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ABSTRACT. A generalised Chebychev functional involving integral means of functions over
different intervals is investigated. Bounds are obtained for which the functions are assumed to
be of Holder type. A weighted generalised Chebychev functional is also introduced and bounds
are obtained in terms of weighted Griiss, Chebychev and Lupas inequalities.
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1. INTRODUCTION

For two measurable function5sg : [a,b] — R, define the functional, which is known in the
literature as Chebychev’s functional

b b b
Ay Tieah = [t [ [y

provided that the involved integrals exist.
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2 |. BUDIMIR, P. CERONE, AND J. PECARIC

The following inequality is well known as the Gruss inequality [9]
1
(12) T (f,g:a.b)| < (M —m) (N = n),

provided thatn < f < M andn < g < N a.e. on[a, b], wherem, M, n, N are real numbers.
The constan& in ) is the best possible.

Another inequality of this type is due to Chebychev (see for example [1, p. 207]). Namely,
if f, g are absolutely continuous ¢, b] and f’, ¢’ € Lo, [a,b] and|| f'||, := ess sup |f' (t)],

tela,b]
then

1 / /
(1.3) T (f.9:0,0) < S 1 o llg'llc (0= 0)°
and the constan; is the best possible.
Finally, let us recall a result by Lupas (see for example [1, p. 210]), which states that:

1
(1.4) T (f.9:0.0)[ < = 1112 l9'll (0 —a),

providedf, g are absolutely continuous arftl ¢’ € L, [a, b]. The constant; is the best possi-
ble here.

For other Gruss type inequalities, see the books [1] and [2], and the pap€rs![3]-[10], where
further references are given.

Recently, Cerone and Dragomiir [11] have pointed out generalizations of the above results for
integrals defined on two different intervais b] and|c, d.

Define the functional (generalised Chebychev functional)

(1.5) T(f g;a,b,¢,d) := M(fg;a,b) + M (fg;c,d)
— M (f;a,0) M (g;¢,d) — M (f;c,d) M (g;a,b),
where the integral mean is defined by
b
(1.6) M (f;a,b) = 7 ! / f(z)dx.
—a/,
Cerone and Dragomir [11] proved the following result.

Theorem 1.1.Let f,¢g : I C R — R be measurable o and the intervalda, 0], [c,d] C I.
Assume that the integrals involved [in (3.12) exist. Then we have the inequality

(A7) [T (f,g:0,b,¢,d)| < [T(f;a,b) + T (fic,d) + (M (f0,6) — M (fe,d))?]?
x [T (g;a,b) + T (g;¢,d) + (M (g;a,b) — M (g ¢,d))*]*,

=

where

b b 2
(1.8) T(f;a,b) ::ﬁ/ f*(x)dx — (ﬁ/ f(x)ch)

and the integrals involved in the right membershig of|(2.3) exist.
They used a generalisation of the classical identity due to Korkine namely,

1 b pd
A9 T(gabed = gema—s [ [ (@)= 0) @)~ g) dyis
and the fact that
(110) T/ fiabe,d) =T (iab)+ T (fie.d) + (M (fa.b) ~ M (fi. )
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In the current article, bounds are obtained for the generalised Chebychev fundtiohal (1.5)
assuming that andg are of Holder type. The special case for whjchndg are Lipschitzian is
also investigated. A weighted generalised Chebychev functional is treated in $éction 3 involving
weighted means of functions over different intervals. Gruss, Chebychev and Lupas results are
utilised to obtain bounds for such a functional.

2. THE RESULTS FOR FUNCTIONS OF HOLDER TYPE

The following lemma will prove to be useful in the subsequent work.
Lemma 2.1. Leta, b, c,d € Rwitha < bandc < d. Define

b d
(2.1) Cy (a,b,c,d) ::/ / ]:C—yledydx, 0 >0,
then
(22) (0+1)(0+2)Cy(ab,c,d)=|b—c|" = |b—d"?+|d—al’® —|c—al’*”.

Proof. Let [ | denote the order in which, b, ¢, d appear on the real number line. There are six
possibilities to consider since we are given that b andc < d.
Firstly, consider the situation= o andd = b. Then

(2.3) Dy (a,b) = Cy(a,b,a,b)

b b
= //|x—y|0dydx, >0
ab aac b
= / U (x—y)eder/(y—x)@dy]dx

b
— ﬁ [(x — a)9+1 + (b— :E)GH} dx
and so
(2.4) (0 +1) (0 +2) Dy (a,b) =2 (b—a)’™.

