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Abstract

Steffensen’s inequality is generalised to allow bounds involving any two subin-
tervals rather than restricting them to include the end points. Further results are
obtained involving an identity related to the generalised Chebychev functional
in which the difference of the mean of the product of functions and the product
of means of functions over different intervals is utilised. Bounds involving one
subinterval are also presented.
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For two measurable function$g : [a,b] — R, define the functional, which is
known in the literature as Chebychev’s functional

(1.1) T(f g;a,0) := M (fg,a,b) — M(g;a,b) M (f;a,b),

where the integral mean is given by

b
(1.2) Mfiah) = = [ fa)dn

provided that the involved integrals exist.
The following inequality is well known in the literature as the Griss inequal-

ity [10]

(1.3) T (f,9:a,0)| < 7 (M —m) (N —n),

|

provided thatn < f < M andn < g < N a.e. onfa, b], wherem, M, n, N are
real numbers. The constahtn (1.3) is the best possible.

Another inequality of this type is due to Chebychev (see for examgled]
207]). Namely, iff, g are absolutely continuous da, b| and ', ¢’ € L, [a, ]

with || f'|| . = ess sup |f' (t)], then
te(a,b]

(1.4 T (,9:0.0) < 75 1l gl (b — )

and the constaqg is the best possible.
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Finally, let us recall a result by Lupasl(l], see also 4, p. 210]), which
states that:

(1.5) T (,0:0,5)| < =5 171 'l (b~ a).

provided f, g are absolutely continuous arfd, ¢’ € L, [a,b]. The constants
is the best possible here.

For other Griss type inequalities, see the boak$gnd [ 4], and the papers
[4]-[ 1], where further references are given.

Recently, Cerone and Dragomii][have pointed out generalisations of the
above results for integrals defined on two different interyal$| and [c, d).
They defined a generalised Chebychev functional involving the mean of the
product of two functions, and the product of the means of each of the functions,
where one is over a different interval by

(16) T(f?Q;aub7cvd) = M(fg7a7b) - M <g7a7b)M (f;C,d),
with M (-, -, ) as defined inX.2). They proved the following theorem.

Theorem 1.1.Let f,g : I C R — R be measurable o and the intervals
la,b], [¢,d] C I. In addition, letm; < f < M; andn; < g < N; a.e. on[a, b]
with n, < f < N, a.e. on[c, d]. Then the following inequalities hold

(1.7) |T(f,g;a,b,c,d)]
< [T (g;a,b) + M? (g;a,b)]
< [T (f;0,0) + T (f;¢,d) + (M (f;0,b) = M (f; ¢, d))’]

N

N
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2 2
(Nl ; nl) + M? (g;a,b)]

(@)2 n <@)2 + (M (f;a,b) = M (f;c, d))2] :

whereT (f;a,b) = T (f, f;a,b) which is as given byl(1) and M (f; a,b) by
(1.2).

<

N

X
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The following inequality is due to Steffensen {], see also[4, p. 181]).

Theorem 1.2.Let f, g : [a,b] — R be integrable mappings da, b] such that
fis nonincreasing and < g (t) < 1fort € [a,b]. Then

b b a+A
(1.9) R / f(t)g () dt < / F () dt,
where
(1.10) )\:/bg(t)dt.

Hayashi obtains a similar resuli4{, p. 182] which may ostensibly be ob-
tained from Theoreni.2 be replacingy (t) by % where A is some positive
constant.

For Steffensen type inequalities with integrals over a measure space, see the
work of Gauchmand).

It may be noted that both the generalised Chebyshev functidngl énd
Steffensen’s inequalityl(9) — (1.10 involve integrals of functions and of prod-
ucts of functions. The current article aims at investigating the relationship fur-
ther.
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The following lemma will be useful for the results that follow.

Lemma?2.1l.Letf, g : [a,b] — R be integrable mappings dn, b|. Further, let
[c,d] C [a,b]with A =d — ¢ = f g (t) dt. Then the following identities hold.

Namely,
(2.1) /f t) dt — /f
- [[w@-rns ()dt+/cd(f(t)—f(d))(l—g(t))dt
[ r@-rmswa

and
b d
(2.2) / F(t)g(t)di— / f (1)t

- [ w@-r@g@a+ [ (£ Fw)a-ga)a
= [ m-resoa

Proof. Let

(23)  S(cdiab) = /f t)dt — /f

t)dt, a <c<d<hb,
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then
S(ediab) /Cd(l—g(t))f(t)dt—Uacf(t)g(t)dH/dbf(t)g(t)dt}
- /Cd<1—g<t>><f<t>—f<d>>dt+f<d>/cd<1—9<t>>dt
[ @-r@swa-s@ [ gt
[ w@-rmewa-s@ [ o

The identity ¢.1) is readily obtained on noting that

f(d) Ucddt—/:g(t)dt] = 0.

