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Abstract

New families of inequalities involving the elementary symmetric functions are
built as a consequence that all zeros of certain real polynomials are real num-
bers.
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Theelementary symmetric functionn variables are defined by

60(%1,.1]2,...,%”) =1
er(ry, T, ..., Ty) = T1+ T2+ 1,
eo(T1, T, ..., Ty) = E ;T
i<j
A New Look at Newton'’s
Inequalities
en(T1, 2o, ..., Ty) = T1To...Ty.

Constantin P. Niculescu

The differente,,, being of different degrees, are not comparable. However, they
are connected by nonlinear inequalities. To state them, it is more convenient to

consider their averages, Title Page
Contents
Ek;(xl, To, ... ’xn) _ ek(‘rl; x2rz ... 7In)

(%) «“ S
and to writeE, for Ey(xy,zs,...,x,) in order to avoid excessively long for- < >
mulae.

) Go Back
Theorem 1.1. (Newton [L7] and Maclaurin [14]). Let F be ann—tuple of
non-negative numbers. Then: Close
(1.1) EXF) > Epa(F) - Epi(F), 1<k<n-—1 Quit
Page 3 of 33
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unless all entries of coincide.

Actually, the Newton inequalitiesL(1) work for n—tuples of real, not nec-
essarily positive elements. An analytic proof along Maclaurin’s ideas will be
presented below. In Secticghwe shall indicate an alternative argument, based
on mathematical induction, which yields more Newton type inequalities in an
interpolatory scheme.

The inequalitiesX.2) can be deduced from.(1) since

A New Look at Newton’
(EoBa) (BvE3)? (BoEy)® .. (Ey 1 Ep)* < B}ESES .. E* ewln(é(é.u;mei o
givesE,’jH < Ell:Jrl or, equivalently, Constantin P. Niculescu
E;/k > E;i(fﬂ). Title Page
Among the inequalities noticed above, the most notable is of course the Contents
AM — G M inequality: 44 >
(ajl_’_mQ—I—..._’_mn)n 4 ’
> LT - Ty,
n Go Back
foreveryzy, zo,...,z, > 0. A hundred years after Maclaurin, Cauchy §ave Close
his beautiful inductive argument. Notice that tHd/ — GM inequality was Quit
known to Euclid [/] in the special case where= 2.
Page 4 of 33
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of Arithmetica UniversalisentitledDe Forma AquationigNewton made (with-
out any proof) the following statemertgiven an equation with real coefficients,

apz” + a4 4a, =0 (ag#0),

the number of its imaginary roots cannot be less than the number of changes of
sign that occur in the sequence

2 2
aa (ﬂ) _ B % 3 ) (M) _n | On2 ’ a? A New Look at Newton's
(T) (g) (g) (nT—ll) (Z) (ny—LQ) nequalities

Constantin P. Niculescu

Accordingly, if all the roots are real, then all the entries in the above sequence
must be non-negative (a fact which yields Newton’s inequalities).

Trying to understand Newton’s argument, Maclaufiti[gave a direct proof
of the inequalities1.1) and (L.2), but the Newton counting problem remained Contents
open until 1865, when J. Sylvester], [ 24] succeeded in proving a remarkable

Title Page

<44 >»

general result.

- - - . . . . - . 4 ’

Quite surprisingly, it is Real Algebraic Geometry (not Analysis) which gives

us the best understanding of Newton’s inequalities. The basic fact (discovered Go Back
by J. Sylvester{”] in 1853) concerns theemi-algebraic characteof the set Close
of all real polynomials with all roots real. Quit
Theorem 1.3.For each natural number > 2 there exists a set of at maost- 1 Page 5 of 33

polynomials with integer coefficients,
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such that the monic real polynomials of order
P(z) = 2"+ a12" ' + - + ap,
which have only real roots are precisely those for which

Ryi(ar,...,a,) >0, ..., Rypmy(ar,...,a,) >0.

The above result can be seen as a generalization of the well known fact that

the roots of a quadratic polynomial® + a,z + a, are real if and only if its
discriminant

(1.4) Dy(1,ay,as) = a3 — 4ay,

IS non-negative .

