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Abstract

For the classes S and K of (normalized) univalent and convex analytic func-
tions, respectively, a number of authors conjectured interesting extensions of
certain known distortion inequalities in terms of a fractional derivative operator.
While examining and investigating the validity of these conjectures, many sub-
sequent works considered various generalizations of the distortion inequalities
relevant to each of these conjectures. The main object of this paper is to give a
direct proof of one of the known facts that these conjectures are false. Several
further distortion inequalities involving fractional derivatives are also presented.

2000 Mathematics Subject Classification: 30C45, 26A33, 33C05
Key words: Distortion inequalities, analytic functions, fractional derivatives, univalent

functions, convex functions, hypergeometric function.
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1. Introduction and Definitions
LetA denote the class of functionsf (z) normalizedby

(1.1) f (z) = z +
∞∑

n=2

anz
n,

which areanalytic in theopenunit disk

U := {z : z ∈ C and |z| < 1} .

Also, letS andK denote the subclasses ofA consisting of functions which are,
respectively, univalent and convex inU (see, for details, [4], [5], and [12]).

Geometric Function Theoryis the study of the relationship between thean-
alytic properties off (z) and thegeometricproperties of theimagedomain

D = f (U) .

An excellent example of this interplay is provided by the following important
result which validates a 1916 conjecture of Ludwig Bieberbach (1896-1982):

Theorem 1. de Branges [3]. If the functionf (z) given by(1.1) is in the class
S, then

(1.2) |an| 5 n (n ∈ N \ {1} ; N := {1, 2, 3, . . .}) ,

where the equality holds true for alln ∈ N \ {1} only if f (z) is any rotation of
the Koebe function:

(1.3) K (z) :=
z

(1− z)2 =
∞∑

n=1

nzn (z ∈ U) .
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The assertion (1.2) and itswell-known(rather classical) analogue for the
classK (cf., e.g., [5, p. 117, Theorem 7]) lead us immediately to known dis-
tortion inequalities for thenth derivative of functions in the classesS andK,
respectively. Each of the following conjectures, which were made in an attempt
to extend these known distortion inequalities for the classesS andK, involves
the fractional derivative operatorDλ

z of order λ, defined by (cf., e.g.,[7] and
[9])
(1.4)

Dλ
z f (z) :=


1

Γ (1− λ)

d

dz

∫ z

0

f (ζ)

(z − ζ)λ
dζ (0 5 λ < 1)

dn

dzn
Dλ−n

z f (z) (n 5 λ < n + 1; n ∈ N) ,

where the functionf (z) is analytic in a simply-connected region of the complex
z-plane containing the origin, and the multiplicity of(z − ζ)−λ is removed by
requiringlog (z − ζ) to be real whenz − ζ > 0.

Conjecture 1. [8, p. 88]. If the functionf (z) is in the classS, then

∣∣Dn+λ
z f (z)

∣∣ 5 (n + λ + |z|) Γ (n + λ + 1)

(1− |z|)n+λ+2
(1.5)

(z ∈ U ; n ∈ N0 := N ∪ {0} ; 0 5 λ < 1) ,

where the equality holds true for the Koebe functionK (z) defined by(1.3).
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Conjecture 2. [10, p. 225]. If the functionf (z) is in the classK, then

∣∣Dn+λ
z f (z)

∣∣ 5 Γ (n + λ + 1)

(1− |z|)n+λ+1
(1.6)

(z ∈ U ; n ∈ N0; 0 5 λ < 1) ,

where the equality holds true for the functionL (z) defined by

(1.7) L (z) :=
z

1− z
=

∞∑
n=1

zn (z ∈ U) .

Forλ = 0 andn ∈ N0, Conjectures1 and2 can easily be validated by means
of the aforementioned known distortion inequalities. Each of these conjectures
has indeed been proven to be false for0 < λ < 1 andn ∈ N0 (see, for details,
[1], [2], and [6]; see also a recent work of Srivastava [11], which presents var-
ious further developments and generalizations relevant to the aforementioned
conjectures). Our main objective in this paper is to give adirect proof of the
fact that Conjecture1 is not true for0 < λ < 1 andn ∈ N0. We also derive
several further distortion inequalities involving fractional derivatives.

