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ABSTRACT. Inthis paper, we obtain some new Gronwall-Bellman type integral inequalities, and
we give an application of our results in the study of boundedness of the solutions of nonlinear
integrodifferential equations.
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1. INTRODUCTION

Integral inequalities play a significant role in the study of differential and integral equations.
In particular, there has been a continuous interest in the following inequality.

Lemma 1.1. Letu(t) and g(¢) be nonnegative continuous functions be= [0, co) for which
the inequality

u(t) < c+/ g(s)u(s)ds, t € I

holds, where: is a nonnegative constant. Then

ult) < cexp (/atg(s)ds) tel

Due to various motivations, several generalizations and applications of this lemma have been
obtained and used extensively, see the references under [1, 3].

Pachpatte [5] obtained a useful general version of this lemma. The aim of this work is to
establish some useful generalizations of the inequalities obtained in [5]. Some consequences of
our results are also given.
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2. STATEMENT OF RESULTS

Our main results are given in the following theorems:

Theorem 2.1. Letu(t), f(t) be nonnegative continuous functions in a real intervat [a, b].
Suppose thak(t, s) and its partial derivatived:; (¢, s) exist and are nonnegative continuous
functions for almost every s € . If the inequality

(2.1) wu(t) <c+/ f(s ds—ir/tf( )(/Sk(s,T)u(T)dT>ds,angsgtgb,

holds, where: is a nonnegative constant, then

2.2) u(t) < c {1 +/ £(s) exp (/S(f(T) +k(r, T))dT) ds} |
Proof. Define a function(t) by the right hand side of (2.1). Then it follows that
(2.3) u(t) < wv(t).
Therefore
(2.4) V() = fH)ult) + f(t)/ k(t,T)u(t)dr, wv(a)=-c
< 0 (o) + [ K r(rar ). (by @3
If we put
(2.5) m(t) = v(t) —I—/ k(t,T)v(T)dT,
then it is clear that
(2.6) v(t) < mf(t).
Therefore
(2.7) m/(t) =v'(t) + k(t, t)v(t) + / ki(t, m)v(T)dr, m(a) =v(a) =c
< V'(t) + K (t, t)u(t),
< f(&)ym(t) + k(t, 1)o(t), (by 2.4)
< (f(8) + k(¢ 1)) m(t). (by (2.8)
Integrate|(2.]7) fromu to ¢, we obtain
(2.8) m(t) < cexp (/ (f(s) + k(s, s))ds) :
Substitute[(2]8) intd (2]4), we have
(2.9) V'(t) < cf () exp (/ (f(s) + k:(s,s))ds) :

Integrating both sides of (3.9) fromto ¢, we obtain

o(t) < ¢ {1 + /atf(s)exp (/:(f(f) +k(r, T))dT) ds} |

By (2.3) we have the desired result. O
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Remark 2.2. If in Theorem[2.1 we set(t,s) = g(s), our estimate reduces to Theorem 1
obtained in[[5].

Theorem 2.3. Letu(t), f(t), h(t) and g(t) be nonnegative continuous functions in a real in-
terval I = [a,b]. Suppose that’(t) exists and is a nonnegative continuous function. If the
following inequality

0 <er [ s+ [ s ([ o) dso<r<s<i<o

holds, where: is a nonnegative constant, then

u(t) < ¢ [1 + / ' H(s) exp < / () + g(m)h(r) + () / ' g(a)da)dT) ds} |

Proof. This follows by similar argument as in the proof of Theorenj 2.1. We omit the details.
O

Remark 2.4. If in Theoren{ 2.8, we sét(¢) = 1, then our result reduces to Theorem 1 obtained
in [5].

Remark 2.5. If in Theorem{ 2.B)/'(¢) = 0 then our estimate is more general than Theorem 1
obtained by Pachpatte in/[5].

Lemma 2.6. Letwv(t) be a positive differentiable function satisfying the inequality

(2.10) V() < fF@)o(t) + g()o" (1), t € I = [a,b],

where the functiong(¢) and ¢(t) are continuous i, andp > 0, p # 1, is a constant. Then

(2.11) <exp(/f )[ )+q/ exp( /f dT)dS},

fort,s € [a, 3), whereq = 1 — p and 3 is chosen so that the expressmn

o o [ sore (- [ s ]

is positive in the subintervad, 3).
Proof. We reduce[(2.70) to a simpler differential inequality by the following substitution. Let

_vi(t)
z(t) = .

Then
(2.12) Z(t) = v E) x V(1)
< (1) (FE)u(t) + g()0?(1)) . (by @ID))
)

= qf(t)z(t) + g(t) (sinceq =1 —p).