Theoreml.3is built on the Sturm method of counting real roots, taking into
account that only the leading coefficients enter the play. It turns out that they
are nothing but the principal subresultant coefficients (with convenient signs
added), which are determinants extracted from the Sylvester matrix.

For evident reasons, we shall call a fanﬂl‘ymk)i(”) adiscriminating family
(of ordern). For the convenience of the reader, a summary of the Sylvester
algorithm will be presented in the Appendix at the end of this paper.

In Sylvester’s approact,, ; (a1, . . ., a,) equals theiscriminantD,, of the
polynomial P(z) = 2™ + a;2™* + - - + a, i.€.,

Dn=Dy(l,a1,....a0) = [ (&i—a)?,

1<i<j<n

A New Look at Newton'’s
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wherez, ..., z, are the roots of’(x); D, is a polynomial (of weight? — n)
inZ[ay, .. .,a,] as being a symmetric and homogeneous polynomial (of degree
n? —n)in Z[zy, ..., x,). See, for details,]] or [13]. Unfortunately, at present

no compact formula foD,, is known. According to{1], the number of non-
zero coefficients in the expression for the discriminant increases rapidly with
the degree; e.gl)y has 26095 terms!

Forn € {2,3} one can indicate discriminating families consisting of just a
single polynomial, the corresponding discriminant. An inspection of the argu-
ment given by L. Euler to solve in radicals the quartic equations allows us to
write down a discriminating family fon = 4. See Sectiod below, where the
computation was performed by using the Maple version incorporated in Scien-
tific WorkPlace 2.5.

Due to the celebrated result on the impossibility of solving in radicals the
arbitrary algebraic equations of order> 5, we cannot pursue the idea of using
resolvants in the general case.

Remark 1.4. Having a discriminating family fon = N, we can easily indicate
such a family for eack € {1,..., N}. The trick is to replace &(x) of degree
k by xN=*P(x), which is of degreeV.

Also, having a discriminating familijk)i(:"f for somen > 2, we can
decide which monic real polynomial¥(z) = =™ +a;2" ' +- - - +a, have only
non-negative roots. They are precisely those for which

—a; >0,...,(=1)"a, >0

and

Ryi(ar,...,a,) 20, ..., Rygmy(a,...,a,) > 0.
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Notice that under the above circumstances; 0 yields P(x) # 0.
The Newton inequalitiesl(1) were proved in 1] following Maclaurin’s ar-

gument. The basic ingredient s the following lemma, a consequence of repeated
application of the Rolle Theorem, which we give here under the formulation of

J. Sylvester?4]:
Lemma 1.5. If

F(x,y) = cox™ + 2™ 'y + -+ + cuy™

is @ homogeneous function of théh degree inv andy which has all its roots
x/y real, then the same is true for all non-identicmlequationsg;fgj =0,
obtained from it by partial differentiation with respect toandy. Further,
if £ is one of these equations, and it has a multiple rapthen« is also a
root, of multiplicity one higher, of the equation from whiéhis derived by

differentiation.

Any polynomial of thenth degree, with real roots, can be represented as

Eox"™ — (Tf) Bz + (Z) B — .+ (=1)"E,

and we shall apply Lemm&a5to the associated homogeneous polynomial

F(x7y) = onn - (?) Ew”_ly + (Z) Elx”_QyQ — 4 (_1)71 nyn'

Considering the case of the derivativg% (fork=0,...,n—2)we
arrive to the fact that all the quadratic polynomials

Ej_12* — 2Eyxy + Epy®
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fork =0,...,n—2also have real roots. Consequently, the Newton inequalities
express precisely this fact in the language of discriminants. For this reason we

shall refer to {.1) as thequadratic Newton inequalities
Stopping a step ahead, we get what S. Roszdtdalled thecubic Newton
inequalities

(1.5) 6By Eyy1 By Brys + 3B By > AELE] o + ELE} 3 +4E) By

fork = 0,...,n — 3. They are motivated by the well known fact that a cubic
real polynomial
3 + ale + asx + asg

have only real roots if and only if its discriminant

D3 = D3(17a17a2aa3)

= 18ajazas + ajas — 27a3 — 4ai — 4aias
is hon-negative. Consequently the equation
Epa® — 3Ep13%y + 3Ep00y” — Ejysy® =0

has all its roots: /y real if and only if (L.5) holds.