In our present investigation, we shall also make use of thehypergeometric
functiondefined by

F (a, b; c; z) :=
∞∑

k=0

(a)k (b)k

(c)k

zk

k!
(1.8) (

a, b, c ∈ C; c /∈ Z−0 := {0,−1,−2, . . .}
)
,
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where(λ)k denotes the Pochhammer symbol given, in terms of Gamma func-
tions, by

(1.9) (λ)k :=
Γ (λ + k)

Γ (λ)
=


1 (k = 0)

λ (λ + 1) . . . (λ + k − 1) (k ∈ N) .

The hypergeometric function is analytic inU and

(1.10) F (a, b; c; z) = F (b, a; c; z) .

Furthermore, it possesses the following integral representation:

F (a, b; c; z) =
Γ (c)

Γ (b) Γ (c− b)

∫ 1

0

tb−1 (1− t)c−b−1 (1− zt)−a dt(1.11)

(R (c) > R (b) > 0; |arg (1− z)| 5 π − ε; 0 < ε < π) .

It is easily seen from the definition (1.4) that

(1.12) Dλ
z

{
zµ−1

}
=

Γ (µ)

Γ (µ− λ)
zµ−λ−1 (0 5 λ < 1; µ > 0) ,

so that

Dλ
z

{
zµ−1 (1− z)−ν} =

Γ (µ)

Γ (µ− λ)
zµ−λ−1F (µ, ν; µ− λ; z)(1.13)

(0 5 λ < 1; µ > 0; ν ∈ R; z ∈ U) .
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Thus, for the extremal functionsK (z) andL (z) defined by (1.3) and (1.7),
respectively, by suitably further specializing the fractional derivative formula
(1.13) with µ = 2, we obtain

Dλ
z K (z) =

z1−λ

Γ (2− λ)
F (2, 2; 2− λ; z)(1.14)

(0 5 λ < 1; z ∈ U)

and (cf. [6])

Dλ
z L (z) =

z1−λ

Γ (2− λ)
F (2, 1; 2− λ; z)(1.15)

(0 5 λ < 1; z ∈ U) .
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2. Main Results Relevant to Conjecture1
We begin by proving

Theorem 2. Let0 < λ < 1. Then Conjecture1 is not true forn ∈ N.

Proof. ForL (z) ∈ S, it follows from (1.15) and the definition (1.8) that

Dλ
z L (z) = z−λ

∞∑
k=1

Γ (k + 1)

Γ (k − λ + 1)
zk(2.1)

(0 < λ < 1; z ∈ U \ {0}) ,

wherez−λ is analytic inU \ {0} and the multiplicity ofz−λ is removed by
requiringlog z to be real whenz > 0. Thus, by the definition (1.4), we have

D1+λ
z L (z) =

(
z−λ
)′ ∞∑

k=1

Γ (k + 1)

Γ (k − λ + 1)
zk + z−λ

(
∞∑

k=1

Γ (k + 1)

Γ (k − λ1)
zk

)′(2.2)

= z−1−λ

∞∑
k=1

Γ (k + 1)

Γ (k − λ)
zk (0 < λ < 1; z ∈ U \ {0}) .

By the principle of mathematical induction, it can be shown by using (2.2) that

Dn+λ
z L (z) = z−n−λ

∞∑
k=1

Γ (k + 1)

Γ (k − λ− n + 1)
zk(2.3)

=
z1−n−λ

Γ (2− n− λ)
F (2, 1; 2− n− λ; z)
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(0 < λ < 1; n ∈ N; z ∈ U \ {0}) .

Upon settingz = r (0 < r < 1) in (2.3), if we let r → 0, it is easily seen
that

(2.4) Dn+λ
z L (z)

∣∣∣∣
z=r

→∞ (r → 0; 0 < λ < 1; n ∈ N) .

On the other hand, if Conjecture1 is true, the claimed assertion (1.5) readily
yields

(2.5)
∣∣Dn+λ

z L (z)
∣∣ 5 M (n; λ) (|z| → 0; 0 < λ < 1; n ∈ N) ,

whereM (n; λ) is a (finite) constant depending only onn andλ. This contra-
diction with (2.4) evidently completes the proof of Theorem2.

