |, < 75 111

ol

Improvement of An Ostrowski
Type Inequality for Monotonic
Mappings and Its Application

o *fH (A Ay A3)3

where for Some Special Means
Aj = /]R2 Fj (af;) g 1:3[ . R?(w) E., <x> dr E. Ferr?\%%rz.ili?goy and
SM9,M7])
andF; (z) = [|f (. )]s Tl Page
Thenthe proposmon follows from Lemn2a2and an application of the triple
Holder inequality. ] Contents
For0 <a < landj € N let 4 dd
. . | >
Usj = {(Jrl,xg) € B: || >a, 277 |zy| < |ao] <2771 |x1|}
Go Back
and letU, ;;,© = 1,2, 3,4 the connected components{af ;. Close
We have .
Quit

Lemma 2.5.Let0 < a < 1. Suppose that there exigst € N, j, € N and
a positive constant such that|det (¢? (x) h, @4 (y) k)| > ¢279° |n|* for all
heR? z,y €U, i j > joandi =1,23 4. Thus

Page 10 of 27
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(1) Forall j > jo,i =1,2,3,4if z andz + h belong toU,, ;; then
[det (' (z + ) = &' ()] > 277 .
(2) There exists a positive constaisuch that for allj > jq,7i = 1,2,3,4
|R ()], = 2% 11y
Proof. We fixi andj > j,. Forz € U, ;, we have
1
det (¢’ (x+h) — ¢’ (z)) = det (/ O" (x + sh) hds) :
0
For eachh € R?\ {0} we have eithetlet (¢ (z) h, ¢4 (y) h) > 279% |h|* for

all z,y € U, ordet (o (z) h, @ (y) h) < —c277% |n|* for all z,y € U, ..
We consider the first case. LEt(¢) = det (fot o" (x + sh) hds) . Then

t
F'(t) = det (/ o7 (x + sh) hds, @l (x + th) h)
0
t
+ det (90/1’ (x +th)h, / ©h (x + sh) hds)
0
t
= / det (¢7 (x + sh) h, oy (x4 th) h) ds
0

¢
+/ det (¢} (x + th) h, @ (x 4 sh) k) ds > 2797 |n|* ¢.
0

Improvement of An Ostrowski

Type Inequality for Monotonic

Mappings and Its Application
for Some Special Means

E. Ferreyra, T. Godoy and
M. Urciuolo

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 11 of 27

J. Ineq. Pure and Appl. Math. 2(3) Art. 37, 2001
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:eferrey@mate.uncor.edu
mailto:godoy@mate.uncor.edu
mailto:urciuolo@mate.uncor.edu
http://jipam.vu.edu.au/

SinceF (0) = 0 we getF (1 )dt > 2797 |h)* . Thus

= Jy F' (1
det (¢' (z+h) — ¢’ (x)) = F (1) > 2799 |n)*.

ThenJy, . (h) > ?, and the lemma follows, as in Lemn2a2, from
the Hardy-Littlewood—Sobolev theorem of fractional integration. The other

case is similar. O
For fixedz™), 2?) € R? let
i(jl’)i’x(z) ={reR’:z -2V eU,;,andz —2? € U, ;;},i=1,2,3,4.
We have

Lemma 2.6. Let0 < a < 1 and letz(M), 2(? € R2. Suppose that there exist
B e N, jo € N and a positive constantsuch that/det (¢} (z) h, ¢4 (y) h)| >
2738 |pf* forall h € R2, z,y € Ua”,j > joandi = 1,2, 3,4. Then there
existsj; € N mdependent of“ 2) such that for allj > j,,7=1,2,3,4 and
all nonnegativef € S (R?) it holds that

/Bz“) RO / (?/ Z (m

a,j,i

x(l)) Y — @ (m — x(z))) dxdy

m2

<
= Jua,. (2 — ()

f.
]R4

Proof. We assert that, if > j, then for eachiz, w) € R*>xR? andi = 1,2, 3, 4,
the set

