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Abstract

Some inequalities for the dispersion of a random variable whose pdf is defined
on a finite interval and applications are given.
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In this note we obtain some inequalities for the dispersion of a continuous ran-
dom variableX having the probability density function (p.d.ff)defined on a
finite interval(a, b].

Tools used include: Korkine’s identity, which plays a central role in the proof
of Chebychev’s integral inequality for synchronous mapping3, [Holder’s
weighted inequality for double integrals and an integral identity connecting the Some Inequalities for the
variances? (X) and the expectatioft (X). Perturbed results are also obtained ~,, Deperon ofarandon
by using Griss, Chebyshev and Lupas inequalities. In Section 4, results from on a Finite Interval
an identity involving a double integral are obtained for a variety of norms.
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Let f : [a,b] C R — R, be the p.d.f. of the random variahle and

F(X) = /btf(t)dt

its expectatiorand

=

2

o (X) = Uab(t—E(X)ff(t)dtr - [/athf(t)dt— B (X))

its dispersionor standard deviation.
The following theorem holds.

Theorem 2.1. With the above assumptions, we have

' Mwnw provided f € L, [a,b]
V2(b—a) "4
21) 0<o(X)<{ Y277 , provided f € L,a,b
(21) 0<o(X) < s — |IfIl,, P f [a, b]
and p>1,£—|—5:1;
V3(b—a)
\ 2 :

Proof. Korkine’s identity [24], is

b b
(2.2) / / t>g<>h<>dt—/p(t)g(t)dt-/p<t>h<t>dt

/ / (t) = 9(5)) (h () — h (s)) drds,
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which holds for the measurable mappingg, . : [a,b] — R for which the
integrals involved in Z.2) exist and are finite. Choose i2.Q) p(t) = f (¢),
g(t)y=h(t)=t—E(X),t € [a,b] to get

(2.3) //f ) (t — )2 dtds .

It is obvious that

Some Inequalities for the
Dispersion of a Random

(2 4) / / f t — S) dtds Variable whose PDF is Defined

on a Finite Interval

b b
< sw [FOFG) [ [ =) dras
(t,5)€la,b]? a Ja John Roumeliotis
(b— a)4 2
= % .
Title Page
and then, byZ.3), we obtain the first part of2(1). CamiETE

For the second part, we apply Holder’s integral inequality for double inte-
grals to obtain 44 >

| >
t— ditd
/ / f(t S) S Go Back

</ [rorou) ([ [ o) o

(b— a)2q+2
(¢+1)(2¢+1)
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wherep > 1 and}lo + % = 1, and the second inequality i.Q) is proved.
For the last part, observe that

//f s)(t—s)’dtds < sup (t—s) //f s) dtds
(t,5)€la,b]?

= (b—a)’
as Some Inequalities for the
b b b b Dispersion of a Random
Variable whose PDF is Defined
/ / / (t) / (3) dtds = / / (t) dt/ / (3) ds = 1. on a Finite Interval
a a a a
] Neil S. Barnett, Pietro Cerone,

Sever S. Dragomir and

Using a finer argument, the last inequality ih1) can be improved as fol- Jonn Roumeliotis

lows.
Title P
Theorem 2.2. Under the above assumptions, we have me rage
1 Contents
(2.5) 0<o(X)<5(b-a). < 33
Proof. We use the following Griss type inequality: < >
b 2 Go Back
p(t t)dt L P(t)g(t)dt 1
(2.6) 0< f ) (f b< )9 (1) ) < 1 (M —m)?, Close
fa p(t Jo p(t) dt |
- . - . QUIt
provided thalb, g are measurable dn, b] and all the integrals inX 6) exist and Page 6 of 41

are finite, f p(t)dt > 0andm < g < M a.e. onla,b]. For a proof of this
inequality see ]
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Choose in2.6), p(t) = f(t),g() t — E(X),t € [a,b]. Observe that
in this casen = a— E(X), M =b— FE(X) and then by Z.6) we deduce

(2.5). 0

Remark2.1 The same conclusion can be obtained for the chpigé = f (¢)
andg (t) =t,t € [a,b].

