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ABSTRACT. In this paper we will study some aspects of convex functions and as applications
prove some interesting inequalities.
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1. INTRODUCTION

In [2] Sever S. Dragomir and Nicoleta M. lonescu have studied some aspects of convex
functions and obtained some interesting inequalities. In this paper we generalize the above
paper to a very general case by introducing a suitable convex function of a real variable from a
given convex function. Studying its properties leads to some remarkable inequalities in different
abstract spaces.

2. THE MAIN RESULTS

The aim of this section is to study the properties of the funcfiatefined below as Theorems
2.2 and 25b.

First we mention the following simple lemma, which describes the behavior of a convex
function defined on a closed interval of the real line.

Lemma 2.1. Let F' be a convex function on the closed interialb]. Then, we have

(7) F takes its maximum ator b.
(74) F'is bounded from below.
(17i) F(a+)and F'(b—) exist (and are finite).
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2 J. ROOIN

(tv) If the infimum off” over|a, b] is less tharF'(a+) and F'(b—), thenF takes its minimum
at a pointz in (a, b).

(v) Ifa <2y <b(ora < x <), and F(zo+) (or (F(xy—)) is the infimum off" over
[a, b], thenF’ is monotone decreasing o, x| (or [a, x¢)) and monotone increasing on
(SL’Q, b] (Or [L??(), b])

Proof. Seel[3| 4].x

Definition 2.1. Let X be a linear space, and: C' C X — R be a convex mapping on a convex
subsetC of X. Forn given elements, zo, - - - , x,, of C, we define the following mapping of
real variableF’ : [0, 1] — R by

riy - 2 @‘: )

wherea;; : [0,1] — R* (4,5 = 1,--- ,n) are affine mappings, i.ei;;(at) + Bts) = aa;;(t1) +
Ba;i(t2) for all o, B > 0 with a + 5 = 1 andt;, ¢, in [0, 1], and for each and;

n

> ay(t) =1, zn:%(t) —1(0<t<1).

=1
The next theorem contains some remarkable properties of this mapping.
Theorem 2.2. With the above assumptions, we have:

Q) f (%) < F(t) < f<x1>+-7-1-+f<xn> O<t<1),
(17) F'is convex oo, 1].
(iii f(—$1+”'+x" < [V R(ydr < LBt @)

n -0 - n '

(iv) Letp, > Owith P, = >""  p; > 0, andt; are in[0, 1] forall i = 1,2, --- ,n. Then, we
have the inequality:

SR CESEE AN FGz)
<

< B szF(tz) n )

which is a discrete version of Hadamard'’s result.

)
)
)
)

Proof. (7) By the convexity off, forall0 < ¢ < 1, we have

F(t) 2 f Z?:l Z?nl Qi (t)xj>
— f' ijl Zinl Qjj (ﬂl’j)
- f Z%) |
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and

Doim1 2oy @ig(t) f(z)
Z?:1 Z?zl aij(t) f(x;)

n

21 ()

n
(ii) Leta, 8 > 0 with o + 8 = 1 andt, ¢, be in[0, 1]. Then,

i f (Z?:1 aj(aty + 5752)%‘)

> f <04 > i @itz + 8375 aij(t2)$j>

. > f <Z?n:l %’(tl)%') s > f <Z?: aij(tz)l“j>
= al(t1) + BF(l2).

ThusF is convex.

(#7i) F being convex on0, 1], is integrable ono, 1], and by(i), we get(iiz).

(iv) The first and last inequalities if (2.1) are obvious fr6in and the second inequality
follows from Jensen’s inequality applied for the convex functian

F(at, + fBty) =

|
Lemma 2.3. The general form of an affine mapping [0, 1] — R is
g(t) = (1 —t)ko + tky,

wherek, and k; are two arbitrary real numbers.

