Journal of Inequalities in Pure and
Applied Mathematics

ON THE GENERALIZED STRONGLY NONLINEAR IMPLICIT
QUASIVARIATIONAL INEQUALITIES FOR SET-VALUED MAPPINGS

volume 1, issue 2, article 15,

2000.
MYEOL JE CHO, @ZHIHE, @YUN FEI CAO AND () NAN JING HUANG Received 22 November, 1999;
N accepted 12 April, 2000.
Department of Mathematics Communicated by: S.S. Dragomir
Gyeongsang National University
Chinju 660-701
KOREA
EMail: yjcho@nongae.gsnu.ac.kr
) Abstract
Department of Mathematics
Sichuan University Contents
Chengdu
Sichuan 610064
THE PEOPLE’S REPUBLIC OF CHINA 44

| 2
Home Page
Go Back

Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit

ooz-oo@


Please quote this number (015-99) in correspondence regarding this paper with the Editorial Office.

mailto:Sever.Dragomir@vu.edu.au
http://jipam.vu.edu.au/
mailto:yjcho@nongae.gsnu.ac.kr
http://www.vu.edu.au/

Abstract

In this paper, we introduce and study a new class of generalized strongly nonlin-
ear implicit quasivariational inequalities for set-valued mappings and construct
some new iterative algorithms for these kinds of generalized strongly nonlin-
ear implicit quasivariational inequalities by using the projection method and
Nadler's theorem. We prove some existence theorems of solutions for these
kinds of generalized nonlinear strongly implicit quasivariational inequalities for
set-valued mappings without compactness and convergence theorems of iter-
ative sequences generated by the algorithms.
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It is well known that variational inequality theory and complementarity problem
theory are very powerful tools of current mathematical technology. In recent
years, the classical variational inequality and complementarity problem have
been extended and generalized in several directions to study a wide class of
problems arising in mechanics, physics, optimization and control theory, non-
linear programming, economics and transportation equilibrium and engineering
sciences, etc. Fc_)r details, we refer the readefije-[17], [15] — [27] and the Generalized Strongly Nonlinear
references therein. Implicit Quasivariational

In 1991, Chang and Huang,[5] introduced and studied some new classes of Inequalities
quasi-(implicit) complementarity problems and quasi-(implicit) variational in-  Yeol Je Cho, Zhi He, Yun Fei Cao
equalities for set-valued mappings with compact values in Hilbert spaces, which and Nan Jing Huang
included many kinds of complementarity problems and variational inequalities
as special cases. In 1997, Huang introduced and studied a new class of Title Page
generalized nonlinear variational inequalities for set-valued mappings with non-

compact values and constructed some new iterative algorithms for this class of Contents
generalized nonlinear variational inequalities. For the some recent results, see 44 >
[3, 10, 20, 26] and the references therein. P >
Recently, Zeng4{/] introduced and studied a class of general strongly quasi-
variational inequalities for single-valued mappings which extends the general Go Back
auxiliary variational inequality considered by NocG«]. Close
In this paper, we introduce and study a new class of generalized strongly non- Quit

linear implicit quasivariational inequalities for set-valued mappings and con-
struct some new iterative algorithms for this kind of generalized strongly non- Page 3 of 25
linear implicit quasivariational inequalities by using the projection method and
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Nadler’s theorem14]. We also show the existence of solutions for this class

of generalized strongly nonlinear implicit quasivariational inequalities for set-
valued mappings without compactness and the convergence of iterative sequences
generated by the algorithms. Our results extend and improve the earlier and re-
cent results of Noorl[c], Stampacchiaf4] and Zeng P 7].
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Let H be a real Hilbert space endowed with the ndfrm|, and inner product
(-,-). Let K be a nonempty closed convex subsetofPy be the projection of
H onto K and f be a linear continuous function di.
Given single-valued mappings?” : H — H andN : H x H — H and
set-valued mappings, G, S, K : H — 2, we consider the following problem:
Findu € H, z € Fu,y € Guandz € Su such thay(u) € K(u) and