The following result holds.
Theorem 2.3.Let X be arandom variable having the p.d.f. givenpy/a, b] C
R — R. Then for any: € [a, b] we have the inequality:
(2.7) o> (X)+ (z — E(X))?
((b—a) [S5E 4 (2= #2)°] I/, provided f € Luofa,8];

IN

b—z)29F1 )2a+1
[t ) gy

[ (55 =)

Proof. We observe that

provided f e L,[a,b],p>1,
and ste=1

(2.8) /(x—t)2f(t)dt = /(m2—2xt+t2)f(t)dt

— xQ—QxE(X)+/bt2f(t)dt
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and as
(2.9) o (X) = / 2 () dt — [E (),

we get, by £.8) and @.9),

Some Inequalities for the
Dispersion of a Random

which is of interest in itself too. Variable whose PDF is Defined
We observe that on a Finite Interval

(2.10) [z — EX) +0%(X) = / (z —t)° f () dt,

Neil S. Barnett, Pietro Cerone,

k 2 Sever S. Dragomir and
/ (iU - t) f (t) dt < ess Sup] ‘f ‘ / T — t John Roumeliotis
a te€la,b

= iy, = ‘*3‘(“‘” Tite Page

6 o (b— a)2 .\ a+b\2 Contents
- @ oo | 779 T «“ 33
and the first inequality in4.7) is proved. < 4
For the second inequality, observe that by Holder’s integral inequality, Go Back
b b . b 3 Close
[e-rroa < ([ row) ([ «-va) it
" [(b_x)2q+1 + (xa)2q+1]é Page 8 of 41
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and the second inequality ig.(/) is established.
Finally, observe that,

/(x—t)zf(t)dt < sup (ac—t)2/ f(t)dt

t€[a,b]

= max {(z — a)Q,(b—x)Z}

2 L
= (maX {l‘ —a, b— x}) Some Inequalities for the
2 Dispersion of a Random
b—a a+b Variable whose PDF is Defined
= 9 + |z — 5 ) on a Finite Interval

. Neil S. Barnett, Pietro Cerone,
and the theorem is proved. O Sever S. Dragomir and
John Roumeliotis

The following corollaries are easily deduced.

Corollary 2.4. With the above assumptions, we have Title Page
(2.11) 0 < o(X) Contents
( 1 [ (p—a)? @ 2 % 1 44 44
(- a)? |45 + (B () - =2)°) AL .
provided f € L, [a,b];
Go Back
< |:(b—E(X))2q+l+(E(X) Qq“} % ”fo Close
2q+1 p’ Quit
ul
if felL,la,b],p>1and:+1=1;
b Page 9 of 41
boe 4 |E(X) — 2.
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Remark2.2 The last inequality in4.12) is worse than the inequality2(5),
obtained by a technique based on Griiss’ inequality.

The best inequality we can get frora.{) is that one for whichx = “T*” and
this applies for all the bounds since

| (b=a) ( a+b)2 (b—a)*
min + |z — = ,
z€[a,d] 12 2 12 Some Inequalities for the
Dispersion of a Random
. (b — l‘)2q+1 -+ ($ — a)2q+1 (b — )2q+1 Variable whose PDF is Defined
;él[g},] 2q 1 = 924 (26] T 1) s on a Finite Interval
Neil S. Barnett, Pietro Cerone,
and Sever S. Dragomir and
. b—a a-+b b—a John Roumeliotis
celod { SR } 2
Consequently, we can state the following corollary as well. Title Page
Corollary 2.5. With the above assumptions, we have the inequality: CRIMENES
b2 44 44
a—+
(212) 0 < o*(X)+ [E (X) — ; } < S
Ol |||l provided f € Lu[a,b]; Co Back
Close
(b—a)=?"" 2q+1
S < 2+1)q Hf||p7 fGLP [aab]7p> 17 QUit
and % + é =1 Page 10 of 41
b—a)?
\ ( . )
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Remark2.3. From the last inequality in2(12), we obtain

(2.13) 0<?(X)<(b—EX)(EX)—a)<=(b—a),

B |

which is an improvement or2(5).
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In 1935, G. Gruss (see for exampi&]) proved the following integral inequal-
ity which gives an approximation for the integral of a product in terms of the
product of the integrals.