S. Rosset{(] derived the inequalitiesl(5) by an inductive argument and
noticed that they are strictly stronger thdnij. In fact, (L.5 can be rewritten
as

A(Ex1Eps — Ep o) (ErEpyo — B2 ) > (Ex1Bryr — ExErys)?
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which yields (L.1). That (L.1) does not imply {.5), see the case of the cubic
polynomial,
3 — 8.92% + 26x — 24 = 0,

whose roots are

x1 = 1.8587, w9 = 3.5207 —0.719337, x3 = 3.5207 + 0.71933:.

As concerns the Newton inequalitied’,,) of ordern > 2 (when applied to
strings ofm > n elements), they consist of at most- 1 sets of relations, the A New Look alt_ Newton's
first one being Inequalities

D, (1, (—1)1(?) Egj (—1)2<Z) EEQ e (=) (Z) EE") >0

for k € {0,...,m —n}. Contents
Notice that each of these inequalities is homogeneous (e.g., the above ones

Constantin P. Niculescu
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consists of terms of weight?> — n) and the sum of all coefficients (in the left « dd
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Our argument will yield directly the log concavity of the functiodns- Ej, :

Theorem 2.1. Suppose that, § € R, andj, k£ € N are numbers such that
a+08=1 and ja+kB€{0,...,n}.
Then
Ejarip(F) 2 EJ(F) - EJ(F),
for everyn—tuple F of non-negative real numbers. Moreover, equality occurs
if and only if all entries ofF are equal.

The proof will be done by induction on the length &t following a tech-
nique due to S. Rosset().

According to Rolle’s theorem, if all roots of a polynomidle R[X] are real
(respectively, real and distinct), then the same is true for its deriv&tiv&iven
ann—tuple 7 = (x4, ..., z,), we shall attach to it the polynomial

Pr(e) = (z —a1)...(z —a,) = Y (-1 (Z) Ey(a, ... 20) 2" "

k=0

The(n — 1) —tuple 7" = {y, ..., yn—1}, consisting of all roots of the deriva-
tive of Px(z) will be called thederivedn—tupleof F. Because

n—1

(@)@ —yur) =Y (-1 (n . 1) By, o ) 2

k=0
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and
(=) (T —yn1) =

1

n
— - k n—k (n n—k—1
= ) (-1 L) Br(an o an) @

=Y ) (" . 1> Bu(, ..., ) a1,

A New Look at Newton'’s
Inequalities

We are led to the following result, which enables us to reduce the number of
variables when dealing with symmetric functions.

Lemma 2.2. E;(F) = E;(F') for everyj € {0,...,|F| — 1}.

Constantin P. Niculescu

Title Page
Another simple remark is as follows. c
ontents
Lemma 2.3. Suppose thaf is ann—tuple of real numbers and ¢ F. Put « N
Ft={1/ala € F}.Then
< >
E{(F ") =E, j(F)/E.(F
{(FT) = Buy(F) | EulF) o Bk
for everyj € {0,...,n}. Close
We move now to the proof of Theoreml Quit
Proof of Theoren2.1 For|F| = 2 we have to prove just one inequality namely, Page 12 of 33

2
T + T J. Inequal. Pure and Appl. Math. 1(2) Art. 17, 2000
T129 < 5 ) http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:tempus@oltenia.ro
http://jipam.vu.edu.au/

valid for everyz,, x5 € R. Clearly the equality occurs if and only:if, = x-.

Suppose now that the assertion of Theotefnholds for all k—tuples with
k < n — 1. Let F be ann—tuple of non-negative numbefs > 3) and let
J, k€N a,8 € R, \ {0} be numbers such that

a+pf=1 and ja+kse€{0,...,n}.
According to Lemm&.2 (and to our induction hypothesis), we have
Ejarip(F) 2 E5(F) - EJ(F),

except for the case wheje< k = n or k < j = n. Suppose, for example, that
j < k = n; then necessarilya + ng < n. We have to show that

Ejotns(F) > EX(F) - EX(F).