Now, taking the six possibilities in turn, we have:
(i) For the orderindc, d, a,b], y < x giving for Cy (a, b, ¢, d)

d
(2.5) Iy (a,b,c,d) = //(x—y)edydx

= /ab U (ﬂf—y)adw/wd(y—x)gdy} dx

‘ b
= ﬁ [(x — C)9+1 —(z — d)eH] dx
and so
(2.6) (0+1)(0+2)Iy(a,b,cd)
—(b—0)""—(@-0)"+(a—d)"?* - (b—a)"
=0+1)(0+2)Cq(a,b,c,d), [c,d a,bl.
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(il) For the orderingc, a, d, b] we have
Cy (a,b,c,d)

// T —y dydx—l—//|x—y| dydx—I—// z —y)? dydx

= Iy (a,b,c,a) + Dy (a,d) + Iy (d,b,a,d)
where we have usefl (2.3) afd (2.5). Further, utilising (2.4)[anfl (2.6) gives
(2.7) (0+1)(0+2)Cy(a,b,c,d)
=b—0)"" b=+ (d— )" = (a— )", [c,a,d,b].
(ii) For the orderinga, ¢, d, b
Co (a, b, c,d)

// — 1) dyder/ / ly — x|’ dydx+//( —y)' dydz

— Iy (c,d,a,c) + Dy (c,d) + Ip (d,b, c,d),
giving, on using[(2.4) and (2.6)
(2.8) (0+1)(0+2)Cy(a,b,c,d)
=== (=" +(d—a)"? = (c—a)", [a,c,d,b].
(iv) For the orderinda, ¢, b, d]
Co (a, b, c,d)

// — ) dydx+//|x—y| dydx—l—//(y—m)edydx

= Iy (c,d,a,c)+ Dy (c,b) + Iy (b,d,c,b),
giving, from (2.4) and[(2]6)
(2.9) (0+1)(0+2)Cy(a,b,c,d)
== —d=0)""+(d—a)" = (c—a)", [a,¢,b,d].
(v) For the orderinda, b, ¢, d]
0+1)(@+2)Cy(ab,e,d)=0(0+1)1h(c,d,a,b)
and so from[(2]6)
(2.10) (0+1)(0+2)Cy(a,b,c,d)
=(d—a)" —(c—a)" + (c=b)"" = (d=b)"", [a,b,¢,d].
(vi) For the orderindc, a, d, b] , interchanging: andc andb andd in case (iii) gives
(2.11) (0 +1)(0+2)Cy(a,b,c,d)
= (d—a)" —(d=b)""+(b—0)"" = (a—&)", [c,a,b,d].
Combining [2.6) —{(2.111) produces the resylis|(2.1) 4 (2.2) and the lemma is proved.]
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Remark 2.2. It may be noticed from[(2]1) 4 (3.2) that (P.4) is recaptured ef « andd = b.

Further, the answer appears in terms of differences between a limit of one integral and the other
integral. The differences between a top and bottom limit is associated with a positive sign while
the difference between the two bottom limits or the two top limits is associated with a negative
sign. The order of the differences depends on the order of the limits on the real number line and
is taken in such a way that the difference is positive.

Theorem 2.3.Let f,¢g : I C R — R be measurable o and the intervalga, b], [c,d] C I.
Further, suppose that and g are of Holder type so that far € [a,b], y € [c, d]

(2.12) |f(x) = f(y) < Hilz—yl" and [g(z) — g (y)| < Ha |z — 9|,

where H;, H, > 0 andr,s € (0, 1] are fixed. The following inequality then holds on the
assumption that the integrals involved exist. Namely,

(2.13) (0 +1)(0+2)|T(f g:0,b,¢,d)|
H,H,
<
“(b—a)(d—
whered = r + sandT (f, g; a, b, ¢, d) is as defined by (1.5) and (1.6).
Proof. From the Holder assumptioh (2]12), we have
|(f (@) = F W) (9(2) =g (y)| < HiHy |z —y[™™*

forall z € [a,b], y € [c,d].
Hence,

[ [ t@ =)@ - 9w

C) |:|b . C‘0+2 _ ’b . d’9+2 + |d _ a’9+2 _ |C— a‘9+2 ’

b d
g/a / (F (2) = £ () (9 () — 9 (4))] dyde

b pd
S HlHQ/ / |I‘ — y|r+s dydx = H1H2Cr+s (CL, b, C, d) >

whereCy (a, b, ¢, d) is as given by[(2]2).
Now, from identity (1.9) and the above inequality readily produfes[2.13) and the theorem is
thus proved. O

Corollary 2.4. Let f,g : I C R — R be measurable o and the intervalda, b], [c,d] C I.
Further, suppose that and g are Lipschitzian mappings such that forc [a, b] andy € [c, d

|f(x) = f ()| < Lilz —yl and [g(z) — g (y)| < Lo |z —y|,
where L1, L, > 1. Assuming that the integrals involved exist, then the following inequality
holds. That s,

LyLy
T (f,g;a,b,¢,d)| <

Proof. Takingr = s = 1in Theorenj 2.8 and, = H;, L, = Hs, then from[(2.13) we obtain
the above inequality. O

[(b—¢)'—(c—a)'+(d—a)' — (b—d)].

