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ABSTRACT. Recently, S.S. Dragomir used the concavity property of the log mapping and the
weighted arithmetic mean-geometric mean inequality to develop new inequalities that were then
applied to Information Theory. Here we extend these inequalities and their applications.
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1. INTRODUCTION

One of the most important inequalities is the arithmetic-geometric means inequality:
Leta;, p;, ¢ =1,...,n be positive numbers;, = >"" | p;. Then
n . 1 n
1.1 ' < =N pa,
(L1) [l <53
with equality iffa; = - - - = a,.
It is well-known that using[(I]1) we can prove the following generalization of another well-
known inequality, that is Holder’s inequality:
Letp,;, ¢; (1 =1,...,m; j=1,...,n) be positive numbers wit),, = >, ¢;. Then

4

n m

(1.2) ZH(PU)‘;; < H (ZPij) : :

j=1 i=1 j=1

In this note, we show that using (1.1) we can improve some recent results which have applica-
tions in information theory.
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2 B. MOND AND J. PECARIC

2. AN INEQUALITY OF |.A. ABOU-TAIR AND W.T. SULAIMAN

The main result from [1] is:
Letp;;, ¢; (i=1,...,m; j=1,...,n) be positive numbers. Then

(2.1) > T wg)en < Ql > i

j=1 i=1 i=1 j=1

Moreover, set inl)n =m, pi = ¢, a; = Y pi;- \We now have

m n Qm m n
(2.2) 11 (ZPU‘) < QL Z (Z pij%) :
Now (1.2) and[(Z.2) give

qi

23 1o <[ (Sn) " < -3 S

=1 i=1 j=1 i=1 j=1

which is an interpolation of (2]1). Moreover, the generalized Holder inequality was obtained in
[1] as a consequence ¢f (R.1). This is not surprising since (2.1), ferl, becomes

m

H(pzl)Qm ~ Q szl%

= =1

which is, in fact, the A-G inequality (1.1) (set = n, p;; = a; andg; = p;). Theorem 3.1 in
[1] is the well-known Shannon inequality:
Given > " ja;=a, y..  b;=0. Then

aln (%) < Zn:ailn (%), a;, b; > 0.

It was obtained froni (2]1) through the special case

n b o b
2.4 - < =,
(2.4) H() <!

Let us note that[ (2]4) is again a direct consequence of the A-G inequality. Indeéd,]|in (1.1),
settinga; — b;/a;, p; — a;, i = 1,...,n we have[(2.4). Theorem 3.2 froml[1] is Rényi's
inequality. Given ", a; = a, Y .-, b; = b, thenfora > 0, # 1,

1 « —Q S 1 [0 —
a—l(a bt _a>§2a_1(aibil —a;); a;, b; > 0.

i=1

In fact, in the proof given in [1], it was proved that Holder’s inequality is a consequenie pf (2.1).
As we have noted, Holder’s inequality is also a consequence of the A-G inequality.

3. ON SOME INEQUALITIES OF S.S. DRAGOMIR

The following theorems were proved in [2]:
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APPLICATION OF THEAG INEQUALITY TO INFORMATION THEORY. 3

Theorem 3.1.Leta; € (0,1) andb; > 0(: = 1,...,n). If p;, > 0 (i = 1,...,n) is such that
>or,pi=1,then

(3.1) exp [sz szaZ] > exp [Zpi (Z—) - 1]

V4
H\: 3
RS
&8
N~

S
S

> exp|1—) p; (]ﬁ)
a;
L i=1 i
> exp Zpiai —sz‘bz'
L =1 i=1 i
with equality iffa; = b; forall i € {1,...,n}.
Theorem 3.2.Leta; € (0,1) (i = 1,...,n)andb; >0 (j = 1,...,m). Ifp; > 0 (i =

1,...,n)issuchthaty”!  p, = 1 andg; =0 (j=1,....m)is such tha® ™", ¢; = 1, then
we have the inequality

