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Abstract

A reverse of Jessen’s inequality and its version for m — W—convex and M —
W —convex functions are obtained. Some applications for particular cases are
also pointed out.
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Let L be alinear class of real-valued functigns £ — R having the properties

(L1) f,g € Limply (af + 8g) € Lforall o, 3 € R
(L2) 1 € L,i.e.,if fo(t) =1,t € Ethenf, € L.

An isotonic linear functionald : L — R is a functional satisfying

(Al) A (af + ﬁg) =aA (f) + ﬁA (g) for all fv g e L anda, ﬁ e R. On a Reverse of Jessen’s
Inequality for Isotonic Linear
(A2) If fe Landf > 0,thenA(f) > 0. Functionals
The mappingA is said to benormalised if S —
(A3) A(1) =1.

Isotonic, that is, order-preserving, linear functionals are natural objects in Title Page
analysis which enjoy a number of convenient properties. Thus, they provide, for Contents
example, Jessen’s inequality, which is a functional form of Jensen’s inequality
(see P] and [L0]). « dd

We recall Jessen’s inequality (see als]).[ < >
Theorem 1.1.Let¢ : I C R — R ({ is an interval), be a convex function and Go Back

f:E — Isuchthatpo f, f € L. If A: L — R s an isotonic linear and

. . Cl
normalised functional, then ose
Quit
1.1 A <A .
(L.1) o(A(f) < A(90 ) S
A counterpart of this result was proved by Beesack anthR&in [Z] for
compact intervalg = [a7 ﬁ] J. Ineq. Pure and Appl. Math. 2(3) Art. 36, 2001
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Theorem 1.2.Let¢ : [, 3] C R — R be a convex function anfl: £ — [a, f]
such thatp o f, f € L. If A: L — R is an isotonic linear and normalised
functional, then

Bg—A(f) Alf) — o
(1.2) A(Cbof)ﬁﬁ_—aﬁb(a)Jrﬁ_—aCb(ﬁ)-
Remark 1.1. Note that (..2) is a generalisation of the inequality
b— A A -
13) A < A g Al a, )

due to Lupas J] (see for exampled, Theorem A]), which assuméd = [a, 0],
L satisfies (L1), (L2)A : L — R satisfies (A1), (A2)A (1) = 1, ¢ is convex on
FEand¢ € L,e; € L,wheree, (z) =z, z € [a, b].

The following inequality is well known in the literature as the Hermite-
Hadamard inequality

(1.4) w(a+b)< : /abso(t)dtgw

2 ~“b—a 2 ’

provided thaty : [a,b] — R is a convex function.

Using Theoreml.1and Theoreni.2, we may state the following generali-
sation of the Hermite-Hadamard inequality for isotonic linear functionalq ([
and [L7]).

Theorem 1.3.Let¢ : [a,b] C R — R be a convex function and: £ — [a, b]
withe, poe € L. If A — R is an isotonic linear and normalised functional,
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with A (e) = %2, then

(15) ¢<“;b)§A<¢oe>sM.

For other results concerning convex functions and isotonic linear functionals,
see B]—[6], [17] — [14] and the recent monograph][
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Assume that the mapping : I C R — R ({ is an interval) is convex o and
m € R. We shall say that the mapping: I — R is m — U— lower convex
if ¢ —mW¥ is a convex mapping oh (see []). We may introduce the class of
functions

(2.1) L(I,m,¥):={¢: 1 — R|p—mV¥ isconvexonl}.