{( y) € B(f(;)zxmeQ:z:y—@(x x(l)) andw:y—go(:c—x@))}

Improvement of An Ostrowski

Type Inequality for Monotonic

Mappings and Its Application
for Some Special Means

E. Ferreyra, T. Godoy and
M. Urciuolo

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 12 of 27

J. Ineq. Pure and Appl. Math. 2(3) Art. 37, 2001

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:eferrey@mate.uncor.edu
mailto:godoy@mate.uncor.edu
mailto:urciuolo@mate.uncor.edu
http://jipam.vu.edu.au/

is a finite set with at most:” elements. Indeed, f = y — ¢ (z — z») and

w=1y—p (x — x(2)) with z € B{‘ffjl;’wm, LemmaZ2.5 says that, forj large
enough,
|det (¢’ (z —2W) — ¢’ (z — 2@))| > 2797 |n|?.

Thus the Bezout's Theorem (See elgllemma 11.5.1, p. 281]) implies that
for each(z, w) € R? x R? the set

{x e B* = g (x—2®) —p(z—2W) =2 - w}

a’?]7l

is a finite set with at mosh? points. Sincer determineg, the assertion follows.
For a fixedn > 0 and fork = (ky, ..., k4) € Z*, let

Qu="[1 Wn (1 +ka)n].

1<n<4

2 42

Letdy;; (Bam. X R2> N Qr — R? x R? be the function defined by

Oy (2,9) = (y— ¢ (z —2W) |y — ¢ (x — 2?))
and letlV;, ;; its image. Also
det (@} ;) (z,y) = det (¢’ (z — 2®) — ¢ (x —2V)) .
Thus

(24) ’det ( ;i’]z) (x,y)‘ > Ju, ;. (3;(2) — .CE(l))
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for (z,y) € (Bcf(;)zx@) X R2> N Q.

Since®y, ;; (x,y) = (IJkJ i (Z,y) implies thatp (z — 2W) — ¢ (7 — 2W) =
¢ (z—2@)—p (T —2¥), taking into account Lemma 1, from Lemma2. 3it
follows the existence of € N with j independent of "), 2 such that forj >
Jj there existg] = 77 (j) > 0 satisfying that fol0 < 77 < 77( ) the mapdy, ;; is
injective forallk € Z*. Let Wy, : Wi — (Bffﬂ
Lemma2.5says thatdet (¥ ;)| > 2797 |n|* on (ij”“ : ]R{2> N Qx. We
have

/ W) oo f (y ¥ (91: - w(l)) Yy =¥ (917 - 56(2))) dzdy
Bl » T

a,j,i

—2/ f(y—go(x—x(l)),y—gp(x—x(z)))dxdy
(1) 4 (2) ]R2>m )

kez4 B, 2Jst

1
-2 /w ) Jdet (@) (s w))\d’“lw

kez4
< XWi ;i (v) dv
m2
<
o JUa.,j,i (x(z) - x(l)) /IR;AL f
where we have use@ (). O]

Proposition 2.7. Let0 < a < 1. Suppose that there exist € N, j, € N
and a positive constamtsuch thatdet (¢? (z) h, @4 (y) h)| > ¢277° |n|* for all

]R2> NQy its inverse.
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heR:x,y€Uujij> jo,i=1,234. Then, there exist, € N, ¢ > 0

such that for allj > j;, f € S (R?)

|

Proof. Fori = 1,2, 3,4, let

1 B

T, ||, < €25 0115

Ka,j,i = {($,y,$(1),$(2),$(3))
CERPXxRZxRExR2xR*: 2 — 2 € U, .,

We can proceed as in Theorem 0 i) {o obtain, as there, that

s=1,2,3}.

1w, * ng = /K H f(zj,y — o (x — ;) dedyde™ da® da®

adi 1<5<3

taking into account of Lemma.6 and reasoning, with the obvious changes, as

in [3], Theorem 0, we obtain that

10, . % 5 < m? (A1 A Ay)3

with
A = / B [ B Fu()de
]R2 . 2
1<m<3,m#j
andF; (z) = ||f (=, .)H% . Now the proof follows as in Propositich4. O
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Proposition 3.1. For § > 0 let Vs be defined byA.1). Suppose that the set of the
non elliptic points forp in Vs are those lying in the:;; axis and letw be defined
by (2.3).ThenEw6 contains the closed trapezoidal region with verti¢es)) ,

(1,1), (Te=t,7e=2) | (&, =), except perhaps the closed edge parallel to the

P\ a0 Ta
principal diagonal.