By Lemmd 1.1[[1],[(2.12) gives

()« ey ([arras) + [ otsrem ([ artrrar) as
oty <o [ areias) [+ [atrenn (= [Cartrrar) as].
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From this, it follows that
v(t) < exp (/tf(s)ds) {cq + q/ S) exp ( / f(r dT) ds]

Theorem 2.7. Letu(t), f(t) be nonnegative continuous functions in a real interivat [a, b].
Suppose that the partial derivativég¢, s) exist and are nonnegative continuous functions for
almost every, s € I. If the the inequality

O

(2.13) u(t) <c+ /tf(s)u(s)ds

+/atf(s) (/:k:(s,T)up(T)d7‘> ds, a<rt<s<t<b

holds, wheré) < p < 1,¢q =1 — pandc > 0 are constants.
Then

(2.14) u(t) < c+/atf(s) exp (/:f(f)df)
« [cl—p +(1—p) / k(7 7) exp <—<1 —p) /an(J)da> df} e

Proof. Define a functiorv(t) by the right hand side of (2.1.3) from which it follows that

(2.15) u(t) < v(t).
Then
(2.16) Jt) = Ftult) + £(b) / k(t, Py (r)dr,  v(a) = ¢
< 10 (o) + [ he.r0(o)ar) oy @T5)
If we put
(2.17) m(t) = v(t) +/ k(t, T)vP(T)dT,
then it is clear that
(2.18) v(t) < mf(t).
Hence
(2.19) m'(t) = v'(t) + k(t, t)vP(t) —|—/ ki(t, 7)oP(T)dr, m(a) =v(a) =c
< V() + k(t, t)vP(t),
< f(&)m(t) + k(t, 1)o7 (), (by (2.18))
< f(H)m(t) + k(t,t)m"(t). (by (2.18))
By Lemmd 2.6 we have

@20)  io) <esp ([ 715 [ a [Thsise (<o [ smrar) ]
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Substituting[(2.20) intd (2.16), we have

(2.21) V(t) < f(t)exp (/ (f(s)ds) {mq + q/s k(s,s)exp (—q/s f(T)dT) ds] ! :
Integrate both sides df (2.p1) fromto ¢ and using[(2.1]5), we obtain

ult) < et / Fses ( / sf(T)dr> [

L —p)/ k(r, ) exp <—<1 —p>/ f(a)da) dT} s,
This completes the proof of the theorem O

Remark 2.8. If in Theorem 2.7, we puk(t, s) = g(s), then our result reduces to Theorem 2
obtained in[[5].

Theorem 2.9. Letu(t), f(t), h(t) and g(t) be nonnegative continuous functions in a real in-
terval I = [a,b]. Suppose that’(t) exists and is a nonnegative continuous function. If the
following inequality

(2.22) u(t) < c+ / * F(s)uls)ds + / " F(h(s) ( / ngupmm) dsa<r<s<t<b,

holds, where) < p < 1,4 =1 — p andc > 0 are nonnegative constant. Then

@23 )<+ [ fisew ([ rar) [ +-n [ s

+ () /an(a)da) exp <—<1 —p) /an(U)da) df} s

Proof. This follows by similar argument as in the proof of Theorem 2.7. We also omit the
details. 0

Remark 2.10. If in Theorem[2.9, we set(t) = 1 then our result reduces to the estimate in
Theorem 2 obtained by Pachpattelin [5].

Remark 2.11. If in Theorem[2.9,4'(t) = 0 then our result is more general than Theorem 2
obtained in[[5].

3. APPLICATIONS

There are many applications of the inequalities obtained in Sgdtion 2. Here we shall give an
application which is just sufficient to convey the importance of our results. We shall consider
the nonlinear integrodifferential equation

(3.1) PO = 1t u®) + [ 9(t5,2(5))ds.

to

and the corresponding perturbed equation

3.2 () :f(t,u(t))+/tg(t,s,u(s))ds+h(t,u(t),/tk(t,s,u(s))ds)

to to

forall ty,t € Rt andx,u, f,g,h € R".
If we let z(t) = x(t; to, zo) andu(t) = u(t; to, z9) be the solutions of (3]1) anf (8.2) respec-
tively with z(ty) = u(to) = zp @andf : R™ x R" — R™, f, : RT x R” — R™*",
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g,k : RT xRt xR" — R", g, : Rt xRTxR" — R"" andh : RT xRT xR" — R" are contin-
uous functions in their respective domains. Then we havelby [2155;@&1, to, o) = P(t, 0, z0)
exists and satisfies the variational equation

(38.3) () = fu(t,x(t; to, x0))2(t) +/ gz (t,s,2(s;5t0, o)) 2(s)ds, z(to) =1

to
and

a t
(3.4) - (t: o, 20) + Bt to, 20) f (to, 70) / B(t, 5, 70)g(5, to, xo)ds = 0.
0 to
Thus the solutions(¢) andu(t) are related by
t t
(3.5) u(t) = ac(t)/ O(t,s,u(s))h <s,u(s),/ k(S,T,u(T))dT) ds.
to to

Theorem 3.1.Let f, f., 9, 9z, k, h, as earlier defined, be nonnegative continuous functions.
Suppose that the following inequalities hold:

(3.6) |B(t,s,u)| < Me =9,
(3.7) (L, s, u)h(s,u,z)| < p(s)(Jul +]z]),
(3.8) |k(t, s,u)] < q(s,s) |yl

for0 <s <t u,zeR" M >1anda > 0 are constants. Ip(t) andq(t,t) are continuous
and nonnegative and

(3.9 /oop(s)ds < 00, /OO q(s, s)ds < 0.

Then for any bounded solutiar(t; ¢y, 7o) of (3.1) inR™, then the corresponding solutions of
(3.2) is bounded iR+,

Proof. We have from[(36)-{ (3]8) that equatign (3.2) gives
ol < 8l + [ pis) el as+ [ ) ([ atrifu(r)lar ) s

to to to

Hence by Theorein 2.1, we have
o) <Mool |1+ [ pts)exp ([ (o) + atrmyar ) as]

to S0
Hence by[(3.9), we easily see that¢)| is bounded and the proof is complete. O
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