Similarly, for M € R and ¥ as above, we can introduce the class)of—

On a Reverse of Jessen’'s
Inequality for Isotonic Linear
Functionals

¥ —upper conveftunctions by (see/]) S.S. Dragomir
(2.2) U ,MV):={¢p: ] —RMV —¢ isconvexon/}. Title Page
The intersection of these two classes will be called the clasgnof\/) — Contents
¥ —convex functionand will be denoted by
<4< >
(2.3) B(I,m,M,V):=L(I,mV)NU(I,M,T). < >
Remark 2.1. If & € B(I,m, M, ¥), theng — m¥ and MV — ¢ are convex Go Back
and then(¢ — mV) + (MY — ¢) is also convex which shows tha@t/ — m) ¥ llos
is convex, implying that/ > m (as V¥ is assumed not to be the trivial convex _
functionW (t) = 0, t € I). Quit
Page 6 of 30

The above concepts may be introduced in the general case of a convex subset
in a real linear space, but we do not consider this extension here.
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In [6], S.S. Dragomir and N.M. lonescu introduced the conceptafonvex
dominated mappings, for a mappiig / — R. We recall this, by saying, for
a given convex functioy : I — R, the functionf : I — R is g—convex
dominated iffg + f andg — f are convex mappings oh In [6], the authors
pointed out a number of inequalities for convex dominated functions related to
Jensen’s, Fuchs’, Baric’s, Barlow-Marshall-Proschan and VeasWlijalkovic
results, etc.

We observe that the concept @fconvex dominated functions can be ob-
tained as a particular case fropm, M) — W—convex functions by choosing
m=—1,M =1and¥ = g.

The following lemma holds (see alsq|].

Lemma2.1.LetV, ¢ : I C R — R be differentiable functions onand ¥ is a
convex function oh

(i) For m € R, the functionp € £ (f,m, 0) iff
24 m[¥(z) =V (y) =V (y) (r —y)] < d(x)—d(y)—¢ (y) (x —y)

forall z,y el.
(i4) For M € R, the function € U (I, M, ) iff
(2.5)
¢(z) —d(y) — ¢ (y) (z—y) S MY () =¥ (y) — ¥V (y) (z —y)]
forall z,y el.

(i4i) For M,m € R with M > m, the functiong € B (i, m, M, ¥) iff both
(2.4 and ©.5) hold.
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Proof. Follows by the fact that a differentiable mappihg /I — R is convex Proposition 2.3.

oniiff h(z)—h(y) > K (y)(x —y)forall z,y €l. O
Another elementary fact for twice differentiable functions also holds (see
also []).

Lemma2.2.Let¥,¢: I C R — R be twice differentiable ohand  is convex
onl.

(i) For m € R, the functionp € £ (f,m, 0) iff

(2.6) mW’ (t) < ¢" (1) foralltel. Inequaiy or sotonic Linear
Functionals
(i4) For M € R, the function e U (I, M, ) iff e r—
(2.7) ¢ (t) < MU" (t) foralltel.
. Title Page
(1i1) For M,;m € R with M > m, the functionp € B (I,m, M, \If) iff both e —
(2.6) and (.7) hold.
L . . . 4 >
Proof. Follows by the fact that a twice differentiable functién: I — R is
convex onl iff A" (t) > 0 forall ¢ €l. O < >
We consider the—logarithmic mean of two positive numbers given by EoEEE
i b Close
a I =a,
Quit
Ly (a,0) = Wl gt s Page 8 of 30
if a#b
(p+1)(b—a)
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andp € R\ {-1,0}.
The following proposition holds (see alsqg).

Let¢ : (0,00) — R be a differentiable mapping.

(i) For m € R, the functionp € L£((0,00),m,(-)") withp € (—o0,0) U
(1, 00) iff
(2.8) mp(x —y) [} (w,9) —y"'] <6 (2) =6 (y) — &' () (z —v)
forall z,y € (0,00).

(i) For M € R, the functiony € U ((0,00), M, (-)") with p € (—o0,0) U
(1,00) iff
29) ¢ (x) —d(y) — ¢ (y) (x—y) < Mp(z—y) [LF_] (z,y) — "]
forall z,y € (0,00).

(ii1) For M,m € R with M > m, the functiony € B((0,00), M, (-)") with
p € (—00,0) U (1, 00) iff both (2.8) and €.9) hold.

The proof follows by Lemma&.1applied for the convex mapping (t) = 7,
p € (—00,0) U (4,00) and via some elementary computation. We omit the
details.

The following corollary is useful in practice.