Proof. We first show thatl — 6) (1,1) + 60 (%573, 452) € E,,, if 0< 6 < 1.
If w = (w1, w2) € U then277=1 < |wy| < 2791 Thus, from Lemmas

2.2, 2.3and Propositiorﬁi?, follows the existence of, € NV and of a positive
constant: = ¢ (HSOchS(B) : H%02||CS(B)> such that ifr; = c277¢, then

for somec’ > 0 and allj > jo,w € Uy, f € S(RY).For0 <t <1letp,q
: 1 1 _ 2 1
be defined b5<p_w a) =t(%3,3)+(1—1¢)(1,1). We have aIscHTuB i

373 o)
. - - - /
mc*27% || f||, , thus, the Riesz-Thorin theorem gives

Ta’ Ta

T“Bmme < 2% 1715
J 3

<

1

I

innd]|| < 2 EC g,

SinceU ; can be covered withV of such ballsB, (w) with N ~ 2/~ we
get that

T < c2j(%o‘t_1).

KU .
5.9

pt,qt
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Let U = Uj»;,U1 ;. We have that|T,, [, . < > - TMU%J < 00,
Pt,qt
fort < 2. Since fort = 2 we havel = 1 —:-and+ = 1— 2 and
o Ta Dt Ta qt Ta

since every point irV(;\(O] is an elliptic point (and so, from Theorem 3 if][

)TM\U ,. < o), we get that(1 —6) (1,1) + ¢ (1221, 22) € E,, for
27
0 < # < 1. On the other hand, a standard computation shows that the ad-
L . . 4 . Improvement of An Ostrowski
joint operatorT); is given byT; f = (Tw ( fV)> , Where we write, for Type Inequality for Monotonic
A g 5 s e ) . Mappings and Its Application

g:R" = C, g"(z) = g(—x). ThusE,, is symmetric with respect to the for Some Special Means
nonprincipal diagonal. Finally, after an application of the Riesz-Thorin interpo-

. .. E. Ferreyra, T. Godoy and
lation theorem, the proposition follows. O] M. Urciuolo

Ford > 0, let As = {(z1,22) € B : |za| < d|z1]}.

Remark3.1 Fors > 0,7 = (11,...,74) € R we setsex = (s, s19, s™ w3, ™ 24) . Title Page
If ECR? FCR'wesetsE = {sr:x € E}andse F = {sex:z € F}. Contents
Forf:R* — C, s > 0, let f, denotes the function given b (z) = f (se z). «“ Y
A computation shows that
| >
(31) <T'u‘277V5f) (273 ) ,Z') = 2*2] <T'U‘V6 fgfj) (.I') Go Back
Close

forall f € S(RY), » € R.
From this it follows easily that Quit
Page 17 of 27
‘ T

.(2(m+1) 2(m+1)
) = 2_3( ¢  p +2)
Ho—jvy

1y,
3llp,q

p,q
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This fact implies that

11\ 1.1 1
3.2 E,cd(22): 2>~
(3.2 ! {(p Q> ¢ p m+1}
and thatif! > 1 — 1 then <i’ 3) € E,,, ifand only if (%, 5) € E,,.

Theorem 3.2. Suppose that for some > 0 the set of the non elliptic points
for ¢ in As; are those lying on the; axis and leta be defined by4.3). Then

