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ABSTRACT. Steffensen’s inequality is generalised to allow bounds involving any two subinter-
vals rather than restricting them to include the end points. Further results are obtained involving
an identity related to the generalised Chebychev functional in which the difference of the mean of
the product of functions and the product of means of functions over different intervals is utilised.
Bounds involving one subinterval are also presented.
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1. INTRODUCTION

For two measurable functionsg : [a,b] — R, define the functional, which is known in the
literature as Chebychev’s functional

(11) T(f?.gua?b) =M (fgaa7b) _M(gvavb)M (f;a7b)7
where the integral mean is given by

b
(12) M(fiah) == [ fa)dn

provided that the involved integrals exist.
The following inequality is well known in the literature as the Griss inequality [10]

(1.3) T (. :0.5)| < 5 (M —m) (N —n),
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2 P. GERONE

provided thatn < f < M andn < g < N a.e. onfa, b|, wherem, M,n, N are real numbers.
The constant in (1.3) is the best possible.

Another inequality of this type is due to Chebychev (see for example [14, p. 207]). Namely,
if f, g are absolutely continuous ¢m b] andf’, ¢’ € L [a,b] with || f'||  := ess sup |f" (t)],

t€la,b]

then

(1.4 T (F,0:0,0)] < 35 17 19/l (0 — )

and the constanifz is the best possible.
Finally, let us recall a result by Lupas (]11], see alsd [14, p. 210]), which states that:

1
(1.5) T (f,9:0,0)l < =5 [L/'llz l9'll (0= @),

provided, g are absolutely continuous arftl ¢’ € L, [a, b]. The constant; is the best possi-
ble here.

For other Griiss type inequalities, see the books [13]land [14], and the gapers [4]-[10], where
further references are given.

Recently, Cerone and Dragomir [3] have pointed out generalisations of the above results for
integrals defined on two different intervals b] and|c, d|. They defined a generalised Cheby-
chev functional involving the mean of the product of two functions, and the product of the
means of each of the functions, where one is over a different interval by

(1.6) T (f,g;a,b,¢,d) := M (fg,a,b) — M (g;a,b) M (f;c,d),

with M (-, -, -) as defined in[(1]2). They proved the following theorem.

Theorem 1.1.Let f,¢g : I C R — R be measurable o and the intervalga, b, [¢,d] C I. In
addition, letm; < f < M; andn; < g < N; a.e. on[a, b] withny, < f < N, a.e. on|c, d].
Then the following inequalities hold

(1.7) |T(f,g;a,b,c, d)
< [T(g;a,b)—i—fw2 (g;a,b)]
< [T (f;0,0) + T (f;0,d) + (M (f;0,0) — M (f; ¢, d))’]

2 3
< [(Nl ;nl) + M2 (g;a, b)]

X [(M>2+ (M)2+(M(f;a,b)_M(f;cjd))Q 2’

NI

[SIE

2 2

whereT (f;a,b) =T (f, f;a,b) which is as given by (1.1) ant (f; a, b) by (1.2).

Proof. The proof was based on the identity

b d
@8 T(gebed - gomo— [ [ @) (@~ @)
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STEFFENSENS INEQUALITY 3

and the Cauchy-Buniakowski-Schwartz inequality for double integrals to give

[b a)i / / f(y))dydx]
=) (// 7))

M g;a,0)T (f, f,a,b,¢,d).

T (f.g9:a,b,c,d)|”

2

IA

0

They noted that equivalent results to the second inequalify ih (1.7) could be obtained if (1.4)
and [1.p) relating to the Chebyshev and Lupas inequalities were used in the first inequality in

@2
The following inequality is due to Steffensen ([15], see also [14, p. 181]).

Theorem 1.2.Letf, g : [a,b] — R be integrable mappings dn, b] such thatf is nonincreasing
and0 < g (t) < 1fort € [a,b]. Then

b b a+A
(1.9) i< [rwewas [ raa
where
(1.10) )= /bg(t) dt.

Hayashi obtains a similar result[14, p. 182] which may ostensibly be obtained from Theorem
be replacing () by Y whereA is some positive constant.

For Steffensen type mequalltles with integrals over a measure space, see the work of Gauch-
man [9].

It may be noted that both the generalised Chebyshev functipnal (1.6) and Steffensen’s in-
equality [1.9) —[(1.10) involve integrals of functions and of products of functions. The current
article aims at investigating the relationship further.