Corollary 2.4. Let¢ : (0,00) — R be a differentiable function.
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(1) !;for m € R, the functiony is m—quadratic-lower convex (i.e., fqr = 2)
i
(2.10) m(z—y)* <6 (@) = oY) = ¢ () (v —y)
forall z,y € (0,00).
(17) For M € R, the functionp is M —quadratic-upper convex iff
(2.12) ¢ (@) = (y) = ¢ (y) (r —y) < M (¢ —y)*
forall z,y € (0, 00).

(i4i) Form, M € R with M > m, the functiony is (m, M) —quadratic convex
if both (2.10 and @.117) hold.

The following proposition holds (see alsq).

Proposition 2.5. Let¢ : (0,00) — R be a twice differentiable function.

(i) For m € R, the functionp € L£((0,00),m,(-)") withp € (—o0,0) U
(1, 00) iff

(2.12) p(p—1)mtP=2 < ¢" (t) forallt e (0,00).

(i) For M € R, the functiony € U ((0,00), M, (-)") with p € (—o0,0) U
(1, 00) iff

(2.13) ¢ (1) < p(p—1) M2 forall ¢ € (0,00).
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(i71) Form, M € Rwith M > m, the functiony € B ((0, 00) , m, M, (-)") with
p € (—o00,0) U (1, 00) iff both (2.12) and 2.13 hold.

As can be easily seen, the above proposition offers the practical criterion
of deciding when a twice differentiable mapping(i$’ —lower or (-)” —upper
convex and which weights the constamtand M are.

The following corollary is useful in practice.

Corollary 2.6. Assume that the mapping: (a,b) C R — R is twice differen-
tiable.

() If i?fb) ¢" (t) = k > —oo, theng is £—quadratic lower convex ofu, b) ;
te(a,

(7) If ts?% ¢ (t) = K < oo, theng is & —quadratic upper convex ofu, b) .
€(a,
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We start with the following result which gives another counterpartfop o f),
as did the Lupas-Beesackeic result (L.2).

Theorem 3.1.Let¢ : (o, 3) € R — R be a differentiable convex function on
(o, 3), f: E — (a,B) suchthatpo f, f,d o f, ¢/ o f - feL.IFA: L >R
is an isotonic linear and normalised functional, then

(3.1) 0 < A(pof)—9(A(f))
< A(¢of-f)—A(f) A(¢ o f)
< LB ¢ () (B=a) (ifa,3arefinite).

4
Proof. As ¢ is differentiable convex ofx, 3), we may write that
(3.2) ¢ () = (y) =2 ¢' (y) (x—y), forallz,y € (o, 3),
from where we obtain
(3.3) O (A(f)) = (@0 f)(t) = (¢" o f) (£) (A(f) — f (1))

forallt € E, as, obviouslyA (f) € («, 3).
If we apply to 8.3) the functionalA, we may write

O(A(f) = Algo f) Z A(f) - A(¢' o f) = A(d' o f- [),

which is clearly equivalent to the first inequality i8.().
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It is well known that the following Griss inequality for isotonic linear and
normalised functionals holds (seq)[

(3.4) |A(hk) — A(h)A(k) <= (M —m) (N —n),

1
4
provided thati, k € L, hk € L and—oo <
k(t) < N <oo,forallt € E.
Taking into account that for finite,3 we havex < f (t) < [ with ¢’ being
monotonic on(«, /3), we havey’ (o) < ¢’ o f < ¢’ (3), and then by the Gruss
inequality, we may state that

m<h(t) <M< oo,—00<n<

Ao f )= A AW o)< 716 ()~ ¢ ()] (5 )

and the theorem is completely proved. O
The following corollary holds.

Corollary 3.2. Let¢ : [a, b] ciC R — R be a differentiable convex function on
LIf ¢, e1,¢',¢'-e1 € L(er(z) =z, 2 € [a,b])andA : L — R is an isotonic
linear and normalised functional, then:

(3.5) 0 < A(0) - d(Aler)
< A e)— Aler) - A(Y)
< T - @ o-a.