Theorem 3.1.Let h,g : [a,b] — R be two integrable mappings such that Some Inequalities for the
Di i f a Rand
¢ < h(x) <Pandy < g(z) < T forall x € [a,b], wherep, ®,~,T" are real e CIE SLIIL
numbers. Then, on a Finite Interval
1 Neil S. Barnett, Pietro C ,
(31) |T (h, g)| < Z (@ - ¢) (F - '7) ) : Seveirirsn.eDraglgnrwci)r aiiione
John Roumeliotis
where
1 b Title Page
@2 Ty = o [ h@g@d :
b—aJ, Contents
1t R
—b_a/Gh(x)dx-b_a/ag(:B)dx <« >
- . . - < ’
and the inequality is sharp, in the sense that the cons}antnnot be replaced
by a smaller one. Go Back
Close

For a simple proof of this as well as for extensions, generalisations, discrete
variants and other associated material, seg pnd [1]-[ 21] where further ref- Quit
erences are given.

A ‘premature’ Griss inequality is embodied in the following theorem which
was proved in?3]. It provides a sharper bound than the above Gruss inequality.

Page 12 of 41
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Theorem 3.2. Let h, g be integrable functions defined om, b] and letd <

g(t) < D.Then

D—d
2

N|=

(3.3) T (h,g)| < T (h, b,

whereT (h, g) is as defined in3.2).

Theorem3.2will now be used to provide a perturbed rule involving the vari-
ance and mean of a p.d.f.

In this subsection we develop some perturbed results.

Theorem 3.3.Let X be arandom variable having the p.d.f. givenpy/a, b] C
R — R,. Then for anyr € [a,b] andm < f (x) < M we have the inequality

(34) [Py (z)]
a S R P15 3) e (x_a;b)Q
< M;m ' (b\;%)z [(b;a>2+15 <x— a+b)
< (M —m) <b¢‘4_z)3.
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Proof. Applying the ‘premature’ Griss resulB.() by associatingy (¢) with
f(t)andh(t) = (z —t)*, gives, from 8.1)-(3.3)

(3.5)

b—a

/<x—ﬁfamw—

/ab(x—t)th- bf(t)dt‘

where from 8.2)

(3.6) T(h,h):bia/ab(:c—t)‘Ldt— [bia/ab(x—tfdt] |

Now,

3.7) ﬁ/ (x—1)%dt — (x_g)(bt(s)_z)

B 1/b—a 2+ I_a—kb 2
3\ 2 2

L @—af et (b—a)
b—a/a(x_t) dt = 5(b—a)

giving, for (3.6),

(3.8) 45T (h.h) =9 [(x R ﬂ -5 [@ —a) 4 b x>3]

and

b—a
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LetA=x—aandB =b— zin (3.8 to give
A® + B A® + B*\?
45T (. h) _9<A+B>_5CZ:§)
= 9[A'— A*B+ A’B? — AB® + B*] - 5[A* - AB + B’
= (44 —7AB+4B%) (A+ B)°

A+ B\’ A- B\’
5 +15 5
Using the facts thatl + B =b —aandA — B = 2z — (a + b) gives
2 2 2
(3.9) mehyzw_“)[(b_“>-+w(x—a;b)

(A+B)*.

45 2
and from (.7)
1 b ) A+ B3
b—al(x_ﬂdt_ 3(A+B)
1
= 3 [AQ—ABJFB?]
1 (A+B)2 (A—B)2
- = +3(=—= ,
3 2 2
giving

(3.10) géalax—ﬂ%ﬁzw_“y+<x—“+€y.
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Hence, from 8.5), (3.9 (3.10 and .10, the first inequality in 8.4) results.
The coarsest uniform bound is obtained by takingt either end point. Thus
the theorem is completely proved. O

Remark3.1 The best inequality obtainable frorf.{) is atx = “T“’ giving

_a+b)? (b—a)
2 12

<M—m(b—a)3
=12 5

The result 8.11) is a tighter bound than that obtained in the first inequality
of (2.12 since0 < M —m < 2||f]| ...

For a symmetric p.d.f.E (X) = “T“’ and so the above results would give
bounds on the variance.

The following results hold if the p.d.f (z) is differentiable, that s, fof (x)
absolutely continuous.

Theorem 3.4. Let the conditions on Theoregnl be satisfied. Further, suppose
that f is differentiable and is such that

11l == sup |f (t)] < oo.