(3.2) exp (Zpia? ZZ—] - Zpiai> > [ Z Pig; <—) L 1]
i=1 =17 =1

=1 :

v

v

exp [1 Y (b_)]

i=1 j=1 v

> exp (Zpiai — qubj) :
i=1 j=1

The equality holds i (3|2) iff, = - - = a, =by = -+ - = bp,.
First we give an improvement of the second and third inequality i (3.1).
Theorem 3.3.Leta;, b; andp; (i = 1,...,n) be positive real numbers with'}" , p; = 1. Then

a; -1 n a;
a; a;
: il =) — > i
(3.3) exp [p ( bé) 1] i§lp ( bi)

with equality iffa; = b;, i =1,...,n
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4 B. MOND AND J. PECARIC

Proof. The first inequality in[(3]3) is a simple consequence of the following well-known ele-
mentary inequality

(3.4) e 1 >g, forallz e R

with equality iff z = 1. The second inequality is a simple consequence of the A-G inequality
thatis, in (1.1), set; — (a;/b;)%, i = 1,...,n. The third inequality is again a consequence of
(1.3). Namely, fora; — (b;/a;)*, i =1,...,n, (1.1) becomes

n b; aip; n b; a;
g(;) =2 m (%)

which is equivalent to the third inequality. The last inequality is again a consequece of(3.4).

Theorem 3.4.Leta; € (0,1)andb; >0 (i =1,...,n). If p;, >0, i = 1,...,nis such that
Yo, pi =1,then

(3.5) exp [Zm (Z—) - Zpiail > exp [Zpi (Z—) - 1]
n a; a;

v

=1

n bz a; | —
[Z;pz‘ (a—z) ]

_ . "
i3 (2]
L i=1 v
exp Zpiai - Zpibi]
L i=1 i=1

v

v

v

with equality iffa; = b; forall i =1,... n.
Proof. The theorem follows from Theorerps B.1 a3.

Theorem 3.5.Leta;, p; (i =1,...,n); b;, ¢; ( =1,...,m) be positive numbers with
2?21 Di = ZT:l q; = 1. Then

(3.6) exp [Z > i (Z—) -~ 1] > > pigs (Z—)
i=1 j=1 J i=1 j=1 J
ﬁ a?ipz
> i=1
I ()=

vV
| — |
& 3
g
—
S
sy
N
8 |&
~_
Q
[
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-1

n m b a;

> exp [1 > pig (a—J) ] :
i=1 j=1 !

Equality in (3.6) holds iff; = --- = a,, = b; = - -+ = by,.

Proof. The first and the last inequalities are simple consequencpgs pf (3.4). The second is also a

simple consequence of the A-G inequality. Namely, we have

n

H ?Zpl nom a; \ “Po
H(;’])L HH( ) Zqu( ) ,

J=1

which is the second inequality ip (3.6). By the A-G inequality, we have

() <5250 (2)

i=1j=1 i=1 j=1

which gives the third inequality i) (3.6j
Theorem 3.6. Let the assumptions of Theorgm|3.2 be satisfied. Then

(3.7) exp [Zpiafz (Z—]) - sz‘ai] > exp [Z szqg (a%) - 1]
i=1 j=1 7 i=1

i=1 j=1

(Y

vV
1
3
[

=

S
PR
& |&
~
S
8

Vv

exp |1 — ZZI%% (%) ]
> exp sz'ai - Zijj] :

Equality holds in[(3.]7) iffy = --- = a,, = by = - -+ = by,.
Proof. The theorem is a simple consequence of Theofenjs 3.2 anal 3.5.

4. SOME INEQUALITIES FOR DISTANCE FUNCTIONS

In 1951, Kullback and Leibler introduced the followiristance functionn Information
Theory (see [4] or [5])

- P
i=1 ¢
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6 B. MOND AND J. PECARIC

provided thap,q € R, := {z = (z1,...,2,)e R", 2; > 0, i = 1,...,n}. Another useful
distance function is thg2-distancegiven by (see([5])

LIS Q.
(42) DXQ(pv Q) = Z%a
i=1 v

wherep, ¢ € R, . S.S. Dragomir[2] introduced the following two new distance functions

(4.3) Py(p,q) := i Kg)p - 1}

i=1 @i

and

@ a2 [-() ]

providedp, ¢ € R , . The following inequality connecting all the above four distance functions
holds.