Identity (2.2) follows immediately from2.1) and @.3) on realising that4.2) is
S (d, c; b, a) or, equivalently—S (¢, d; a, b). ]

Remark 2.1. If ¢ = ain (2.1) andd = b in (2.2) then the identities obtained by
Mitrinovic [17] using an idea of Apéry, are recaptured.

Theorem 2.2.Let f, ¢ : [a,b] — R be integrable mappings da, b] and let f
be nonincreasing. Further, lét < ¢(t) < land\ = ffg(t) dt = d; — ¢,
wherelc;, d;| C [a,b] fori = 1,2 andd; < ds.
Then the result

da

(2.4) f(t)dt—r(cz,dg)g/ F)gt)dt <

Cc2

dy
f (t) dt+R(Cl,d1) s

Cc1
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holds where, ,
r(ca.dy) = / (f (e2) — F (0)) g (£) dt > 0

and

Riewdr) = [ C(F ) — f(d) g (1) dt > 0.

Proof. From 2.1) and @.3) of Lemma2.1
S(endiiat)+ [ (10~ f(d)g o) d

dq b
=/ (f(t)—f(dl))(l—g<t))dt+/d (f(d) — F () g (t)dt >0

by the assumptions of the theorem.
Hence, from 2.3)

dy c1 b
f(t)dt+/ (f(t)—f(dl))g(t)dt—/ F () g(tydt >0

C1

and thus the right inequality is valid.
Now, from (2.2) and @.3) of Lemma2.1

S (ca, daiab) + / (f (e2) — £ (£)) g () dt

- [[UO- g [ 7@ -1 m)a-gm)r=0

Cc2
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from the assumptions.
Thus, from @.3)

[ 1w dt—[CjZf(wdt—/b(f(Cz)—f())()dt >0,

da

giving the left inequality.
Bothr (c2, ds) andR (¢4, d1) are nonnegative sincgis nonincreasing ang
is nonnegative. The theorem is now completely proved. O
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R (a,a+ \) = 0. Further, takingd, = b so thatc, = b— A givesr (b — A\, b) =

0. The Steffensen inequality.9) is thus recaptured. Sincd (L0 holds, then " cerone
co > aandd; < bgiving|c;, d;] C [a,b]. Theoren?.2may thus be viewed as a _
generalisation of the Steffensen inequality as given in Thearéno allow for Title Page
two equal length subintervals that are not necessarily at the enfds f Contents
It may be advantageous at times to gain coarser bounds that may be more <44 >
easily evaluated. The following corollary examines this aspect. p >
Corollary 2.3. Let the conditions of Theoret2 hold. Then G
0 Back
b Close
@8 [ 10d-0-d)f () < / £t
c2 Quit
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Proof. From Theoren®.2 on using the fact that < ¢ (¢) < 1, gives

b

0 < r(endy) = / (f (ca) — £ (1)) g () dt
b ’ b

< /<f<c2>—f<t>>dt=<b—d2>f<c2>— £ (t) dt

d2 d2

and so

d2 d2 b On Some Generalisations of
f (t) dt —r (Cg, dg) > f (Zf) dt — (b — dg) f (Cg) + f (Zf) dt. Steffensen’s Inequality and
da

Related Results

c2 Cc2
Combining the two integrals produces the left inequality208). Similarly, P. Cerone
c1 Cc1
0< R(er,dy) = / (f(t) = f(d))g(t)dt < / f(@)dt—(c1—a)f(dr), Title Page
producing Contents
& & <44 >»
ft)dt+ R(ci,dy) < f@)dt —(c1 —a) f(d) < >
c1 a
giving the right inequality. O ColEaex
Remark 2.3. If we takec; = a and sod; = a+ X andd, = b such thaty, = b—\ Close
then @.5) again recaptures Steffensen’s inequality as given in Thedar@m Quit
The following lemma produces alternative identities to those obtained in Page 11 of 26
Lemma2.1 The current identities involve the integral meanfdf) over the
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Lemma2.4.Let f, g : [a,b] — R be integrable mappings dn, b|. Define

and
A=G((b)=d—-c

where[c, d] C [a, b].
The following identities hold

(2.6) /abf(@g(x)dfv—/cdf(y)dy

b
=A[f<b>—M<f;c,d>J—/ G (x) df ()
and

(27)/f dy/f

=AM (f;e,d) = f(a)] -

b

/ NG (@) df (2),

whereM (f; ¢, d) is the integral mean of (-) over|c, d].

Lz:/abf(x)g(w)dw—/cdf(y)dy

Proof. Consider
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then from the postulate%%) = 1 giving

/f do— 1 das/f

Combining the integrals gives

(2.8) szwwvm—qumm

whereM (f; ¢, d) is the integral mean of over|c, d] as given by {.2).