4

There are some particular cases which can naturally be considered.
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1. Let¢(z) =lnz, x> 0. IfInf, f, % € LandA : L — R is an isotonic
linear and normalised functional, then:

@O 0<mlA]- Al <A (]) -1

provided thatf (¢t) > Oforallt € EandA(f) > 0.

IfO<m< f(t) <M< oo,t € F, then, by the second part &.() we
have:

@3.7) A(f)AG) L M =m)

which is a known result).
AmM ( )

Note that the inequality3(6) is equivalent to

(3.8) 1§mgexp[z4(f)/l(%)—l}.

.Leto(z) =exp(z),z € R. Ifexp(f), f, f-exp(f) e LandA: L — R
is an isotonic linear and normalised functional, then

(3.9) 0< Alexp (f)] —exp[A(f)]

< Affexp (f)] = A(f) exp [A(f)]

< i[exp(]\/[) —exp(m)] (M —m) (if m< f<MonkE).
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In [4], S.S. Dragomir proved the following inequality of Jessen’s typerior
¥ —convex andV/ — ¥—convex functions.

Theorem 4.1.LetV : I C R — R be a convex function and : £ — [
suchthatv o f, f € LandA : L — R be an isotonic linear and normalised
functional.

(i) If ¢ € £(I,m, ) and¢ o f € L, then we have the inequality
(41 m[AVof)-V(A(f))] <Aoo f)—o(A(S)).
(i) If ¢ €U (I, M, ¥) and¢ o f € L, then we have the inequality
(4.2) Ao f) = (A(f) S M[A(Tof)—T(A()).
(iii) If ¢ € B(I,m, M, ¥)andéo f € L, then both {.1) and (.2 hold.

The following corollary is useful in practice.

CoEoIIary 42. Let¥ : I C R — R be a twice differentiable convex function
onl, f: E— IsuchthatVo f, f € LandA : L — R be an isotonic linear
and normalised functional.

(1) If ¢ : I — Ris twice differentiable and” (t) > mW¥” (t), t ei (wherem
is a given real number), thed (1) holds, provided thad o f € L.
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(17) If ¢ : I — R is twice differentiable and” (t) < MV” (t), t ei (where M
is a given real number), thed (2) holds, provided thad o f € L.

(3i) If ¢ : I — Ris twice differentiable ananU” (t) < ¢" (t) < MY" (1),
t €l, then both 4.1) and @.2) hold, providedp o f € L.

In[5], S.S. Dragomir obtained the following result of Lupas-BeesaataRe
type form — ¥ —convex andV/ — ¥ —convex functions.

Theorem 4.3.LetV : [a, 5] C R — R be a convex function anfl: I — [«, []
suchthatV o f, f € Land A : L — R is an isotonic linear and normalised
functional.

(1) fpe L(I,m,¥)and¢o f € L, then we have the inequality
B—A(f) A(f) -«
oo V@t

B—A()
Sﬁ_—aﬁﬁ(a)‘F
(i1) fpeU(I,M,¥)andpo f € L, then
8- A(f) AN =25 4o
o P OB ICLY)
2= A(f)

A(f) —«
< G U (o) + ———

—« g —a

(4.3) m v (B)

A(f)—a
0 —«

—A(Vof)

¢(B) —A(pof).
(4.4) ¢ (a) +
U (B)—A(¥of)l.

(1ii) If o € B(I,m,M,¥)and¢o f € L, then both4.3) and @.4) hold.
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The following corollary is useful in practice.

Corollary 4.4. LetV : I C R — R be a twice differentiable convex function

oni, f: E — IsuchthatV o f, f € Land A : L — R is an isotonic linear
and normalised functional.

(i) If ¢ : I — Ris twice differentiableg o f € L and¢” (t) > m¥” (t), t €
(wherem is a given real number), therd (3) holds.

(17) If ¢ : I — R is twice differentiablep o f € L and¢” (t) < MY (¢),t el
(wherem is a given real number), thed (4) holds.