Improvement of An Ostrowski
Type Inequality for Monotonic

E,, contains the intersection of the two closed trapezoidal regions with ver-  Mappings and Its Application
L 9 m—1 9 a1 To—2 for Some Special Means
tices(0,0), (1,1), (i 1) Gado mr) @nd(0,0), (1,1), (555, 1522)
(£, -L) respectively, except perhaps the closed edge parallel to the diagonal. = [FEITEE, I Corley e
Moreover, if7a. < m + 1 then the interior off),, is the open trapezoidal
- - - 1
region with verticeg0,0), (1,1), (524, 2=;) and (m_+1’ —). Title Page
Proof. Taking into account Propositidh 1, the theorem follows from the facts Sl
of Remark3.1. O
44 44
For0 < a < landé > 0wesetV,s = {(z1,22) € B:a < |z;] <1 and
’ < | 2
|zo| < 21|} . We have
. . Go Back
Proposition 3.3. Let0 < a < 1. Suppose that for sonte< a < 1, jo,5 € N
and some positive constantwe have|det (¢” () h, ¢ (y) h)| > ¢277% |h|? Close
forall h € R? z,y € U, i, j > joandi = 1,2,3,4. Then, foré positive and Quit

small enoughf,, = contains the closed trapezoidal region with verti¢eg)) ,
il Page 18 of 27

(1,1), (%, %) , <ﬁi3, ﬂ+3> except perhaps the closed edge parallel to the
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Proof. Proposition2.7 says that there exigt € N and a positive constart
such that forj > j, andf € S (R%)

Also, for somec > 0 and allf € S (R*) we have‘
ThenHTMU fH < (15700
a,j,v qt

of Proposition3.1. LetU = U;>; U, ;. Then|T,, f||
Now, the proof follows as in Propositidh L

T,

2%

a,j,i

S| =2y
3 2

T, ||, < 27101

) | f1l,, wherep,, ¢, are defined as in the proof

i _3
o < 0 if ¢t < 513"

Theorem 3.4. Suppose that for some < a < 1, jp,4 € N and for some
positive constant we havedet (o () h, ¢/ (y) h)| > ¢277% |n|* for all 2,y €
UajisJ > joandi = 1,2,3,4. Then for positive and small enougEM(S con-
tains the intersection of the two closed trapezoidal regions with vertices ,
(1 1) (m+1’ 2-}-%) (mi—l’ m+1) and (O 0) (17 1) ) <%7 %) ) (#7 ﬁ)’
respectively, except perhaps the closed edge parallel to the diagonal.
Moreover, if3 < m—2then the interior oft,, is the open trapezoidal region

with vertices(0,0), (1,1), (-2 )and(m—ﬂ,m%rl)

m—+17 m+1

Proof. Follows as in Theorer.2 using now PropositioB.3 instead of Propo-
sition 3.1 O

Remark3.2 We now turn out to the case wheris a homogeneous polynomial
function whose set of non elliptic points is a finite union of lines through the
origin, Lq,...,Ly.
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Foreach, 1 < < k,let A, = {z € R?: |nta| < §|m2|} whererm,,
andr, denote the orthogonal projections frd#n into L; and ;- respectively.
Thus eachd} is a closed conical sector arourigl We choose) small enough
such thatdy N A% = () for [ + 4.

It is easy to see that there exists (a unique N and positive constants,
¢/ such that

(3.3) o |mpw|™ < inf |det (¢" (w) )| < of |, z|"

1
for all w € AL. Indeed, after a rotation the situation reduces to that considered
in Remark3. L

Theorem 3.5. Suppose that the set of non elliptic points is a finite union of
lines through the originl,...,L;. Forl = 1,2, ..., k, let o; be defined by3d.3),
and letar = max;<;<; a;. ThenE,, contains the intersection of the two closed
trapezoidal regions with vertice($) 0), (1,1), 25, 24), (37 705) and
(0,0), (1,1), (Ta=t, Te=2) (£, L), respectively, except perhaps the closed
edge parallel to the diagonal.