If 0 € F, thenE, (F) = 0, and the inequality is clear. The equality occurs
if and only if Ejo1n3(F') = Ejasns(F) = 0, i.e. (according to our induction
hypothesis), when all entries gf coincide.

If 0 ¢ F, then by Lemm&.3we have to prove that

E

n—ja—n,@(f‘il) 2 Eg—j(:'ril%
or equivalently (see Lemma?2),
Enjons (FY)) > EY; (F7)).

The latter is true by virtue of our induction hypothesis. O
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Remark 2.4. The argument above covers the Newton inequalities even for
n—tuples of real (not necessarily positive) elements.

The general problem of comparing monomial&in . . . , E,, was completely
solved by G. Hardy, J.E. Littlewood and G. Polyain], Theorem 77, page 64:

Theorem 2.5.Letay, ..., a,, 01, ..., (5, be non-negative numbers. Then

BY(F) oo B (F) S BR(F) o BT
for everyn—tuple F of positive numbers if, and only if,
O+ 20+ -+ (n—m+ 1)y, > B +26h0+-+(n—m+1)5,
for 1 < m < n, with equality whenn = 1.

An alternative proof, also based on the Newton inequalitie$) (s given
in [15], p. 93, where the final conclusion is derived by a technique from the
majorization theory.
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While the cubic Newton inequalities can be read off directly from Cardano’s for-
mulae, the quartic case is a bit more complicated but still alongside the methods
of solving the algebraic equations in radicals. The argument of the following
lemma can be traced back to L. Euler.

Lemma 3.1. The roots of a quartic real polynomial

vy taqytr

A New Look at Newton'’s

are real if, and only if, the roots of the cubic polynomial nequaliies

Constantin P. Niculescu

2 2
3, P o P —4r q
A A i
. 2 16 64 Title Page
are non-negative .
Contents
Proof. In fact, lettingy = u + v + t we infer that > N
WP+t = —p/2 p >
ot + 0+ PuF = (pP —4r) /16
u2112t2 _ q2/64 Go Back
H 2 .2 42 i H P .2 p2—4r > Close
i.e.,u®, v?, * are the roots of the cubic polynomial + £ 2% 4 == » — L out

The conclusion of the statement is now obvious. O

. . Page 15 of 33
Lemma 3.2. The roots of the cubic polynomial J

2_ Y 2 J. Inequal. Pure and Appl. Math. 1(2) Art. 17, 2000
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are non-negative if, and only if,

p <0, p®—4r > 0andDs(1,p/2, (p* — 4r) /16, —¢*/64) > 0.

Proof. It was already noticed that the roots ©fz) are real if and only if its
discriminant is non-negative. Then the necessity af 0 andp? — 4r > 0 is

a consequence of Viete’s relations. Their sufficiency is simply the remark that
(under their presencé)(z) < 0 for z < 0.

]

In order to write down a discriminating family of order= 4, we have to

notice that the substitution

changes the general quartic equation

s+ ad +asa® fasr+a, =0

to

3a? a3
4 _ 71 2 -1
y+(a2 8)y +<8

r=y—a/4

According to Lemma3.1 and Lemma3.2, a discriminating family for the
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guartic monic polynomials is

3aj

R4,1 (al,aQ,ag,a4) = Ds <17 ( Qa2 — —> /2

3
(ﬂ —alay + ajaz + a; — 4a4> /16,

16
ad  ajay 2
- (g - T -+ ag) /64
A New Look at Newton’s
27 49 1 1 5 3 Inequalities
= ~ 709619 ~ Tpgz%1% * 2048a1“2a4“3 1024 1424 g -
L9 3 PRSI
— Qa7 Q a as
256 1274 2048 aiasa 1096 2048 1423 e p
5 ) 3 1 3 ) 1 5 5 itle age
— ﬁalazamg — 6—4a1a3a4 — 1024 2 3 32CL2G4 Contents
) g2 2Ty Lo, L < >
T 355205% ~ 155605 + 5250204 + 160
= D4 (1, a4, as,as,ay) /4096 < >
3at
Ry (a1, az,a3,a4) = 1_61 - CL%CLQ + a1as + a% — day Go Back
302 Close
a
Ry3 (a1, a2,a3,a4) = ?1 —as. Quit