Next we prove

Theorem 3. Let the functionf (z) be in the classS. Then∣∣Dλ
z f (z)

∣∣ 5 r1−λ

Γ (1− λ)

∫ 1

0

1 + rt

(1− t)λ (1− rt)3
dt(2.6)

(r = |z| ; z ∈ U ; 0 < λ < 1) ,

where the equality holds true for the Koebe functionK (z) given by(1.3).

Proof. Suppose that the functionf (z) ∈ S is given by (1.1). Then, by using
(1.12) in conjunction with (1.1), we obtain

Dλ
z f (z) = z−λ

∞∑
k=1

Γ (k + 1)

Γ (k − λ + 1)
akz

k(2.7)

(a1 := 1; 0 < λ < 1; z ∈ U) ,
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where the multiplicity ofz−λ is removed as in Theorem2.
By applying the assertion (1.2) of Theorem1 on the right-hand side of (2.7),

we have ∣∣Dλ
z f (z)

∣∣ 5 r−λ

∞∑
k=1

Γ (k + 1)

Γ (k − λ + 1)
krk

=
r1−λ

Γ (2− λ)

∞∑
k=0

(2)k (1)k

(2− λ)k

(k + 1) rk

k!
(2.8)

=
r1−λ

Γ (2− λ)
(rF (2, 1; 2− λ; r))′

(r = |z| ; z ∈ U ; 0 < λ < 1) .

Since0 < 1 < 2− λ (0 < λ < 1) , we can make use of the integral representa-
tion (1.11), and we thus find that

(2.9) (rF (2, 1; 2− λ; r))′ = (1− λ)

∫ 1

0

1 + rt

(1− t)λ (1− rt)3
dt,

which, when substituted for in (2.8), immediately yields the assertion (2.6) of
Theorem3.

Finally, by taking the Koebe functionK (z) for f (z) in (2.6), we can see
that the result is sharp.

Remark1. Theorem3 can also be deduced by applying the casen = 0 of a
known result due to Choet al. [2, p. 120, Theorem 3].

Remark2. By comparing the assertions (2.6) and (1.5) with n = 0, it readily
follows that Conjecture1 is not true also whenn = 0 and0 < λ < 1.
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3. A Distortion Inequality Involving the Hyperge-
ometric Function

In this section, we prove a distortion inequality involving the hypergeometric
function, which is given by

Theorem 4. Let the functionf (z) be in the classS. Then

∣∣D1+λ
z f (z)

∣∣ 5 r−λ

Γ (1− λ)
(rF (2, 1; 1− λ; r))′(3.1)

(r = |z| ; z ∈ U \ {0} ; 0 < λ < 1) ,

where the equality holds true for the Koebe functionK (z) given by(1.3).

Proof. For the functionf (z) ∈ S given by (1.1), it follows from (2.7) and the
definition (1.4) that

D1+λ
z f (z) = z−1−λ

∞∑
k=1

Γ (k + 1)

Γ (k − λ)
akz

k(3.2)

(a1 := 1; 0 < λ < 1; z ∈ U \ {0}) ,

sincez−λ is analytic inU \ {0} .

Applying the assertion (1.2) of Theorem1 once again, we find from (3.2)
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that

∣∣D1+λ
z f (z)

∣∣ 5 r−1−λ

∞∑
k=1

Γ (k + 1)

Γ (k − λ)
krk

=
r−λ

Γ (1− λ)

∞∑
k=0

(2)k (1)k

(1− λ)k

(k + 1) rk

k!
(3.3)

=
r−λ

Γ (1− λ)
(rF (2, 1; 1− λ; r))′

(r = |z| ; z ∈ U \ {0} ; 0 < λ < 1) ,

which proves the inequality (3.1).
By taking the Koebe functionK (z) for f (z) in (3.1), we thus complete our

direct proof of Theorem4.

Remark3. The assertion (3.1) of Theorem4 can also be proven by appealing to
the casen = 1 of the aforementioned known result due to Choet al. [2, p. 120,
Theorem 3].
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