(zid) If mU” (t) < ¢" (t) < MY" (t),t ei, then both ¢.3) and @.4) hold.
We now prove the following new result.

Theorem 4.5.Let¥ : [ C R — R be differentiable convex function arfd:
E — Isuchthatto f,¥'o f, Vo f-f, f e LandA : L — R be an isotonic
linear and normalised functional.

(i) If ¢ is differentiable € £ (f,m, ¥) andgo f,¢' o f,¢'of- f € L, then
we have the inequality

(4.5) m[A(W'o f-f)+W(A(f)) —A(f)- AV o f)—A(Vof)
SA(@of-fl+o(A) —A(f)-Ad o f) = Ao f).

(17) If ¢ is differentiableyp € U (f, M,¥)andgo f,¢'o f,¢'o f-f € L, then
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we have the inequality
4.6) A(¢'of- )+ (A(f))—A(f)-A(d o f)—A(dof)
SMAW o f-f)+V(A(Sf))
—A(f) AW o f) = A(¥o f)].
(1ii) If ¢ is differentiabley € B (T,m, M, \Il) andgo f,¢’of, ¢ of-f€lL,
then both ¢.5) and @.6) hold.

Proof. The proof is as follows.

(1) As¢ € L (I, m, V), thenp —mW is convex and we can apply the first part
of the inequality 8.1) for ¢ — mW¥ getting

(4.7) Al(¢—m¥)o f]— (¢ —m¥) (A(f))
<A[(@—m¥) of-fl—A(f)A((¢ —mW¥) o f).
However,
Allp—m¥)o fl = A(pof)—mA(¥of),

(0 —m¥) (A(f)) = ¢ (A(f)) —m¥(A(f)),
Al(o—m¥) o f-f] = A(@of f)=mA(¥of- f)

and
A((g—mW) o f)=A(¢' o f) —mA (¥ o f)
and then, by4.7), we deduce the desired inequality.5).
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(17) Goes likewise and we omit the details.
(7ii) Follows by(i) and ().
]

The following corollary is useful in practice,

Corollary 4.6. Let¥ : I C R — R be a twice differentiable convex function
onl, f: E— IsuchthatVo f,¥'o f, W' o f.-f, fe LandA: L — Rbe
an isotonic linear and normalised functional.

On a Reverse of Jessen’'s

() Ifep: I — Ris twice differentiablego f, ¢’ o f, ¢’ o f - f € L and¢” (t) > InequalityFE)r: ;tslg:]oar;lsc Linear
mW” (t), t €l, (wherem is a given real number), then the inequality/%)
holds. S.S. Dragomir

(#7) With the same assumptions, budff(t) < MU” (¢),t ei, (where M is a

given real number), then the inequalig.©) holds. Title Page
(iid) If mU” (t) < ¢ (1) < MU” (t), t €i, then both ¢.5) and @.6) hold. Contents
Some particular important cases of the above corollary are embodied in the A 44
following proposition. < >
Proposition 4.7. Assume that the mapping: I C R — R is twice differen- E—
tiable onl.
(7) Ifinf ¢” (t) = k > —o0, then we have the inequality Close
tel QUIt
(4.8) %kz [A(f%) - [A(N))] Page 19 of 30
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provided thatp o f, ¢/ o f, &' o f - f, f? € L.

(¢7) If sup ¢” (t) = K < oo, then we have the inequality
tel

(4.9) A(¢'of-f)+o(A(f)—A(f)-A(¢' o f) = Ao f)
1

<SK[A(F) - AN

(iid) If —0o < k < ¢ (t) < K < oo, t €, then both ¢.8) and @.9) hold.

The proof follows by Corollaryt.6 applied forW (¢) = %tQ andm = k,
M =K.
Another result is the following one.

Proposition 4.8. Assume that the mapping : I C (0,00) — R is twice
differentiable onl. Letp € (—o00,0) U (1,00) and defingy, : I — R, g, (t) =
¢// (t) t2—p.