(2.1) 0> (N(y, g(z)), v — g(u)> — p<T(CB> — f, UV — g(u)) Generalized Strongly Nonlinear
Implicit Quasivariational

for all v € K(u), wherep > 0 is a constant. The problen2.() is called Inequalities

the generalized strongly nonlinear implicit quasivariational inequality for set- ., 5o cho, zi He, Yun Fei Cao

valued mappings. and Nan Jing Huang

Example 2.1. To illustrate the applications and importance of the nonlinear im-
plicit quasivariational inequality(1), we consider a elastoplasticity problem, Title Page
which is mainly due to Panagiotopoulos and Stavroulakig. [ For simplic-

Contents
ity, it is assumed that a general hyperelastic material law holds for the elastic
behaviour of the elastoplastic material under consideration. Moreover, a non- <4 44
convex yield functionr — F'(o) is introduced for the plasticity. For the basic < >
definitions and concepts, se&l]. Let us assume the decomposition

Go Back
(2.2) E = E°+ EP,

_ _ _ ) ) Close
whereE* denotes the elastic arfdl the plastic deformation of the three-dimensional _
elastoplastic body. We write the complementary virtual work expression for the QU
body in the form Page 5 of 25
(2.3) (E°,1— o)+ (EP, 7 —0) = (f,T—0)
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forall 7 € Z. Here, we have assumed that the body on alpadf its boundary
has given displacements, that jg, = U; on I'y, and that on the rest of its
boundaryl'r = I' — I'y, the boundary tractions are given, that$s,= F; on
I'r, where

(24) <E,O’> :/Sijaij dQ,
Q
(2.6)

Z:{T:Tij,j+fi:0 on Q, i,j:l,2,3, EZE on FF’ Z:172,3}

is the set of statically admissible stresses @rid the structure of the body.
Let us assume that the material of the structuie hyperelastic such that

(2.7) (E¢, 1 — o) < (W] (o), T —0)

for all 7 € R%, wherelV,, is the superpotential which produces the constitutive
law of the hyperelastic material and is assumed to be quasidifferentiaijle [
that is, there exist convex and compact subg8éts,, andd’'\v,,, such that

(28) (W (0),7—0)= max (W;,7—o0o)+ min (W5 7—o0).

WredWm WEed W,
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We also introduce the generally nonconvex yield functiorc Z, which is
defined by means of the general quasidifferentiable fundtion), that is,

(2.9) P={oe€Z:F(o)<0}.

HerelV,, is a generally nonconvex and nonsmooth, but quasidifferentiable func-
tion for the case of plasticity with convex yield surface and hyperelasticity.
Combining @.2) — (2.9), Panagiotopoulos and Stavroulakis] have obtained

the following multivalued variational inequality problem:

Findo € P such than € Q’Wm(U), Wy e WWm@T) and Generalized Strongly Nonlinear
Implicit Quasiv_griational
(2.10) (We+Ws, T —0) > (f,7—o0) Inequalities
i i . Yeol Je Cho, Zhi He, Yun Fei Cao

for all = € P, which is exactly the problen?2(1) with u = o, x = Wi,y = and Nan Jing Huang
-Ws,S=T=g=1,p=1,N(s,t) =sforall s,t € Hand

F(u) = dW(o), Gu)=—-0Wy(o), K(u)=P. Title Page
In a similar way, one can show that many problems in structural engineering can Contents
be studied in the general framework of the set-valued variational inequalities pp >

(2.1) following the ideas and techniques of quasidifferentiability (s€¢)]

Special Cases of the proble@ )): 4 .
(I) If A, B: H — H are both single-valued mappings aNds, t) = Bs— At Go Back
for all s,¢ € H, then the problemZ1) is equivalent to finding. € H, Close
x € Fu,y € Guandz € Susuch thay(u) € K(u) and Quit
(2.11) (A(g(2)), v = g(w)) = (B(y),v — g(u)) — p{T'(x) — f,v—g(u)) Page 7 of 25

for all v € K(u), wherep > 0 is a constant.
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(I If S'is the identity mapping, then the problegh) is equivalent to finding
uwe H,x € Fuandy € Gu such thay(u) € K(u) and

(2.12) 0> (N(y,g(u),v—g(u)) = p(T(z) = f,v—g(u))

for all v € K(u), wherep > 0 is a constant.