The proof follows by considering= (1 —¢) -0+t - 1.
Lemma2.4.1f a;; : [0,1] — R* (i,j = 1,2,--- ,n) are affine mappings such that for each
andj, > i, a;;(t) = 1and 7, a;;(t) = 1, then there exist nonnegative numbggsandc;;,
such that
(2.2) aij(t) =(1- t)bij + tcgj 0<t<1;4,5=1,---,n),
and for anyi and

zn:bij = zn:cij =1, and zn:bw = znjcij =1.
i=1 i=1 =1 1

Proof. The decomposition of (2.2) is immediate from Lemjmg| 2.3, and the rest of the proof
comes from below:

0 S aij(()) = bij7 0 S CLZ‘]‘(]_> = Cija

n

Zbij = Zaij(O):l, Zcij:Zaij(l)zl,
i=1 i=1 i=1

i=1
Zbij = ZCL”(O) = 1, Zcij = ZCLZ](]_) =1.
J=1 J=1 j=1 j=1
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Remark 2.5. A lot of simplifications occur if we take

(2.3) bij = dij andcij = 6iny1—5 (4,5 =1, ,n),

in Lemmg 2.4, wheré,; is the Kronecker delta.

Theorem 2.6. With the above assumptionspif andc;; are in the form|(2.3), then we have:
(i) Foreachtin [0,1], F (5 +t) = F (5 — t).

(i1) max{F(t): 0 <t <1} = F(0) = F(1) = ;. (f(z1) + -+ + f(za)).

(i) min{ F(t) : 0 <t <1} = F (3) = XL, f (%552=) /.

(v) F is monotone decreasing dn, | and monotone increasing dn, 1].

Proof. (i) Sinceb;; = 0;; andc;; = §; 11—, We have

n

> Sl = Oz + twnga-]
(2.4) Pl — 5 |

' n
F(%_Q ) “f[(%ﬂ)wi:(%—t)xnﬂ_i}

i FIG+t) zni+ (5 —t) ]

i=1

- r(5+1).

(¢0) Itis obvious from|[(2.}), an@i) of Lemmd 2.1.

(¢7) If F(3)is notthe minimum of* over|[0, 1], then by(i), there is & < ¢ < 1, such that
1 1 1
Fl=—t)=F(= Fl=).
(-7 (a+0)<r (3)
But, using the convexity of over|0, 1], we have
1 1 1 1 1 1
Flz)<zF(=z- “F (= F-=
() =27 o) 2r (o) < (2)

a contradiction.

(4v) Itis obvious from(iii) of Theorenj 2.6, an@v) of Lemmg 2.1.

and therefore, for eachin [O,

N[

M=

n

|
3. APPLICATIONS
Application 1. Letzq,zs, - - , x,, ben nonnegative numbers. Then, with the above notations,
we have
n n I1+:L'2—|-+$n
(31) \/T1Lg "+ Tp S TJ qlel —t)bij—i‘tcij]l‘j S " ,
1= 1=

[(1 - t)xi + tmn+1—i] < DAt a:n7
n
1

(3.2) S Xy Ty, <7

n
1=

J. Inequal. Pure and Appl. Math2(1) Art. 4, 2001 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

SOME ASPECTS OFCONVEX FUNCTIONS AND THEIR APPLICATIONS 5

forall tin [0, 1], and

1

chijmj (Z-c--x-—Z-b--x-)
§ J 7 J )

225 bige;
=1 (Zj bz’j%’)

(3.3) VT T, < et

n
In particular
3.4 n e, < el Zntloi
(3.4) 1Ty Ty < € g [ ez
T+ To+ -+ Ty
— n Y
and
RN E o T1+ X2
(3.5) Vrire <e = < ,
Ty 2
2 2 1\" 1 1\"
(3.6) PEE O E ) <e< /M (1)
2n+1 n n n
Proof. If we take f : (0,00) — R, f(x) = — Inx, then we have
1 n n
P(t)=—— > In (Z[(l — )by + tcz-j]xj) ,
i=1 j=1
and

/1 Flt)dt - —%i/lln (i[(l—t}bij+tcij]xj> it

J=1

1
)Zjl CijZj | XToq cigri—2 =1 bijT;

1o (Z}ll Cij;j
= ——1In
i=1 (ZL bij;

n
which proves[(3]1) and (3.3). In particular, if we take = 6;; andc¢;; = 0;p41-;(i, 7 =
1,---,n), we obtain[(3.2) and (3.4) frorh (3.1) arjd (3.3) respectively. The rgsult (3.5) is imme-
diate from [3.4). If we take; = n, z, = n + 1in (3.5), we get[(3]6)n

Application 2. If X is a Lebesgue measurable subseRbfp > 1, andfi, f»,-- - , f, belong
to L? = LP(X), then we have

)Z?_l bijz; +1

a7) S S [ S calfil Sy bl |
" P n(p+1)
< IfllE 4+ N fall?