Integration by parts from2(8) gives

Lzewvwwwwﬁwm}—/Gummm
and so ,
L=A[f () — M(fic,d) —/ G (x) df ()

sinceG (b) = A andG (a) =
Now for the second identity.

Let ) .
:[f@@—Lme@W

b
Uzdﬁrav@—ﬂaﬁam+/imwww»

then, from @.6),
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Hence

UzﬁMuwﬂwﬁmﬂ—Mﬂw—ﬂm+/mewu>

and so combining the last two terms giv@s/j.

Theorem 2.5.Let f,¢ : [a,b] — R be integrable mappings ofa, b] and let

]

f be nonincreasing. Further, let(t) > 0 andG (z) = [ g (t)dt with A\ =
G (b) = d; — ¢; wherec; d;] C [a,b] fori = 1,2 andd; < dp. Then

da

(2.9) fy)dy — AN M (f;ca,dz) — f(D)]

s/fmmmms

whered, > d;.

Proof. From (2.6) together with the facts thatis nonincreasing and(¢) > 0

then

gives

[ r@ewa- [

C

F @) dy+ ALf (@) = M (frerdy)]

b
—/G@Mﬂwzo

c2

f ) dy +X[f (b) = M(f;c,da)]

>0

and so the left inequality is obtained.
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Similarly, from (2.7) and the postulates we have

b
—/ N G (@) df (2) > 0

which gives
di
£ (y)dy+ MM (Fierydr) — /f 2)di >0,
cl On Some Generalisations of
Steffensen’s Inequality and
O Related Results
Remark 2.4. The lower and upper inequalities ir2.0) may be simplified to P. Cerone
Af (b) and A f (a) respectively since
d Title Page
/ fy)dy = IM(f;c,d). Contents
That is, « dd
< 2
(2.10) / f (@) g (@) dv < Af (a). S
Close

The result should not be overly surprising since it may be obtained directly from _
the postulates since Quit

Page 15 of 26

inf f(:z:)/ dx</ f(2)g(x)dz < sup f(x )/abg(x)dx.

€a,b] c€la )
http://jipam.vu.edu.au

J. Ineq. Pure and Appl. Math. 2(3) Art. 28, 2001


http://jipam.vu.edu.au/
mailto:pc@matilda.vu.edu.au
http://jipam.vu.edu.au/

As a referee suggested, the resltlQ) readily follows on noting that

b
/g(w)[f(:v>—f(b)]d:v20

and .
[ 1@U@-r@id=o

The motivation behind Lemm2a.4 and Theoren®.5 was to obtain a Stef-
fensen like inequality and it was not predictable in advance that the result would
reduce to 2.10.
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Bounds will be obtained for the difference between the integral of the product
of two functions from the integral over a subinterval of one of the functions.

Theorem 3.1.Let f, ¢ : [a,b] — R be integrable mappings da, b] such that
fis nonincreasing and < g(t) < 1fort € [a,b]. Further, let[c,d] C [a, b
withh=d—c= f g (t) dt, then the foIIowmg inequality holds. Namely,

On Some Generalisations of

Steffensen’s Inequality and
(3_1) |S| = (ZL’) dr — f (y) dy’ Related Results
¢ 1 P. Cerone
1 A 212 . b 2
< (b—a) _+( ) . (f(a) f())
4 b—a 2 Title Page
2 Contents
flo)= (@) 2|
|\ + M y @, b) — M 5 Gy d )
= (M(fia,b) = M(ficrd) “« w
where M (f;a,b) is the integral mean. < >
Proof. Sinced — ¢ = [* g (1) dt, then ColEaex
Close
/ f(x)g(z)de — —— x)dx / fy Quit
that is Page 17 of 26
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whereM (f; ¢, d) is as defined byl(.2).

Thus, from B8.2), S may be expressed in terms of the generalised Chebyshev

functional as defined inl(6), namely
(33) S:(b_a)7<f7g;aabvcad>

and so, from1.7)

(34) |S| = (b_a) ]T(f,g;a,b,c,d)|
< (b—a)|T(g;a,b)+ (bfa) ]
< [T (fr0,) + T (f;e,d) + (M (f0,5) = M (f3¢,d))°] * |
where
T (f;a,b) = M (f*a,b) — (M (f;a,b))’
andM (g;a,b) = ﬁ

Hence, using the second inequality froind and @3.4) produces the stated
result 8.1) upon using {.3) and the facts thaf is nonincreasing and <
g(t)<1. N

Remark 3.1. If we had more stringent conditions gff and ¢’ such that the
Chebyshev and Lupas results.4) and (1.5 could be utilised in §.4), then
bounds in terms of thé-|| _ and|-||, norms of the derivatives would result.
This will not be pursued further here however.