(1 If F andS are both the identity mappings, then the probl@mi)(is equiv-
alent to findingu € H andy € Gu such thay(u) € K (u) and

Generalized Strongly Nonlinear

_ B B B e Gne e
(213) 0= (N(y, g(w),v - gw) — p{T(u) = f,v = g(u)) T o
forallv € K(u), wherep > 0 is a constant. Yeol Je Cho, Zhi He, Yun Fei Cao

and Nan Jing Huang
(IV) If F, G andS are all the identity mappings, then the probleml) is
equivalent to finding: € H such thay(u) € K(u) and

Title Page
(2.14) 0> (N(u,g(u)),v—g(u)) — p(T(u) — f,v—g(u)) Contents
forallv € K(u), wherep > 0 is a constant. « dd

< >

(V) If F, G and S are the identity mappingsy (u,v) = Au — Awv for all
u,v € H andK (u) = m(u) + K, then the problem2 1) is equivalent to Go Back
findingu € H such thay(u) € K(u) and -

(2.15) (A(g(u)),v —g(u)) = (A(u),v = g(u)) = p(T(u) = f,v = g(u)) Quit

forallv € K(u), wherep > 0is a constant, which is called the generalized Page 8 of 25

strongly quasivariational inequality, considered by Zeng.[
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(VD) If K(u) = K for all w € H and we denotg(u) by w, then the problem
(2.15 becomes the general auxiliary variational inequality considered by
Noor [18], which is to findw € K, for someu € K such that

(2.16) (Aw), v —w) = (A(u), v —w) = p(T'(u) — f,v—w)

forallv € K(u), wherep > 0 is a constant.

(Vi) If F, g, G andS are all the identity mappingsy = 0 and K (u) = K for
all w € H, then the problemZ1) is equivalent to finding. € H such that Generalized Strongly Nonlinear
Implicit Quasivariational
Inequalities
(T'(u),v —u) = (fv—u)
Yeol Je Cho, Zhi _He, Yun Fei Cao
for all v € K (u), which is known as a variational inequality introduced and fan Jing Fiang
by Stampacchia’}/] and was also studied by Noord] by introducing the

above auxiliary problem2(16). Title Page

It is clear that the generalized strongly nonlinear implicit quasivariational Contents

inequality problem Z.1) includes many kinds of quasivariational inequalities, <4« >
variational inequalities, complementarity and quasicomplementarity problems p >

as special cases.
Go Back

Close
Quit
Page 9 of 25
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In this section, we construct some new iterative algorithms for finding approx-
imate solutions of the generalized strongly nonlinear implicit quasivariational
inequalities 2.1), (2.11) and €.12) by using the projection method and Nadler’s

theorem [4]. We need the following lemmas:

Lemma 3.1.u € H,z € Fu,y € Gu andz € Su are a solution of the
generalized strongly nonlinear implicit quasivariational inequaliylj if and
onlyifu € H,x € Fu,y € Guandz € Su satisfyg(u) € K(u) and

<U - 90<u7$7 Y, Z)a v — g(“)) Z 0
forall v € K(u), wherep(u,z,y, z) € H satisfies
@1  (elu,z,y,2),v) = (u,v) + (N(y,9(2)), v) = p(T(x) = f,v)
forallv € H.

Proof. The conclusion immediately follows fron2 (1). O

Lemma 3.2.[17]. If K is a closed convex subsetBfandz € H is a given
point, thenu € K satisfies the inequality

(u—2z,v—u) >0
forall v € K if and only if

(3.2) u = Pgz.

Generalized Strongly Nonlinear
Implicit Quasivariational
Inequalities

Yeol Je Cho, Zhi He, Yun Fei Cao
and Nan Jing Huang

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 10 of 25

J. Inequal. Pure and Appl. Math. 1(2) Art. 15, 2000

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:tempus@oltenia.ro
mailto:tempus@oltenia.ro
http://jipam.vu.edu.au/

Lemma 3.3.[13]. The mappingPx defined by §.2) is nonexpansive, that is,
[ Pru— Pgol| < |lu— v

forall u,v € H.
From Lemmas3.1and3.2, we have the following lemma:

Lemma 3.4. Let K : H — 2 be a set-valued mapping such that, for each
u € H, K(u) is a nonempty closed convex settof Thenu € H, = € Fu,

y € Gu andz € Su are the solution of the generalized strongly nonlinear
implicit quasivariational inequality4.1) ifand only ifu € H, x € Fu,y € Gu
and:z € Su satisfy the relation

33)  u=(01=Nu+Au—g(u)+ Prwlg(u) —ut pu,z,y,2))),

where0 < A\ < 1is a constant aneg(u, z, y, z) is defined as in3.1).