2. STEFFENSEN TYPE RESULTS FOR GENERAL SUBINTERVALS
The following lemma will be useful for the results that follow.

Lemma 2.1. Let f, g [a,b] — R be integrable mappings di, b]. Further, let[c,d] C [a, b]
with A =d—c= f g (t) dt. Then the following identities hold. Namely,

(2.1) /ﬂww/f@ww
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4 P. GERONE

and

2.2) /f dt—/f(t)dt

z/c(f(t>—f(0))g(t)dt+/ (F) = F()) (1 — g (1)) dt
+ / (F ()= F(e) g (t)dt.

Proof. Let

(2.3) S (c,d; a,b) /f dt—/f t)dt, a<c<d<b,

then

S(e.diab) = /Cdu—g(t))f(t)dt—[/:f<t>g<t>dt+/dbf<t>g<t>dt}

= [a-e G- @+ @ [ a-gwm)a

C

[ @ sangwa-r@ [ oo
+ [ @-sangwd-ia) [ ot

The identity (2.1) is readily obtained on noting that

d) {/Cddt—/abg(t)dt]—

Identity (2.2) follows immediately fronj (2/1) and (2.3) on realising that|(2.2) (g, c; b, a) or,
equivalently,—S (¢, d; a, b). O

Remark 2.2. If ¢ = ain (2.1) andd = b in (2.2) then the identities obtained by Mitriné@JiL2]
using an idea of Apéry, are recaptured.

Theorem 2.3.Letf, g : [a,b] — Rbe mtegrable mappings dn, b] and letf be nonincreasing.
Further, let0 < g (¢) < 1T and\ = f g (t)dt = d; — ¢;, where[c;, d;] C [a,b] fori =1,2 and
dy < ds.

Then the result

d1
(24) f( )dt—r CQ,dQ / f dt < f(t) dt+R<Cl,d1),

c2 C1

holds where,

(cardy) = / (f(e2) — () g (B)dt >0
and

R(cr,dy) = / (F () — £ (d) g (t)dt > 0.
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Proof. From (2.]) and[(2]3) of Lemnja 2.1
Stndiad)+ [ (£ -1 (@) gle)d

b

:/1wuwaﬂm»u—gu»ﬁ+/Xfun—f@»wwﬁzo

c1 dy

by the assumptions of the theorem.
Hence, from[(2.3)

1f®ﬁ+/qﬁw—f%hﬂﬂﬁ—/f@gwﬁzo

and thus the right inequality is valid.

Now, from (2.2) and[(Z2]3) of Lemnja 2.1
~S(endsa)+ [ ()= ®)g0)d

Z/Qﬁﬁwaﬂwbgwdﬁh/QU@ﬂ—f@DO—g@DﬁZO

from the assumptions.

Thus, from[(2.B)
/fmg@ﬁ—[2f@ﬁ—/<ﬂ@—f@M@Mt2a

da
giving the left inequality.
Bothr (¢, ds) and R (cy, d;) are nonnegative sincéis nonincreasing and is nonnegative.
The theorem is now completely proved. O

Remark 2.4. If in Theorem we take; = a and sod; = a + A, thenR (a,a + \) = 0.
Further, takingl, = b so thate, = b — X givesr (b — A, b) = 0. The Steffensen inequality (1.9)

is thus recaptured. Sinde (1]10) holds, ther> a andd; < b giving [c;, d;] C [a, b]. Theorem

[2.3 may thus be viewed as a generalisation of the Steffensen inequality as given in Theorem
[1.7, to allow for two equal length subintervals that are not necessarily at the efads]of

It may be advantageous at times to gain coarser bounds that may be more easily evaluated.
The following corollary examines this aspect.

Corollary 2.5. Let the conditions of Theorgm 2.3 hold. Then
b b

@y [ swd-0-a)ie < [ ragna
d

< [ Fdt— (e —a)f(d).

a

Proof. From Theorem 2|3 on using the fact thiat ¢ (¢) < 1, gives

0§7®w@=l(ﬂ@-f@wwﬁ

b
< /(f(CQ)—f(t))dt:(b—dz)f(c2)— f(t)dt

d2 da
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and so

d2 d2 b
F@O)dt—r(co,d) > | f)dt—(b—do) f(ca)+ | f(t)dt
co c2 d2

Combining the two integrals produces the left inequality of|(2.5). Similarly,
0<Rlend) = [ (FO- @)t [ FEd-(e-a)f(d),

producing

CrWdt+ Rlend) < | F@)dt—(er—a) f (d)

giving the right inequality. OJ

Remark 2.6. If we takec; = a and sod; = a + A andd, = b such that, = b — A then [2.5)
again recaptures Steffensen’s inequality as given in Theprgm 1.2.

The following lemma produces alternative identities to those obtained in L¢mrma 2.1. The
current identities involve the integral mean fof-) over the subintervdt, d].