(¢) If inf g, (t) = v > —o0, then we have the inequality
tel

(4.10) ——[(p— D[A(f") — [A(H)]

p(p—1)
—pAH) [A(Y) = [ANP]
<A@ of - fl+o(A(f)—A(f) - A(dof)—Adof),

provided thatp o f, ¢’ o f, ¢’ o f - f, f7, fP~' € L.
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(#7) If sup g, (t) =" < oo, then we have the inequality
tel

4.11) A(¢of - f)+o(A(f)—A(f)-A(¢ o f)—A(do f)
[(p— 1) [A(f?) — [A ()]
—pA(f) [A(f7) = [AHP]].

pp—1)

(iii) If —0o <y < g, (t) <T < oo, t €, then both £.10) and ¢.11) hold.
Proof. The proof is as follows.

(i) We have for the auxiliary mappintg, (t) = ¢ (¢) 1 tP that

)
hy () = ¢ () =" =" (277" () —7)
= " g () =) 2 0.

That is, h, is convex or, equivalentlyy € £ (I, Iﬁ, (-)p). Applying
Corollary4.6, we get

ooy PAUM A = p A A () - AU
SA(@of-f)+o(A(f) —Af)-A(d o f)—Alpof),
which is clearly equivalent tod(10).

(17) Goes similarly.
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(7ii) Follows by(i) and ().

The following proposition also holds.

Proposition 4.9. Assume that the mapping : / C (0,00) — R is twice

differentiable onl. Definel (t) = t2¢" (¢),t € 1.
(i) If inf (t) = s > —oo, then we have the inequality

tel

f
SA@of - fl+o(A() —A(f)-A(¢' o f)—A(dof),

provided thatpo f,¢ ' o f,¢o" o f - f, %,lnf € LandA(f) > 0.

(4.12) s [A () A (1) 1 (WA - Al (F)

(#7) If supl(t) = S < oo, then we have the inequality
tel

(4.13) A(¢' o f-[)+o(A(f) —A(f)-A(¢ o f) = A(¢o f)

<8 |a0A(F) 1= A - A )|

(173) If —oo < s <1(t) < S <oofort ei, then both ¢.12 and .13 hold.

Proof. The proof is as follows.
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(i) Define the auxiliary functiot (¢) = ¢ (t) + sInt. Then

W () = 6 (1) — 5 = 5 (8" (1) — ) > 0

which shows thak is convex, or, equivalently) € £ (I,s,—In(-)). Ap-
plying Corollary4.6, we may write

s|—AQ)—InA(f)+A(f)A (%) +A(ln(f))}
SA@of - f)+o(A(f) —A(f)-A(¢' o f)—A(dof),
which is clearly equivalent tod(12).
(17) Goes similarly.

(7ii) Follows by(i) and ().

Finally, the following result also holds.

Proposition 4.10. Assume that the mapping : I C (0,00) — R is twice
differentiable on. Define! (t) = t¢" (¢),t € I.

(i) If inf I (t) = § > —oo, then we have the inequality
tel

(4.14) 0A(f) [In[A(f)] = A(In(f))]
SA(@of-fl+o(A) —A(f) - Ad' o f)—A(dof),

provided thatp o f, ¢/ o f,¢pro f- filnf, f € LandA(f) > 0.
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(i1) If supf(t) = A < oo, then we have the inequality
tel

(4.15) A(¢of-/)+o(A(f)—A(f)-A(¢'of)—A(dof)
< AA(f) [In[A(f)] = A(n(f))].
(iid) If —oo < 6 < I (t) < A < oo for t i, then both £.14) and @.15 hold.
Proof. The proof is as follows.
(1) Define the auxiliary mapping (t) = ¢ (t) — étInt, t € I. Then
0 1 1
t

W) =¢"(t) =2 = 510" ()t —d] =

t [i(t)—a}zo

which shows that is convex or equivalentlyy € £ (I,6,(-)In(-)). Ap-
plying Corollary4.6, we get

S[A[(Inf+1) fI+A(f)InA(f) = A(f)A(lnf+1) = A(fIn f)]
SA(@of f)+o(A(f) —A(f)-A(¢' o f) —A(dof)
which is equivalent with4.14).
(17) Goes similarly.