Based on Lemma&.4, we now propose some algorithms for the generalized
strongly nonlinear implicit quasivariational inequali®. 9.

Let K : H — 2" be a set-valued mapping such that, for each H, K (u)
is a nonempty closed convex setiéf LetT,g: H — H, N : H x H — H be
mappings and”, G, S : H — C'B(H) be set-valued mappings, whete3(H)
is the family of all nonempty bounded closed subset& ofor givenu, € H,
we takexr, € Fug, yo € Gug andzy € Sug, and let

uy = (1 = Nuo + Afug — g(uo) + Pr(uo)(9(uo) — uo + ¢(uo, o, Yo, 20))]-

Generalized Strongly Nonlinear
Implicit Quasivariational
Inequalities

Yeol Je Cho, Zhi He, Yun Fei Cao
and Nan Jing Huang
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SinceFuy € CB(H), Guy € CB(H) andSu, € CB(H), by Nadler’s theorem
[14], there existr; € Fuq, y1 € Guy andz; € Su; such that

2o — 1] < (1 + 1)H(Fuo, Fuy),

lyo = yull < (1 + 1) H(Guo, Gua),
[0 — 21| < (1 + 1) H(Suo, Sur),
whereH (-, -) is the Hausdorff metric o6’ B(H). Let

Generalized Strongly Nonlinear
Implicit Quasivariational

uy = (1 = Nug + Aur — g(ur) + Preun)(g(ur) — wr + @(ur, 21, 41, 21)))- Inequalities

By induction, we can obtain the algorithm for the generalized strongly nonlinear Yeol Je thﬁi Zh;_He,HYun Fei Cao
implicit quasivariational inequality( 1) as follows: ane A Ang HHang

Algorithm 3.1. Let K : H — 2" be a set-valued mapping such that, for each

u € H, K(u) is a nonempty closed convex setHf LetT,g : H — H, e e
N : Hx H — H be mappings and’,G,S : H — CB(H) be set-valued Contents
mappings. For givem, € H, we can get the sequencgs, }, {z,}, {v.} and « N
{z,} such that

(3.4) < >
Tp € Fuy, g — 20| < (14 2) H(Fup, Fu,—1), o Back
Yn € Gun’ ”yn - yn—1|| < (1 + %) H(Gun, Gun_l), Close

Quit

Zn € Stp, ||zn — zna]] < (1 + %) H(Sup, Sup_1), Page 12 of 25

Un4+1 = (]— /\)un + /\[ (un) + PK(un)( (un) — Uy + @(unu Tn, Yn, Zn))}

J. Inequal. Pure and Appl. Math. 1(2) Art. 15, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:tempus@oltenia.ro
mailto:tempus@oltenia.ro
http://jipam.vu.edu.au/

forn =0,1,2,---, where0 < A < 1is a constant ang(u, =, y, z) is defined
as G.1).

If A,B : H — H are both single-valued mappings aNds,t) = Bs —
At for all s,t € H, then, from Algorithm3.1, we have the algorithm for the
problem @.11) as follows:

Algorithm 3.2. Let K : H — 2 be a set-valued mapping such that, for each

u € H, K(u) is a nonempty closed convex setiéf Let A, B,T,g: H — H

be mappings and’, G, S : H — CB(H) be set-valued mappings. For given

uy € H, we can obtain the sequendes, }, {x,}, {y.} and{z,} such that

(3.5)
Tn € Funa Hxn - xnle S (1 + %) H(Funa Fun71>7
Yn € Guna ||yn - yn—1|| S (]— + %) H(Guna Gun—l)a
Zn € Stn, |20 — 2o || < (L4 1) H(Suy, Su,),

forn =0,1,2,---, where0 < A < 1is a constant ang(u, =, y, z) is defined
by

(p(u, 2,9, 2),v) = (u,v) + (B(y) — A(g(2)),v) — p{T(x) — f,v)
forallv e H.