Lemma 2.7. Let f, g : [a,b] — R be integrable mappings dn, b]. Define

and

where[c, d] C [a, b].
The following identities hold

(2.6) /f@ﬂ@w—/f@@zﬂﬂwﬂM@aM—/GMW@>
and

2.7) /f@@—/f@ﬂmm=MMum@—ﬂm—/M—mmwwm

where M (f; ¢, d) is the integral mean of (-) over|c, d].

n:ffww@m—[U@@

then from the postulate%@ = 1 giving

/f r)de — 1 M/f

Combining the integrals gives

b
(2.8) LZ/Q@U@—MﬁmMM

whereM (f;c, d) is the integral mean of over|c, d] as given by[(1.2).
Integration by parts fronj (2.8) gives

L-W@U@—MUMM}—/GWW@)

Proof. Consider
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and so ,
L=AU O -M(fied] - [ @@

sinceG (b) = A andG (a) = 0.
Now for the second identity.
Let

d b
vi= [ty [ f)g@d
then, from[(2.5),

U=—L=-Alf (b)) = M (f;c.d) +/bG(w)df(x)-
Hence ' ,
U=AM(fied) = F@]=AF0) = @]+ [ G @)
and so combining the last two terms gives [2.7). O

Theorem 2.8.Let f, g : [a,b] — R be integrable mappings dn, b] and letf be nonincreasing.
Further, letg (t) > 0 andG (z) = [ g (¢) dt with A = G (b) = d; — ¢; where[c; d;] C [a, b] for
1=1,2andd; < d,. Then

do

(2.9) fy)dy = MM (f; ez, d2) — f (b)]

Cc2

b di
§/ H@g@ﬁm§ £ @) dy + A[f (a) — M (f;c1,dy)

C1

whered, > d;.

Proof. From [2.6) together with the facts thAis nonincreasing ang(¢) > 0 then

—/ G (2)df (z) > 0
gives

/fﬂ@g@wm—[ " F)dy AL () M(fieado)]] = 0

Cc2

and so the left inequality is obtained.
Similarly, from (2.7) and the postulates we have

j/D—G@W#@ZQ

which gives
d1 b

f@)dy + XM (fier,di) — f(a)] - f(x)g(z)dx > 0.

c1 a

O

Remark 2.9. The lower and upper inequalities |n (2.9) may be simplified fqb) and\ f (a)
respectively since

/f(y)dyzww;c,d).
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That is,

(2.10) / f(z)g(z)dr < \f(a).

The result should not be overly surprising since it may be obtained directly from the postulates
since

inf f()/ dx</f x)dr < supf()/abg(x)dac.

x€[a,b] xz€|a,b|
As a referee suggested, the redult (R.10) readily follows on noting that

[ 9@t @-rena=o

and

b
/f(x)[f(a>—f<w>]daszo

The motivation behind Lemnja 2.7 and Theofen 2.8 was to obtain a Steffensen like inequality
and it was not predictable in advance that the result would redufe g (2.10).

3. STEFFENSEN AND THE GENERALISED CHEBYSHEV FUNCTIONAL
Bounds will be obtained for the difference between the integral of the product of two func-

tions from the integral over a subinterval of one of the functions.

Theorem 3.1.Letf, g : [a,b] — R be integrable mappings dn, b] such thatf is nonincreasing
and0 < g (t) < 1fort € [a,b]. Further, let[c,d] C [a,b] withA =d —c = f g (t) dt, then the
following inequality holds. Namely,

d
e [ 1wl

() [(f(a);f(b))Q

(3.1)

where M (f;a, b) is the integral mean.

Proof. Sinced — ¢ = [ g (t) dt, then

/f dx—— d:p/ Iy
that is

(3.2) / [ () g () dz — M (f;c.d) /abg(x)d:r,

whereM (f; ¢, d) is as defined by (1]2).
Thus, from [(3.2)S may be expressed in terms of the generalised Chebyshev functional as
defined in[(1.5), namely

(3.3) S=0b-a)T(f,g;a,b,¢,d)

J. Inequal. Pure and Appl. Math2(3) Art. 28, 2001 http://jipam.vu.edu.au/
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and so, from[(1]7)
(3.4) S| = (b—a)|T(f,g;a,b,c,d)|

rigen+ (5]

< [T (f;0,0) + T (f;e,d) + (M (f;0,0) = M (f;¢,d))*]?,

N

< (b-a)

N[

where
T (f;a,b) = M (f*a,b) — (M(f;a,b))”
andM (g; a,b) = 2~

b—a"

Hence, using the second inequality frgm [1.7) (3.4) produces the stated result (3.1) upon
using [1.3) and the facts thgtis nonincreasing an@l < ¢ (t) < 1. O

Remark 3.2. If we had more stringent conditions gff and ¢’ such that the Chebyshev and
Lupas results (1]4) andl (1.5) could be utilised[in|(3.4), then bounds in terms @f|itheand
|-||, norms of the derivatives would result. This will not be pursued further here however.