(7ii) Follows by(i) and ().
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The following inequality is well known in the literature as Bullen’s inequality
(see for example/], p. 10])

(5.1) ﬁ/ﬂbaﬁ(t)dts%{ww(“b)],

2

provided thaty : [a,b] — R is a convex function offu, b]. In other words, as

(5_ 1) is equiva|ent to: On a Reverse of Jessen’s
Inequality for Isotonic Linear
1 b atb ¢ (a) n gb (b) 1 b Functionals
(52) 0 < m/ ¢(t) dt—¢ < B ) < 9 - b_a / ¢(t> dt S.S. Dragomir
we can conclude that in the Hermite-Hadamard inequality STy —
b 1 b b Content
(5.3) ¢(a)‘2"¢(>zb /(/ﬁ(t)dtng(a; ) ontents
—4Ja <4 >
the integral meap'- f;’ ¢ (t) dt is closer top (%£?) than to2@ 120, < >
Using some of the results_ pointed out in the previous sections, we may upper Go Back
and lower bound th8ullen difference:
Close
1[¢(a)+ ¢ (b) a+b 1 /b -
B(¢;a,b) i= = | ——n> — t)dt Quit
@) =3 |20 o ()] - [

Page 25 of 30
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Now, if we assume thatl ( f f f(t)dt, thenforf = e, e(x) = =,
x € |a, b], we have, for a dlfferentlable functlcm that

A(@ o f-f)+o(A(f) —A(f)-A(¢' o f) —A(dof)

:_/m d:c+¢(a+b>
_a;—b /¢ d:p——/ ¢ (z
:ﬁ[bwb)_m(a)_/¢(x)dx]+¢(a+b>

_a;b'wbi))—a —ot/gZS
:MW(“;()) —b_a/a b (x) du
— 2B (d;a,b).

a) Assume thad : [a,b] C R — R is a twice differentiable function satisfying
the property that-co < k£ < ¢" (t) < K < oo. Then by Propositiod.7, we
may state the inequality

(5.4) %(b—a)k<B(¢ab) %8

This follows by Propositior.7 on taking into account that

1t 1t > (h-a)
/J}de— /:L‘d:l: :( @) )
b—a/, b—a/, 12

(b—a) K.
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b) Now, assume that the twice differentiable function|a, b C (0,00) — R
satisfies the property thatoo < v < t?7¢"(t) < T < oo, t € (a,b), p €
(—00,0) U (1,00). Then by Propositiod.8and taking into account that

A(f) = (A = bia/abxpdx_(bia/abxdx)p

- Lg (aa b) — A? (a’ab>7

and
A7) = (AP~ = L2y (a,b) — AP (a,b),

we may state the inequality

7 D a _ p a
(5.5) =1 [((p— 1) [LE (a,b) — AP (a,b)]
—pA (a,b) [L7{ (a,b) — A*™* (a,b)]]
< B(¢;a,b)
F p _ p a
gm[(p—l) (L (a,b) — A? (a,b)]

—pA (a,b) [LV71 (a,b) — A7 (a,b)]] .

c) Assume that the twice differentiable functign: [a,b] C (0,00) — R
satisfies the property thatco < s < t2¢” (t) < S < oo, t € (a,b), then by
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Propositior4.9, and taking into account that

ANAT) —1-m[A(f)]+ Aln(f)
_ Al(a,b)
~ L{(a,b)

i (23]

we get the inequality
e ()

<1§ff@.em(“’“““’b))]
=92 " | A(a,0) L) |

d) Finally, if ¢ satisfies the conditiorrocc < 0 < t¢” (t) < A < oo, then by
Proposition4.10 we may state the inequality

—1—InA(a,b)+1(a,b)

(5.6) gln [

N

Al(a,b)
I(a,b)

(5.7)  §A(a,b)In [ } < B(#:a,b) < AA(a,b)In [A(a’ b)} .
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