Theorem 4.1.Letp,q € R} withp; € (0,1). Then we have the inequality:

1
> nln[ —)ng, —|—1}
n
> KL(p,q)
1
> —nln {— (—) Pl(p,q)+1]
n
> Pi(p,q)
Z Pn_Qn7

whereP, =" p; =1, Q, = >, ¢;. Equality holds in[(4.p) ifp; = ¢; (i = 1,...,n).

Proof. Set in [3.5),p; = 1/n, a; = p;, b = ¢; (i = 1,...,n) and take logarithms. After
multiplication byn, we get[(4.5) 1

Corollary 4.2. Letp, q be probability distributions. Then we have

(4.6) D\2(p,q) > Pa(p,q)

nln [(%) Po(p,q) + 11

KL(p.q)
i ()
Py(p,q) > 0.

AV AV V4

v

Equality holds in[(4.6) ifp = q.
Remark 4.3. Inequalities[(4.5) and (4.6) are improvements of related results in [2].
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5. APPLICATIONS FOR SHANNON’S ENTROPY

The entropyof a random variable is a measure of the uncertainty of the random variable,
it is a measure of the amount of information required on the average to describe the random
variable. Letp(z), x € x be a probability mass function. Define tBannon’s entropy of a
random variableX having the probability distributiop by

(5.1) =Y p(z log
TEX
In the above definition we use the convention (based on continuity argumenﬂs)d@{tg) =

0 andplog (2) = co. Now assume thdt| (card(x) = |x|) is finite and letu(z) = &‘ be the
uniform probability mass function ig. It is well known thatl[[5, p. 27]

(5.2) Zp log( >) = log |x| — H(X).

xex )
The following result is important in Information Theory [5, p. 27]:
Theorem 5.1.Let X, p and y be as above. Then

(5.3) H(X) < log|x|,
with equality if and only ifX has a uniform distribution ovey.

In what follows, by the use of Corollafy 4.2, we are able to point out the following estimate
for the differenceog | x| — H(X), that is, we shall give the following improvement of Theorem
9 from [2]:
Theorem 5.2.Let X, p andx be as above. Then

(5.4) XEX) =12 [IxPP“p —1]
xrex
> |x|In Z X [P [p()]P)
[x| Xl &
> In|x| — H(X)

o g

xTEX

>Z|X\p 2 —1] >0,

[ASH'S
where E(X) is the informational energy ok, i.e., E(X) := > . p*(z). The equality holds
in)iffp x) = forallz € y.

Proof. The proof is obvious by Corolla. 'y 4.2 by choosingy) = 7.

L
[x|
6. APPLICATIONS FOR MUTUAL INFORMATION
We considemutual informationwhich is a measure of the amount of information that one
random variable contains about another random variable. It is the reduction of uncertainty of
one random variable due to the knowledge of the other [6, p. 18].

To be more precise, consider two random variablfeandY with a joint probability mass
function r(x,y) and marginal probability mass functiop$r) andq(y), = € X, y € .

J. Inequal. Pure and Appl. Math2(1) Art. 11, 2001 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

8 B. MOND AND J. PECARIC

The mutual information is the relative entropy between the joint distribution and the product
distribution, that is,

1) = Y rtetog (5) < i)
TEX,YEY

The following result is well known [6, p. 27].
Theorem 6.1. (Non-negativity of mutual information). For any two random variables”

(6.1) I(X,Y) >0,
with equality iff X andY” are independent.

In what follows, by the use of Corollafy 4.2, we are able to point out the following estimate
for the mutual information, that is, the following improvement of Theorem 11lof [2]:

Theorem 6.2.Let X andY be as above. Then we have the inequality

Syt oy () |

e 2.2
> x| [Y]in [ E e )ru,y)]
> I(X.,Y)
> —|x| |y|1n{ o Z;%Zy (pigq; )m,y)
r(z,y)
>ZZy[ ( @)) ]20-

The equality holds in all inequalities iff andY” are independent.
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