Remark 2.5. The situation in whichy is of Holder type and is Lipschitzian may be handled
by takings = 1 and H, = L,. Further, takingl = b andc = a recaptures the results of
Dragomir [7].
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3. AWEIGHTED GENERALISED CHEBYCHEV FUNCTIONAL
Define the weighted generalised Chebychev Functional by
B1)  T(f.g:a.bcd) = M(fg;a,0)+M(fg;c.d)
—M(f;a,0)M(g; ¢, d) — M(f;c,d) M (g;a,b),
where thew—weighted integral mean is given by
1 b

(3.2 M(fia.b) = o [ wle) (@) da

[ w(z)dx Ja
with w : [a, b] — [0, 00) is integrable an® < ffw (x)dr < 0.

Theorem 3.1.Let f,g,w : I C R — R be measurable of and the intervalsa, ], [c,d] C I.
Assuming that the integrals involved @3.1) exist ghd (z) dz > 0, then we have

(3.3) |T(f,g:a,b,c,d) < [T(f10,0) + T (fie,d) + (M (f;0,b) — M (f5¢,d))’]
x [T(gia,b) + T (gic,d) + (M (g;a,b) — M (gi e, d))*]

N|=

where
(3.4) T(f;a,0) =M (f*a,b) — M (f;a,b)
and the integrals involved in the right hand side[of [3.1) exist.

Proof. It is easily demonstrated that the identity

d
w (z)w (y)

f(x) = f(y)(g(z) —g(y))drdy

holds, which is a weighted generalised Korkine type identity involving integrals over different
intervals.
Using the Cauchy-Buniakowski-Schwartz inequality for double integrals gives

(3.6) T g5a.b, e, ) S T(f, fra,0,¢,d) T (g, 950,b,¢,d),
where from|[(3.1L)

T(f, f;a,b,¢,d) = th(fz;a,b) +§m(f2;c,d) =29 (f;a,0) M (f;c,d)
and using[(3}4) gives
37 TS, frabed) =T (f50,0) + T(fie,d) + (M(f;a,0) = M(f¢,d))”

A similar identity to [3.7) holds foy and thus from[(3]6) andl (3.2), the res{ilt {3.3) is obtained
and the theorem is thus proved. O

(3.5 %(f,g;a,b,c,d) =

Jiw (x) dfﬁlfcdw(y) dy/a /
X (

Corollary 3.2. Let the conditions of Theorgm B.1 hold. Moreover, assume that
my < f < M, a.e.onfa,b], ms < f < My, a.e.onfe,d]

and
ny < g < Nj,a.e.onfa,bl, ng < g <N, a.e. ond.
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The inequality
[(M1 - m1)2 + (Mz - m2)2 +4 (Sm (fa a, b) - m(fa ¢, d)>2]%

% [(Ny = 11)” + (Np = m2) + 4 (9 (g5 0, b) — M (g; c, 4))?] 2

1T (f,g;a,b,c,d)| <

|

holds.

Proof. From (3.3) and using the fact that for the Griss inequality involving weighted means
(see for example, Dragomirl[7]), then

2 2
s(ran < (M) sthen < (M)

and similar results for the mappingeadily produces the results as stated. O

Corollary 3.3. Let f and g be absolutely continuous dnln addition, assume that’, ¢ €
Lo (I) and(a, b, [c,d] CI (I is the closure of’). Then we have the inequality

T (f,9;a,b,c,d)|

< [S @O 1 oy + 5 (0 ) 1F o+ (O (f30,8) = M (i, )]

=

% |8 (@0 19y + 5 (€)1l g + 12 (8 (g3 0.0) = M (g3, d))’]

where|| /' (o, = ess Sl[lpb]\f ()],
rE|a

N (Red) s e

Proof. Using (3.3) and the fact that the weighted Chebychev inequality (5ee [7] for example) is
such that

S (a,b) =

T(f0,0) < 5(a,0) 11 oo fayy
then, the stated result is readily produced. O

Finally, using a weighted generalisation of the Lupas inequality of G.V and |.Z. Milévani
[12], namely, forw™z f’ € Ly [a, D]
W, a, b _1 . 2
T (frah) < V00D - g
produces the following corollary.

Corollary 3.4. Let f and g be absolutely continuous (fnf’, g € Ly (I) and [a, b], [c, d] ci.
The following inequality then holds

2

+ W3 (

2,[a,b]

T (f,g,abcd)]<—{W2 (a,b) Hw 2f

2,[e.d]

=

+7r2(9ﬁ(f;a,b)—m(f5cad))2}
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1
2

+ 7 (M (g;a,b) — M (g;¢,d))* |,

o A ¥ R e e
— a w c, w
A I ’ I ea

1
b 2

o -1 2
v (/ wt |f (@) dx)

and W, (a, b) is the zeroth moment af (-) over(a, b).
Remark 3.5. If ¢ = a andd = b then prior results are recaptured.

Remark 3.6. If f andg are assumed to be of Holder type, then bounds along similar lines
to those obtained in Sectign 2 could also be obtained for the weighted Chebychev functional
utilising identity (3.%). This will however not be pursued further.

27[a7b}
where

Jois
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