Y

n
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and
fit 4 fllf > i [Lfils [ fr=il]
(3.8) ‘—n ) < 1n(p+1)
< Hf1\|§+-~-+\|fn!|£,
n

where for each Lebesgue measurable funcion0 andh > 0 on X,
gPtt — pptl gPtt — pptl
g [enoit,
g—h |y Jx g—h

wheng(z) = h(x), the integrand is understood to ge+ 1)g?(x).
In particular, ifp is an integer then,

l9;h] =

n p
S D e N TR A
(3.9) | < < ;
n » n(p+ 1) n
and
>
FERR A £ | A=) el o Y o Y
(3.10) < ;
2 p+1 2
Proof. Since
n B n »
and theL?—norms off; and|f;| are equali = 1, --- , n), it is sufficient to assumg; > 0 (i =
L,---,n). If we takey — ||¢||P for the convex functior.”? — R, then using Fubini’'s theorem
we get
1 p
&/Fﬁﬂt: > (1 = )by + teyl f5]| dt
0 p
p
= = Z/ / < t)bij + tei fi (@ )) dxdt
p
= = Z/ / ( t)bij + tei fi(x )) dtdzx
p+1 n p+1
p- wa]> - <Zj:1 bijfj)
= Z/ 5 o dz
n(p+1) D1 Cigfi = 2o big f
= [Z?:l cijfii 2251 bz’jfj]
n(p+1) ’
which yields [3.7). In particular, if we sét; = d,; andc;; = 8, ,41-5(i,7 = n), (3.8)

follows from (3.7). Finally,[(3.P) and (3.10) are immediate frgm|(31B).

Remark 3.1. Let X be a Lebesgue measurable subsét'ofvith finite measure, and be the
vector space of all Lebesgue measurable function& avith pointwise operations$ [1]. The set
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C, consisting of aII nonnegative measurable functionsXgris a convex subset of1. Since

the functiont — - (t > 0) is concave, the mapping: C' — R with

o= [ tlgdairec)

is concave.
Application 3. With the above notations, if;, - - - , f,, belong toM, then

fil
(3.11) Z/ - ’+ 7]

L+ 370 cijl £l
_ - In I= dx
a Z/ Z] 1 (cij = bij) L] 1+Z] 1 bij| £

157 .
: / ; ;Zz'f" dz,
x 1+ 521:1 ‘fz‘

IR |fil
(3.12) EZ/X 1+|fi|d:v

i=1

- i/ ! n -+ |f"+1’i’dg;
n = Jx |far1=il = |fil L+ i

T x 12NN

2

1 | fil 1+ | fa
(3.13) 2;/}(1+|fi|dx < /|f2|_|f1 Pl

t/ S AL,
SIS

in which, generally, when = b > 0, the ratio(Inb — Ina) /(b — a) is understood a$a.

Proof. We can suppose thdgt > 0 (1 < i < n). Sinceyp is concave, taking and¢ instead of
f andF in Theorenj 2. respectively, we get

n
< (Rtith)
n

However, by Fubini’'s theorem and applying the change of variables

n

w=Y [(1=t)by; +teij) fi(x),

j=1
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in the following integrals, we have,
[ e - —z/ RS st e
-/ szl T e
- ‘Z/ ST >f<>/;ff<(>) (1 1)

_ Z/ it 2 10”de
E] (e — ij)fj 1 + Z] 1 bij [
and after substituting this i (3.JL4), we obtdin (3.11). The inequalities](3.12) and (3.13) are
special cases of (3.]L1), takibg = d;; andc; = i ni1—j. 1
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