If S is the identity mapping, then, from Algorithéhl, we have the algorithm
for the problem 2.12) as follows:

Generalized Strongly Nonlinear
Implicit Quasivariational
Inequalities

Yeol Je Cho, Zhi He, Yun Fei Cao
and Nan Jing Huang
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Algorithm 3.3. Let K : H — 2" be a set-valued mapping such that, for each
u € H, K(u) is a nonempty closed convex set8f LetT,g : H — H,
N : Hx H — H be mappings and".G : H — CB(H) be set-valued
mappings. For givem, € H, we can obtain the sequencgs,}, {z,} and
{yn} such that
(3.6)

Tp € Fun, |, — o] < (14 2) H(Fuy, Fu,_1),

Un € Gy, ”yn - yn_1|| < (1 + %) H(Gum Gun—l); Generalized Strongly Nonlinear
Implicit Quasivariational
Inequalities
Uny1 = (1= Ny + Aup, — g(u,) + PK(un)(g(un) — Uy + P(Un, Ty Yn))]
Yeol Je Cho, Zhi He, Yun Fei Cao

forn =0,1,2,---, whered < \ < 1is a constant ang(u, =, y) is defined by and Nan Jing Huang
(p(u,2,y),v) = (u,v) + (N(y, (9(u)), v) = p(T'(x) = f,v) Title Page

forallv € H. Contents

Remark 3.5. <44 44

(i) For appropriate and suitable choices of the mappifgg, F, G, S, T S 4

and N, a number of algorithms for variational inequality, quasivariational Go Back
inequality, complementarity and quasicomplementarity problems can be

) . : cl
obtained as special cases of Algoritim. ose

Quit

(i) Algorithms3.2and3.3include several known algorithms of Noard] and
Page 14 of 25

Zeng [27] as special cases.
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In this section, we prove some existence theorems for solutions of the gener-

alized strongly nonlinear implicit quasivariational inequalitigsl), (2.11) and

(2.12 without compactness and the convergence of iterative sequences gener-

ated by the algorithms.

Definition 4.1. Letg : H — H be a single-valued mapping agtl: H — 2
be a set-valued mapping. Then

(i) g is called strongly monotone if there exists a number 0 such that
(gui — gua,uy — us) > rllus — usl|®
forallu, € H,1=1,2.
(ii) ¢ is called Lipschitz continuous if there exists a number 0 such that
lgur — gual| < sfjur — ua|
forallu;, € H,1=1,2.

(ii) G is called H-Lipschitz continuous if there exists a number- 0 such
that
H(G(u1), G(uz)) < 6flur — us|

forallu;, € H,1=1,2.

(iv) G is called strongly monotone with respectgoaf there exists a number
~ > 0 such that

(gwi — gwa, uy — uz) > y|luy — ugl?

Generalized Strongly Nonlinear
Implicit Quasivariational
Inequalities

Yeol Je Cho, Zhi He, Yun Fei Cao
and Nan Jing Huang
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forall u; € H andw; € Gu;,i=1,2.

Definition 4.2. The mappingV : H x H — H is called Lipschitz continuous
with respect to the first argument if there exists a nunmiber 0 such that

IN(u, ) = N(v, )| < Bllu—vf

forall u,v € H.

In a similar way, we can define Lipschitz continuity 8fwith respect to the Generalized Strongly Nonlinear
second argument Implicit Quasivariational
’ Inequalities

Definition 4.3. Let K : H — 2 be a set-valued mapping such that, for each ., e cho, zhi He. vun Fei Cao
r € H, K(x)is a nonempty closed convex subsetrbf The projectionPx ;) and Nan Jing Huang
is said to be Lipschitz continuous if there exists a numper0 such that

Title Page
1Pr@)z = Pr)zll < nllz =y
Contents
forall z,y,z € H.

ne 44 >
Remark 4.1. In many important applicationgs (u) has the following form: < >

K(u) = m(u) + K, Go Back

Close

wherem : H — H is a single-valued mapping and is a nonempty closed
convex subset off. If m is Lipschitz continuous with constan it is easy to Quit

see thatPk, is Lipschitz continuous with the Lipschitz constant= 2. Page 16 of 25
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Theorem 4.2. Let K : H — 29 be a set-valued mapping such that, for each

u € H, K(u) is a nonempty closed convex settbf Let mappingd’,g : H —

H be Lipschitz continuous with Lipschitz constafitand ~, respectively, and

g be strongly monotone with constant Let a mappingV : H x H — H

be Lipschitz continuous with respect to the first and second arguments with
Lipschitz constants and &, respectively. Let set-valued mappingsG, S :