(3.11)

o (X) + [E(X)

t€la,b]

Then

(3.12) Pe (@) < 21 1),
\/ﬁ 00

wherePy (x) is given by the left hand side df.¢) and,

I(z) = (ng)Q [(b;a)2+15 (:E— “"2”’)2

1
2

(3.13)
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Proof. Let h,g : [a,b] — R be absolutely continuous arid, ¢’ be bounded.
Then Chebychev’s inequality holds (se€])

b—a)?
17 (.g) < P25 sup 1 ()] sup 1o 0.
t€la,b) t€a,b]
Matic, P&aric and Ujeve [23] using a prematuré Griss type argument proved
that

7 01,9) < 22 s 1 (0] VTG

Associatingf (-) with ¢ (-) and(z — -)* with 4 (-) in (3.13 gives, from 8.5) and

(3.9, I(z) = (b—a)[T (h,h)]2, which simplifies to 8.13 and the theorem is
proved. ]

(3.14)

Theorem 3.5. Let the conditions of Theoret3 be satisfied. Further, suppose
that f is locally absolutely continuous dia, b) and letf’ € L, (a,b). Then

bh—
— 17l 1 (@),

wherePy () is the left hand side of3(4) and [ (z) is as given in §.13).

(3.15) [Py ()] <

Proof. The following result was obtained by Lupas (s2€d]. Forh, g : (a,b) —
R locally absolutely continuous ofa, b) andh’, ¢’ € Ls (a,b) , then

(b—a)?
T (b, g)| < ——— |1 1|15

T2
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where X
; 1 b ) b
||]€H2 = m ’k(t)‘ for k € L2 (a,b).

Mati¢, P&aric and Ujeve [27] further show that

(3.16) 7 (hg) < *— I VT ).

Associatingf (-) with ¢ (-) and (z — -)* with A in (3.16) gives @.15, where
I (z)isasfounding.13, since from8.5and 3.9, (x) = (b —a) [T (h, h)]%.
U

Let
(3.17) S (h(z)) = h(z) — M (h)
where

(3.18) M () = bia /abh(u) du.
Then from @.2),

(3.19) T (h,g) = M (hg) — M (h) M (g).
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Dragomir and McAndrew 9] have shown, that
(3.20) T (h,g) =T (S(h),S5(g))

and proceeded to obtain bounds for a trapezoidal rule. lde@i)(is now
applied to obtain bounds for the variance.

Theorem 3.6. Let X be a random variable having the p.d.ff : [a,b] C
R — R,. Then for anyr € [a, b] the following inequality holds, namely,

(3.21) Py (2)] < §V3 ()

=g e talan,

where Py, (z) is as defined by the left hand side 6f4), andv = v (z) =
) (a2’
3 2 2 )

Proof. Using identity 3.20), associate witlh (-), (x — -)*> and f (-) with g (-).
Then

(3.22) / (x— 2 f (£ dt — M ((z — %)
:/ [(x—t)2 -~ M ((z - .)2)] [f(t) — bia} dt,

where from 8.198),
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and so

(3.23) SM ((z —+)%)

I
VRS
o>
o | |
)
~__
[\]
+
w
VRS
5]
|
)
N |+
>
~_
[\]

Further, from 8.17),
S((x—))=(x—1t)°-M(x~-)°

Some Inequalities for the

and so, on USiI’l(\fﬁ(Z& Dispersion of a Random
Variable whose PDF is Defined
2 2 on a Finite Interval
1/b—a a+b
2\ 2
(3-24) S ((x - ) ) - (x - t) - g ( 9 ) - (l’ - 9 : Neil S. Barnett, Pietro Cerone,

Sever S. Dragomir and
John Roumeliotis

Now, from 3.22 and using 2.10), (3.23 and (.24), the following identity is

obtained
) ) Title Page
(3.25) o* (X)—l—[x—E(X)]Q—% [(b;a) +3<x— a—;b) Contents
b 44 44
= / —1)° t) — L) o
—GS((ﬂf D) (@) = 5— ) dt, < >
Go Back

whereS (-) is as given by §.24). Taking the modulus of3 25 gives
Close

/abs ((x—1)%) (f (t) — ﬁ) dt‘ . Quit

Page 20 of 41

(3.26) [Py ()] =

Observe that under different assumptions with regard to the norms of the p.d.f.
f () we may obtain a variety of bounds.
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For f € L [a,b] then

b
(327 [Py ()] < Hf(-)—ﬁ“ [ 18 (=02
Now, let
(3.28) S(z—t))=(t—a)?-12=(t—-X_)(t—X,),

where

(3.29) Vo= M((z—)%)
_ (z—a)’ + (b—2)
3(b—a)
1(b—a\’ a+b\’
)
and
(3.30) X =z—v, X, =x+v.
Then,
(3.31) H(t) = /s((:c—t)2)dt
= /[(t—x)Q—VQ}dt
= @—zﬂwk
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and so from 8.31) and using 8.28 - (3.29 gives,