Moreover, if7ae < m + 1 then the interior off,, is the interior of the trape-
zoidal regions with verticef), 0) , (1,1), (-2

m+1’ 2—&—1) (mil’ m}l—l) '

Proof. Forl = 1,2, ..., k, let A be as above. From Theored1?, we obtain that
E, contains the intersection of the two closed trapezoidal regions with ver-
5

tices(0,0) ,(1,1), (25, 24), (37, =) and(0,0), (1,1), <7(;10;1’7az—2>,

Tag
2
7o¢L ? Ty

) respectively, except perhaps the closed edge parallel to the diagonal.
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Since everyr € B\ U, AL is an elliptic point forp, Theorem 0 in §] and a
compactness argument give thdtl, |s, < oo where D =
27

{z € B\ U, A} : § <|z|}. Then (using the symmetry df,,, the fact of that
ip is afinite measure and the Riesz-Thorin theoréin) is the closed triangle
with vertices(0,0), (1,1), (2, 1) . Now, proceedlng as in the proof of Theo-

rem3.2we get tha“ < o if l > ~ — ——. Then the first assertion

'U‘B\ lAl

of the theorem is true. The second one foIIows also using the facts of Remark improvement of An Ostrowski

3.1 ] Type Inequality for Monotonic
Mappings and Its Application

for S S| ial M
For0 < a < 1, we set S

E. Ferreyra, T. Godoy and
U(;j = {a: eR?’:a< |t (z)] < 1 M. Urciuolo

and2 |m, ()] < |7 ()] < 277 e ()]}

i =1,2,3,4 be the connected componentsujfj .

Title Page
let U! g

a,j,i?
Theorem 3.6. Suppose that the set of non elliptic points fois a finite union Contents
of lines through the originf,,...,L;. Let0 < a < 1 and letj, € N such that <« >

Fori=1,2,..., k, there existss, € N satisfying|det (¢} (z) h, ¢ (y) h)| >

. < 4

c2795 |h|2 forall z,y € U! ajirJ = Joandi = 1,23 4. Let3 = maxi<j<x 0;.

ThenE, contains the intersection of the two closed trapezoidal regions with ver- Go Back

tices (0,0), (1,1), (337 757) » (37 mr) @nd (0,0), (1,1), (%’%) ’ Clozs

< 513 3 +3) respectively, except perhaps the closed edge parallel to the diago- Quit

nal. Page 21 of 27
Moreover, if 3 < m — 2 then the interior ofE, is the interior of the trape-
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Proof. Follows as in Theorer.5, using now Theorer.4instead of Theorem
3.2 O

Example3.1 ¢ (71, 22) = (2229 — 1122, 2309 + 1123)

It is easy to check that the set of non elliptic points is the union of the co-
ordinate axes. Indeed, far = (hy, ho) we havedet ¢” (1, z2) h = 8x2h3 +
81791 hy +8x2h3 and this quadratic form ithi, h,) has non trivial zeros only
if 1 = 0 orzy = 0. The associated symmetric matrix to the quadratic form is

Improvement of An Ostrowski
Type Inequality for Monotonic
8:1;% 4129 Mappings and Its Application
2 for Some Special Means
drixy 877

E. Ferreyra, T. Godoy and

and forz; # 0 and|zs| < J x| with 6 small enough, its eigenvalue of M. Urciuolo
lower absolute value i8; (71, 72) = 422 + 423 — 41/ (24 — 2222 + ). Thus
A1 (21, 9) =~ 623 for such(xy, z5) . Similarly, forz, # 0 and|z;| < § |z5| with Title Page

§ small enough, the eigenvalue of lower absolute value is comparablé&xfith

Then, in the notation of Theoref5, we obtaina = 2 and soE), contains the Contents
closed trapezoidal region with verticgs 0) , (1,1), (13, 2) and (2, {;) except << 33
perhaps the closed edge parallel to the principal diagonal. Observe that, in this P >
case, Theorer3.6 does not apply. In fact, far = (x,22), T = (71, 72) and
h = (hy, he) we have Go Back
Close
det () () h, 0y (Z) h) = 4h? (227, — Tow1 + 22275) out
ul

+ 4h1h2 ((L’l§2 + fle) + 4h§ (ZElfg — Ig[ffl + 2ZE251) .
Page 22 of 27
Takez; = 77 = 1 and letA = A (xz9,72) the matrix of the above quadratic

form in (hl, hg) For Ty = Q_j, %2 = 279+ we havedet A < 0 fij Iarge J. Ineq. Pure and Appl. Math. 2(3) Art. 37, 2001
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enough but if we take, = 277! andz, = 277, we getdet A > 0 for j large
enough, so, for alj large enoughdet A = 0 for some2=7 < x4, 7, < 277FL
Thus, for suches, 75,

I(h lfrllf)‘:l det (()0/1/ (17 1’2) (hh h2) ) ()0/2/ (17 5/:2) (h17 hQ)) =0.