H — CB(H) be H-Lipschitz continuous witti/-Lipschitz constants, o, e,
respectively, and~ be strongly monotone with respectfowith constanta.
Suppose thaPx ;) is Lipschitz continuous with the Lipschitz constantf the
following conditions hold:

a?—32n2k(2—k)
|P - 62anz| < B2n2 )

(4.1) a> k(2 — k),
k=2/1-20+72+pu+&ye+710 <1,

thenthere exist € H,x € Fu,y € Guandz € Su which are a solution of the
generalized strongly nonlinear implicit quasivariational inequalityl) and

Up — Uy, Ty — Ty, Yp— Y, 2n—2 (n—00),
where the sequencés,, }, {z,}, {v.} and{z,} are defined by Algorithr. 1.

Proof. From Algorithm3.1, Lemma3.3 and the Lipschitz continuity 0Py ,),
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we have

(4.2)
1 = nll < Mg — 1 = [g(un) — g(un-1)]|

+ (1= Mllun = tnall + Al Pre ) Q1n) = P 1) @tn-1) |

< Mlun = tn-1 = [g(un) = g(un-1)]|

+ (1= MJun = wnall + M P ) @un) = Prcun) Q1) |

+ M| Pre(un) Q(tn—1) — Prc(u,1)Q(tn—1)]|
< AMun = tn—1 = [g(un) — g(n—1)]]|

+ (1= Nlun = vn-all + A[Qun) — Q(un—1)|| + Aflun — wn1]]
<2 |y = up1 = [9(un) = g(un—1)]l| + (1 = N[t — wp|

+ )‘H(p(una Tn, Yn, Zn) - Qp(un—la Tn—15Yn—1, Zn—l) H
+ )\,UHUn - uanHa

whereQ(u,) = g(un) — tn + ¢(Un, Tn, Yn, 20). By (3.1), we have

No(tny Ty Yy 20) — P (Un—15 Tr 1, Y1, Zn1)||

= <30<un7 Tns Yn, Zn) - So(unfla Tn—1;Yn—-1, Zn71)>
(;D(una Tny Yn, Zn) - @(un—la Tp—15Yn-1, Zn—1)>
< un — tun—1 = p(T(2n) — T(n-1)),
QO(’LLn, Tns Yn, Zn) - Sp(un—la Tp—15Yn-1, Zn—1)>|
+ ‘<N(yn7g<zn)) - N(ynflag(unfl))p

O(Uny Ty Yns Zn) — P(Un—1, Tp—1,Yn—1, Zn—1))]
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< llun = w1 = p(T(@n) = T(@na)ll + [N Wn, 9(20)) = N(Yn-1,9(20-1))]

: ||90(una Tny Yn, Zn) - Qp(un—la Tp—15Yn—1, Zn—l) ||

and so

(43) ”QO(UT“ Ty Yn, Zn) - Qp(un—lv Tn—15Yn-1, Zn—l)”
< un —up—1=p(T(2n) = T(@n—1)) | + [N (Y, 9(20)) = N (Yn-1, g(20-1)) |-
SinceG and S are H-Lipschitz continuousg is Lipschitz continuous andv Generalized Strongly Nonlinear

is Lipschitz continuous with respect to the first and second arguments, respec- 'mp'iC“Ir%”qiS;‘l’iggz“O”a'
tively, we get

Yeol Je Cho, Zhi He, Yun Fei Cao

(4 4) and Nan Jing Huang
IN (Yn: 9(20)) = N(Yn-1, 9(2n-1)) |
<IN (Y5 9(20)) = N (o1, 9(za)) | + [N (Un-1, 9(20)) = N(yn-1, 9(20-1)) | Title Page
< Tlyn = yn-all + €llg(zn) — g(za-1) Contents
1 1 44 44
< 7014 )t = el + €961+ )l — | « |
1
< (1o +&ye)(1 4+ ﬁ)Hun — Up—1|- Go Back
. . o - . Close
By the Lipschitz continuity and strong monotonicity @fwe obtain
Quit
(4.5)  Jun — w1 = (9(un) = g(un-0))1* < (1 =26 + %) [Jun — waa || Page 19 of 25
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strongly monotone with respect i1 we get
(4.6)