The following theorem expressésas a double integral over a rectangular
region to obtain bounds for the Steffensen functional.
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Theorem 3.2. Let the conditions of Theoreinl hold. The following inequality
is then valid. Namely,
x)dr — / fly dy‘

(Fred) = (ficd)

/f d$—/f ) dx

<(c—a)f(a)—- f(b) +
—2(d+0)f(d),

(35) S| :=

<(a+b+c+d) M

(a+b+c+d) f(c)

where M (f; ¢, d) is the integral mean and

d
(3.6) p(ficd) = [ af @) ds
Proof. From 3.3) and (L.9)
b d
INAL

< s -

:=ess sup |g (z)| = 1, from the postulates.

z€la,b]

(3.7) S| = — [ (y)) dydz

d—c

y)| dydz,

where||g|

On Some Generalisations of
Steffensen’s Inequality and
Related Results

P. Cerone

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 19 of 26

J. Ineq. Pure and Appl. Math. 2(3) Art. 28, 2001

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:pc@matilda.vu.edu.au
http://jipam.vu.edu.au/

Thus,

(3.8) |3|<_/ / F () — f ()] dyda = T.

Now, using the fact thaf is nonincreasing and that, d] C [a, b], we have

(d—c)l = // dydx—l—// ) dydzx
On Some Generalisations of
Steffensen’s Inequality and
/ / dydx + / / dydx Related Results

) d_c/fxdx_ c_a/fydy P. Cerone
¢ Title Page
/ / fy dydx—/ (x —c) f(x)dx Contents
x)dxr — [ (y) dydx « >
“ [ - [ ——
+(b—d /f )dy — —c)/df(:c)d:c Go Back
Close
= (d—c)[/a f(z) dx—/df(ﬁ)dx] Quit
d
+/ [a+b+c+d— 4z f () da. =
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Here we have used the facts that

/Cd/;f(y)dydxZ/cd(d—x)f(w)dm
/cd/:fw)dydm=/Cd<x—c>f<a:>dw.

Some elementary simplification gives

and

(3.9) I:/acf(x)dx—/dbf(x)dx

4 la+b+c+d
[ () e

and hence the first inequality results.
The coarser inequality is obtained using the fact thas nonincreasing,
giving, from (3.9

I'<(c—a)f(a)=(b—d)f(b)

+(a+b+c+d) f(c)— A

IR

which upon simplification gives the second inequality3rb). The theorem is
thus completely proved. O
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Corollary 3.3. Let the conditions of Theorefl hold. Then

o (c,d) /f

< 2dM (f;c,d) + ¢ (c.d),

(3.10)  —2eM (fic,d) —

where
(3.11) ¢ (c,d) = (a+b) M (f;c,d)
/f dx—/f Yo — i (fie.d)

with M (f; ¢, d) being the integral mean and( f; ¢, d) the mean off over the
subinterval[c, d] given by (..2) and (3.6) respectively.

Proof. From (3.5 and 3.8) we have that

—Ié/abf(m)g
r=stea - [ s

giving the result as stated after some minor algebra. O

d
x)da:—/ f)dy<I

so that from 8.9)
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Remark 3.2. Equation @.10 gives bounds forfabf (x) g (x) dx in terms of
information known over the subintervial d]. Let[c;,d;] and[cs,ds] be two
such subintervals with; < d, andd; — ¢; = A. Then

(3.12) m< | f(x)g(x)de < M,
where
M = min {2, M (f; e1,d1) + & (c1,dh) , 2 M (f; 02, da) + 6 (€3, o)} Stffensens nsquaity and
Related Results
and
P. Cerone
m = max{—2caM (fic1,di) — ¢ (c1,dr), —2caM (f;c2,d2) — ¢ (c2,d2)},
Title Page
with ¢ (-, -) being as given in.11). P—
Particularising the result .12 on takingd, = b and hence:, = b — ),
c¢1 = a and sod; = a + A, produces bounds in terms of subintervals at the ends 44 44
of [a, b]. Thatis,
< >
b Go Back
(3.13) me< [ @) <M, 0 Bac
a Close
where Quit

(3.14) M, = min{2(a+ M\ M(f;a,a+ )+ ¢(a,a+ N), Page 23 of 26
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and
me = max{—2aM (f;a,a+ ) —¢(a,a+ \),
—2(b =AM (fib—Ab) = (b—AD)}
with ¢ (-, -) defined in 8.11).
For (3.14) on using 8.11), (1.2) and 3.6) gives
b 4 a+A
d(a,a+A)=(a+b)M(f;a,a+ \) — f(a:)dx—x/ xf (x)dx
a+A\ a

and

S(b—Mb) = (a+b) M(f;b—\b) + a_ (x)da:—%/bef(x)dx.

It may be possible that/. can either be tighter or coarser than t[f§“ f(x)dx
bound in (.9) and similarly withm,. and fbb_A f (z)dx.
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