63aﬁ/\50x—03|ﬁ
= H (X)) = H(a) = [H(Xy) = H (X )]+ [H (b) = H (Xy)]
(

=2[H (X_)— H(X,)|+ H(b) - H (a)
1/3 1/3
= {__ — V2X_ - — + ]/2X+} Some Inequalities for the
3 3 Dispersion of a Random
3 3 Variable whose PDF is Defined
n (b - x) _ I/Qb 4 (.% - CL) i y2a on a Finite Interval

3 3 3 Neil S. Barnett, Pietro Cerone,
_ [21/3 . gy?, + (b - :L‘) + ($ - a) _ 2 (b B a) Sever S. Dragomir and
3

John Roumeliotis

3
8 3
— 37 Title Page
Thus, substituting into3.27), (3.26) and using 8.29 readily produces the result Contents
(3.21) and the theorem is proved. O P o
Remark3.2 Other bounds may be obtained fére L, [a,b], p > 1 however
.. . . . L ! < 4
obtaining explicit expressions for these bounds is somewhat intricate and will
not be considered further here. They involve the calculation of Go Back
sup |(t — z)® — V?| = max {|(z — a)’ — 12|, v (b — z)® — v} Close
tela,b] Quit
for f € Ly [a,b] and
1 Page 22 of 41

b q q
2
(/ (t —2)" =7 dt)
a J. Ineq. Pure and Appl. Math. 2(1) Art. 1, 2001

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:neil@matilda.vu.edu.au
mailto:pc@matilda.vu.edu.au
mailto:sever@matilda.vu.edu.au
mailto:johnr@matilda.vu.edu.au
http://jipam.vu.edu.au/

for f € L,a,b], + + % =1,p > 1, wherev? is given by 38.29.

1
p
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We start with the following lemma which is interesting in itself.

Lemma 4.1. Let X be a random variable whose probability density function
f : [a,b] — R, is absolutely continuous dn, b|. Then we have the identity

(b—a)2+ Ca+b)?
12 Ty

bia /ab/ab (t—x)’p(t,s) [ (s)dsdt,

(4.1) o*(X)+[E(X) -]’ =

+

where the kerneb : [a,b]* — R is given by

s—a, fa<s<t<hp,

p(t,s) =

s—=0b ifa<t<s<h,

for all z € [a, b].

Proof. We use the identity (se€ (10)

(4.2) o?(X)+ [E(X)—a]* = / (x—t)% f(t)dt

forall z € [a, b].
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On the other hand, we know that (see for exampid for a simple proof
using integration by parts)

1 b 1 b
b—a/a f<5>d8+m/a p(t,s) ' (s)ds
forallt € [a, b].

Substituting 4.3) in (4.2) we obtain Some Inequalities for the
Dispersion of a Random

(4.3) f(t)=

Variable whose PDF is Defined

(4 4) ( ) + [E (X on a Finite Interval
- [a-ap [b_a [ s+ [ ot 0y a
a1 ) John Roumeliotis
=5 5[(x—a (b—:z:)3]
Title Page
t —x)"p(t,s) f'(s)dsdt. Contents
Taking into account the fact that M dd
2 2 S /
1 b— +b
3 [(x—a)’+ (b—2)’] = ( 12@) + <$— a2 ) , € [a,b], Go Back
Close
then, by ¢.4) we deduce the desired resuit). O -
ul

The following inequality for P.D.F.s which are absolutely continuous and

Y . Page 25 of 41
have the derivatives essentially bounded holds.
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Theorem 4.2.If f : [a,b] — R, is absolutely continuous ofa, b and f' €
Lo [a,b],i.e.,] f'l. :=ess sup |f'(t)| < oo, then we have the inequality:

te(a,b]

(4.5)

OQ(X)—F[E(X)—JSF—%— (x—“;”))

. (b—3a)2 [(b IOOL)Z . <x_ a+b)

forall x € [a, b].