1
=t 2 =p(T (@) =T(wn1))[* < (1=2p04p"8*n* (14 =)°) =t |,

From @.2) — (4.6), it follows that

(4.7) [ g1 = || < On [l — wn s ],
where
Generalized Strongly Nonlinear
1 Implicit Quasiv_griational
gn — )\k?n + (1 _ /\) + )\\/1 _ 2p0z + 0262772(1 + _)2’ Inequalities
1 " Yeol Je Cho, Zhi lHe, Yun Fei Cao
kn =9 /1 — 925 + 72 + 1 + (5’}/6 + 7-0.)(1 + _). and Nan Jing Huang
n
Letting Title Page
0 =M+ (1 — X))+ M\/1—2pa + p232n2,
Contents
we know thatd,, ~\, 6§ asn — oco. It follows from (4.1) thatd < 1. Hence
0,, < 1 for n sufficiently large. Therefore4(7) implies that{u, } is a Cauchy A >
sequence i/ and we can assume that — u € H. < S
Now we prove that, — = € Fu,y, — y € Guandz, — z € Su,
respectively. In fact, it follows from Algorithr.1that Clo BHES
1 Close
Ha:n_-rn—lH < (1“—5) 77”“71 _un—lua Quit

Page 20 of 25
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J. Inequal. Pure and Appl. Math. 1(2) Art. 15, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:tempus@oltenia.ro
mailto:tempus@oltenia.ro
http://jipam.vu.edu.au/

1
120 — 2 al| < (1 + —) ellt — i1 |
n

and so{z,}, {y.} and{z,} are all Cauchy sequences k. Letz, — =,
Y, — y andz, — z asn — oo. Further we have

d(z,Fu) = inf{||Jz —z||: 2z € Fu}
|z — || + d(zy, Fu)
|z — x| + H(Fuy, Fu)

[ =zl +nllun —ul| =0 (n = o0).

IA A IA

Hence,x € Fu. Similarly, we havey € Gu andz € Su. This completes the
proof. O]

From Theoremt.2, we can get the following results:

Theorem 4.3.Let K : H — 2H be a set-valued mapping such that for each
u € H, K(u) is anonempty closed convex sefhfLet mappingq’, g, A, B :

H — H be Lipschitz continuous with Lipschitz constaftsy, £ andr, respec-
tively, andg be strongly monotone with constant Let set-valued mappings
F, G, S: H— CB(H) be H-Lipschitz continuous witli/-Lipschitz constants
n, o and e, respectively, and> be strongly monotone with respect Towith
constanty. Suppose thaPx ) is Lipschitz continuous with Lipschitz constant
u. If the condition ¢.1) in Theorem.2 holds, then there exist € H, x € Fu,

y € Gu andz € Su which is a solution of the problenz (L1 and

Uy = Uy, Ty — T, Yo —Y, 2n— 2 (N — 00),

where the sequencés,, }, {z,}, {y.} and{z,} are defined by Algorithr.2.
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Theorem 4.4.Let K : H — 29 be a set-valued mapping such that, for each

u € H, K(u) is a nonempty closed convex settbf Let mappingd’,g : H —

H be Lipschitz continuous with Lipschitz constasitsnd, respectively, ang

be strongly monotone with constantLet mappingV : H x H — H be Lip-
schitz continuous with respect to the first and second arguments with Lipschitz
constantg and¢, respectively. Let set-valued mappingsG : H — CB(H)

be H-Lipschitz continuous withH -Lipschitz constantg and o, respectively,
and G be strongly monotone with respectowith constantv. Suppose that
P, is Lipschitz continuous with Lipschitz constantif the condition ¢.1) in
Theorem4.2 holds for

k=21-20+*4+pu+&y+70 <1,

then there exist € H, x € Fuandy € Gu which are a solution of the problem
(2.12 and

U/n_>u, I?’L—>x7 yn_>y (n_>oo>7
where the sequencés,, }, {z,} and{y,} are defined by Algorithri.3.

Remark 4.5. For a suitable choice of the mappings g, F, G, S, T and N,
we can obtain several known results irt], [24] and [27] as special cases of
Theoremd.2
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