The following theorem expresseésas a double integral over a rectangular region to obtain
bounds for the Steffensen functional.

Theorem 3.3. Let the conditions of Theorgm B.1 hold. The following inequality is then valid.

Namely,
(3.5 S| dm—/ f(y dy'

< (a+b+c+dM (vad)_d—/JJ(fchD
/f dx—/f ) dx

< (c—a)f(a) f)+(@+b+c+d) f(c)
—2(d+0)f(d),

where M (f; ¢, d) is the integral mean and

d
(3.6) n(ficd)= [ of(@)da

Proof. From (3.3) and[(1]8)
| [ o@ @ = s

< HgH //|f o)l dyd.

where||g||_ := ess sup |g (x)| = 1, from the postulates.
x€la,b]

(3.7) S| =

d—c

Thus,
(3.8) 5] < / / £ (&) = f (9)|dyda := 1.
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Now, using the fact thaf is nonincreasing and that, d] C [a, b], we have

ot = [ [rr-sinas | [ -
v s ] o i
S (d—c)/f(m)d:v—(c—a)/c 7 () dy
//f dyd:c—/ (=0 f (@) do
Y
+(b-d /f ) dy — —c>/df<x>dx
— (d-o) [/ f(x)dx—/dbf(x)dx]+/Cd[a+b+c+d—4x]f(x)dx.

Here we have used the facts that

[ [ iwaw=[a-rwaw
/j/jf(y)dyd:v—/Cd(:c—c)f(x)dfc-

Some elementary simplification gives

c b d
(3.9) 1:/ f(x)d:p—/d f(x)derdic/ <a+ch+d_$)f(x)dx

and hence the first inequality results.
The coarser inequality is obtained using the fact ghistnonincreasing, giving, fronh (3.9)

and

4 d
I<(e-0)f @)= (b-afO)+a+btetrd =71 [ ad

which upon simplification gives the second inequality[in}(3.5). The theorem is thus completely
proved. O

Corollary 3.4. Let the conditions of Theorgm 8.1 hold. Then

(3.10) —2cM (f;e,d) — ¢ (c,d) /f z)dr < 2dM (f;c,d) + ¢ (c,d),

where

@1)  oled) =D MFed+ [ f@di- [ f@do- onfied

with M (f; ¢, d) being the integral mean and( f; ¢, d) the mean of over the subintervdk, d
given by[(1.R) and (3]6) respectively.
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http://jipam.vu.edu.au/

STEFFENSENS INEQUALITY 11

Proof. From (3.%) and[(3]8) we have that

1< [r@e@a - [was<
so that from|[(3.9)
=t~ @
giving the result as stated after some minor alg;ebra. O

Remark 3.5. Equation‘(S.lb) gives bounds f¢f f () g (z) dz in terms of information known
over the subintervdk, d]. Let[c;,d;] and[c,,ds] be two such subintervals with < d, and
d; —c; = A Then

(3.12) m < bf(a:)g(x)dng,

where
M =min {2d;M (f;c1,dy) + ¢ (e1,dy) , 2de M (f; ca,ds) + ¢ (c2,d2)}
and
m = max {—2ctM (f;c1,di) — ¢ (c1,dr), —2co M (f;co,da) — @ (c2,da)},
with ¢ (-, -) being as given ir{ (3.11).

Particularising the resulf (3.12) on taking = b and hence, = b — A\, ¢; = a and so
dy = a + )\, produces bounds in terms of subintervals at the enfls df That is,

b
(3.13) e < / F(2)g (@) de < M.,
where
(3.14) M, = min{2(a+ MM (f;a,a+ )+ ¢(a,a+N),

2bM (f;b—XNb)+ o (b— N\ b)}
and
me = max{—2aM (f;a,a+ ) —¢(a,a+ N),
2B =M M(f;0—=Xb) —¢(b—\b)}

with ¢ (-, -) defined in[(3.111).
For (3.14) on using (3.11), (1.2) arjd (3.6) gives
4

d(a,a+N)=(a+b) M(f;a,a+ ) — f(a:)dx——/a xf (x)dx

a+A A

and
b

b—\ 4
6(b—Mb) = (a+b) M(f;b—\b) + (x)dx—x/b of (2) da.

—-A

It may be possible that/, can either be tighter or coarser than pf'jérA f (z) dz bound in )
and similarly withm, and [ |, f (z) da.
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