Example3.2 Let us show an example where Theoré&rd characterizes?,,.
Let

_ (3 39,22 4
¢ (21, 22) = (2fws — 32123, 32Tal — 13) .

In this case the set of non elliptic points foris thexz; axis. Indeed,

det (¢ (z1, %) (71, ha)) = 18 (27 + 23) ((howy + w2h1)? + 22303 + 6h%a3) .

In order to apply Theorerf.6, we consider the quadratic form in= (hy, hs)
det (¢ (z1,22) h, ¢ (T1,T2) h).

If 2 = (z1,22) andz = (71,72), let A = A(x,7) its associated symmetric
matrix. An explicit computation off shows that, for a givefi < a < 1 and for
all j large enough anfl= 1, 2, 3,4, if z andz belong toU, ; ;, then

a® <tr(A) <20

thus, if \; (z, ¥) denotes the eigenvalue of lower absolute valud ¢f, 7) , we
have, forz, z € W, that

c1 |det Al < Ay (2,7)| < co|det A
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wherecy, ¢, are positive constants independeni dllow, a computation gives

det A = 324 (— 9352352 — 1221297129 + 2:1:1:132)

x (2377 — 22375 — ATy 0901 Ty + T773) -

Now we writeZ, = txo, with 5 < ¢ < 2. Then

det A = 324z [ o] — 9t’ay — 12t 057, + 2t2x2xl]

x [T} — 2t°x5 — dtay Ty + 7] .

Note that the the first bracket is negative farr € W, if j is large enough.
To study the sign of the second one, we consider the fundiiohz,,z,) =
I3 — 4tx T, + t?21. SinceF has a negative maximum dqn} x {1} x [3,2] , it
follows easily that we can choosesuch that forr, z € W, and;j large enough,
the same assertion holds for the second bracketde$d is comparable with
2727 thus the hypothesis of the Theorénht are satisfied with = 2 and such
a. Moreover, we havel = m — 2, then we conclude that the interior i, is
the open trapezoidal region with vertiogs0) , (1,1), (2,2), (3, 1)

On the other hand, in a similar way than in Examplé we can see that

— 2 (in fact det A (z,2) = 648 (22 + 922) (22 + 22)° 22), so in this case

Theorem3.6 gives a better result (a precise descriptiorfom than that given

by Theorem3.5, that asserts only thé contains the trapezoidal region with

VerticeS(O, O) , (1, 1) ) (%a g) and(77 14)

Example3.3 The following is an example where Theorehb characterizes
E,. Let
, oo Im (21 + il’g)lz) :

¢ (z1,m9) = (:1:2 Re (x1 4 ix2)"?
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A computation gives that for = (x1, z5) andh = (hq, hs)
det (" () h) = 288 (22 + 22)"* (6622h% + 11y m9hyhy + (23 + T822) h2)

and this quadratic form ik, he) does not vanish foh # 0 unlessz, = 0.
So the set of non elliptic points fap is the z; axis. Moreover, its associate
symmetric matrix

66[[‘% %1‘1372

. . 2 2\ 10
A= A(z) =288 (z] + 23) Woirs ot 7822
satisfies:; < trA (z) < cyforz € B, 1 <|z|, and|zs| < & |zq], § > 0 small
enough.

Thusif\; = A\, (z) denotes the eigenvalue of lower absolute valug 6f) ,
we have, forr in this region, that

k’l |d€t A| S ’)\1| S k‘g |det A|,

wherek; andk, are positive constants.
Sincedet A (1,25) = (288)* (1 4 22)* (4323 + 5148z%) , we have that
a=2.5S07a¢ = m -+ 1 and, from Theoren3.5, we conclude that the interior of

E, is the open trapezoidal region with vertiq€s0) , (1,1), (32, 8), (1, 4).
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