1Nl

Proof. Using Lemma&4.1, we have

o? (X) + [E(X) — 2] - (b—a) (x a+b)2

12
=Tk

/b/b t—x)|p(t,5)||f (s)| dsdt

EANA

(t—2)’p(t,s) f (s)dsdt

IA

(t —z)*|p(t,s)|dsdt.

Some Inequalities for the
Dispersion of a Random
Variable whose PDF is Defined
on a Finite Interval

Neil S. Barnett, Pietro Cerone,
Sever S. Dragomir and
John Roumeliotis

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 26 of 41

J. Ineq. Pure and Appl. Math. 2(1) Art. 1, 2001
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:neil@matilda.vu.edu.au
mailto:pc@matilda.vu.edu.au
mailto:sever@matilda.vu.edu.au
mailto:johnr@matilda.vu.edu.au
http://jipam.vu.edu.au/

We have

I =

/ab /ab (t—2)*|p(t, s)| dsdt
/“b(t_m)Q {/at(s_a)ds+/tb(b—8)ds} dt

/b(t—a:)2 [(t_a)Q;(b_t)Ql dt

LetA=2x—a, B

I,

= b — z then

_ /ab(t—x)2(t—a)2dt

b—a
= / (u2 — 2Au + AQ) u?du
0

- <b_3“> {AZ—SA(b—a)Jrg(b—af
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and
b

I, = / (t—z)* (b—t)dt
ab—a
= / (u2 — 2Bu + BQ) u?du
0
(b—a)® 3 3
= 3 BQ - §B (b - CL) + g (b - a>2 Some Inequalities for the
Dispersion of a Random
Now Variable whose PDF is Defined
! on a Finite Interval
I+, (b—a)’[A2+B* 3 3 . _
R 7 1 ATB0-a -0 " ever . Dragomirand
John Roumeliotis
b—a)? i o 2 2 N2
[ R R
3 2 2 20 ge
(b— a)’ :(b ) ot b\? Contents
B 0 (x T > “« | »
and the theorem is proved. O < 4
The best inequality we can get from §) is embodied in the following corol- Go Back
lary. Close
Corollary 4.3. If f is asin Theorerd.2, then we have Quit
b1?  (b—a)? b—a) Page 28 of 41
@) oo+ |- t5t) - O By e
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We now analyze the case wheffds a Lebesgug—integrable mapping with
p € (1,00).
Remark4.1l The results of Theorem.2 may be compared with those of The-
orem3.4. It may be shown that both bounds are convex and symmetric about
x = “T“’ Further, the bound given by the ‘premature’ Chebychev approach,
namely from 8.12-(3.13 is tighter than that obtained by the current approach
(4.5 which may be shown from the following. Let these bounds be described
by B, andB. so that, neglecting the common terms

b—a b—a\?
B, = +15Y
P 9y/15 [( 2 )

(b—a)”
B. = Y,
100 *

a+b\?
Y = — )
(-2)

It may be shown through some straightforward algebrafifat B; > 0 for all

x € [a,b] so thatB, > B,.

The current development does however have the advantage that the idemity (
is satisfied, thus allowing bounds far, [a,b], p > 1 rather than the infinity
norm.

1
2

and

where
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Theorem 4.4.1f f : [a,b] — R, is absolutely continuous dn, b and /" € L,,
ie.,

b .
11 o= ( / |f’<t)|”dt> < o0, pe(1,00)

then we have the inequality

o (X)+[E(X)—z]* - (bI;) — (m—a;b)

Some Inequalities for the
Dispersion of a Random
Variable whose PDF is Defined

4.7)

_ ”f/Hp {(m a)3q+2 B (b —a 2q O . 2> on a Finite Interval
= 1 1 - [ ’ Neil S. B , Pietro C ,
(b—a)? (g+1)s roa S e
N (b B x)3q+2 B b—a Qq 1 - 5 John Roumeliotis
b _ :L" 3
- - . B ’ Title Page
forall z € [a,b], when, + - =1andB (-,-,-) is the quasi incomplete Euler’s
Beta mapping: Contents
. z 44 44
B(z;a, ) := / (u— 1)6“_1 uldu, o,>0, 2> 1.
0 < >
Proof. Using Lemmat.1, we have, as in Theorem?, that Go Back
2 2 Close
2 2 (b—a) a+b
(4.8) |o°(X)+[E(X)—2a]" — TR <x - Quit
1 b b Page 30 of 41
<o [ [ el o) dsie
—aJ, Ja
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Using Holder’s integral inequality for double integrals, we have

b b
(4.9) / / (t—2) p (t.9)| | ()] dsdt

< (/ab/ab|f’(s)|pdsdt) (/ / )% |p (t s)|qudt);

—b—a)F |7, (// (t— ) |p <t,s>|qudt); ,

wherep > 1, % + %] =1.
We have to compute the integral

(410) D := // ) |p (t, 5)|? dsdt

_ /ac—x)?q V (s—a)qu+/tb(b—s)qu]dt

) /b " [(t _ )™ 4 (b t)q-i-l] B

g+1

- b ub(t—x)zq(t—a)q“dt

qg+1

+/ab(t—a:)2q(b—t)q“dt]
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Define
b
(4.11) E ;:/ (t — )% (t —a)*™ dt.

If we consider the change of varialile- (1 — u) a+wuxz, we have = a implies
u = 0andt = bimpliesu = 2=2, dt = (z — a) du and then

b—a
(4.12) E:/m_a (1—u)a+ur— 2z [(1 —u)a+ux —a)(z—a)du
0
b—a
= (x—a)*"? /I ' (u— 1) dy
0
_[b—
= (x—a)3q+2B (I—_Z,Zq—i— 1,q—|—2) .
Define
b
(4.13) F = / (t — )% (b—t)™ dt.

If we consider the change of variabile= (1 — v) b+ vz, we havet = b implies
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o

v =0, andt = a impliesv = =2, dt = (x — b) dv and then

—X

b—a
—z

(4.14) F = /0 [(1—v)b+ vz — ]

S

X [b—(1—v)b—vz]"™" (x —b)dv

—a

= (b— )" /bx (v — 1) 0" dy
0

o

— (b—m)quB(z:—z,Qqul,quQ).

Now, using the inequalities4(8)-(4.9) and the relations4(10-(4.14), since

D = 5 (E+ F), we deduce the desired estimateT].

The following corollary is natural to be considered.

Corollary 4.5. Let f be as in Theoremi.4. Then, we have the inequality:

(4.15)

_a+b 2_ (b—a)?
2 12

o2 (X) + [E (X)

243
7l (b 0’
T (g2t

Q=

[B(2¢+1,q+1)+ ¥ (2¢+1,q+2)]

Where% + é =1,p> landB(.,-) is Euler's Beta mapping and («, () :

fol w L (u+ 1) du, a,3 > 0.
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Proof. In (4.7) putx = "T“’ The left side is clear. Now

2
B(2,2¢+1,q+2) = /(u—l)zqu‘”ldu
0

1 2
- / (u— 1) w1 dy +/ (u— 1) utdu
0 1
= B(2q+1,q+2)+V(2¢g+1,9+2).
The right hand side of4(7) is thus:

171, (552)
(b—a)" (4+1)
CF, (6= a)*ts
(g1

and the corollary is proved. O

2B (29 +1,qg+2) + 20 (2¢ + 1,q + 2)]«

Q=

[B(2+1,¢+2)+ ¥ (2q+1,q+2)]s

Finally, if f is absolutely continuoug; € L, [a, b] and|| /||, = f |f (t)] dt,
then we can state the following theorem.

Theorem 4.6. If the p.d.f.,f : [a,b] — R, is absolutely continuous o, b],
then

(4.16) |0®(X)+[E(X)—a)* — (b IzCL) _ (x_ a—2|—b)

a+b
2

T

<10 a) [5 b=+ |o -
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for all z € [a, b].

Proof. As above, we can state that

02(X)+[E(X)—x}2—%—<x—

a+b 2
2

1 b b ) .
<o [ = bl o) dsa

< sup [(t—x) Ip(t,s)]] //|f )| dsdt
(t,5)€[a,b)?
= I7.G
where
Gi= sw [(t-2)’p(ts)]
(t,5)€[a,b)?
< (b—a) sup (t—z)
te[a,b]
= (b—a)max(z —a,b— )’
1 a+b[]’
= (b—a) {i(b—a)#— T == } :
and the theorem is proved. O

It is clear that the best inequality we can get frofl@ is the one when
xr = “T*”, giving the following corollary.
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Corollary 4.7. With the assumptions of Theoren®, we have:

-

(4.17)

o2 (X) + {E (X)

_a+b

a)’

2

12

h— 3
<=y,
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