The above three relations are written in this order to be in agreement with the RS A al e

general scheme of constructing discriminating families in terms of subresol-
vents. See the Appendix at the end of this paper.
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The quartic Newton inequalitiesvill represent the necessary and sufficient
conditions under which all polynomials

Byt — 4B 12 4+ 6Epy07° — 4B 37 + Ery (K€ {0,...,n —4})
have only real roots. They are

Ruy (—4Eg41/Eg, 6By o) By, —4Ey 3/ Ex, Egya/Ey) >
(3.1) Ryg (—4Ey 41/ Ey, 6 2/ By, —4Ey 3/ By, B/ Ey) >
Rys(—4Ey41/Ex,6Eyyo/ By, —4Ey 3/ By, Epya/Er) > 0

0
0

or, expanding and then eliminating the denominators,

97 BB}y + BYB}, , — SA L}, By — GA B}, B,y — 18 R} LI,
+81 EkEl%+2Ek+4 —27 EI%HE%M + 36 E13+1Elz+2E13+3

+108 By, By 41 Ep 2B}y + 108 B} | By yoFyyaByis — 54 B2 E} 5 Eryy
—180 EyEy1 B2 o By i3Eyia + 54 BBy o B2 s Fyq — 6B, B2 E2 By
+54 By B2\ Eyo B2, — 12 B2y 1 B3 B2, > 0,

O E2E?, , + 4 BBy Eys — 24 By B2, Erpo + 12 B} | — BBy > 0,
B2, — ExEpy > 0.

The explicit computation of the family3(1) (as indicated above) was possi-
ble by using the Maple version incorporated in Scientific WorkPlace 2.5.
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Usually, the Newton inequalities can be used either to derive new inequalities,
or to conclude that certain polynomials have complex roots. The above analysis
on the cubic equations leads us to the following geometric result.

Lemma 4.1. Consider the cubic equation

23+ a2 + asr + a3 =0

. .. . . A New Look at Newton'’s
with real coefficients. Thenits roats, zo, x5 are the side lengths of@ondegenerate Inequalities

triangle if, and only if, the following three conditions are verified:
i) 18ajasaz + a?a3 — 27a3 — 4a3 — 4alaz > 0,
||) —a1 >0, ay >0, —az>0,

Constantin P. Niculescu

iii ) a} — 4ayag + 8az > 0. e g
. . . Contents
Proof. According to Remarkl.4 above and the discussion after Lemma,
the conjunction i) & ii) is equivalent to the positivity of the roots of the given 44 >
equation. Themy, x4, x5 are the side lengths of a (hondegenerate) triangle if, < >
and only if,
Go Back
T1+2o— 23>0, Tot+xz3— 20>0, 234+ — 290 >0,
Close
i.e., if, and only if, Quit
(.’[1 + X9 — 1’3)(1'2 + T3 — .1'1)(.%3 +x — 1’2) > 0. Page 19 of 33
Or, an easy computation shows that the last product eqgtiats4a;a, + 3. Inequal. Pure and Appl. Math. 1(2) Art. 17, 2000
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Corollary 4.2. (W.J. Blundon !]). Three positive numbers, R and r are
respectively the semiperimeter, the circumcircle radius and the incircle radius
of a triangle if, and only if, the following inequalities are verified:

(4.1) 2R* 4+ 10Rr —r* — 2(R —2r)\/ R(R — 2r) < p?
<2R? +10Rr —r* 4+ 2(R — 2r)\/R(R — 2r).

Proof. The NecessityAs is well known, the side lengths are the roots of the

cubic equation A New Look at Newton's
Inequalities
(42) $3 - 2p.CB2 + (p2 + T2 + 4RT):B - 4pR7n =0. Constantin P. Niculescu
In this case the condition i) in Lemn#alleads us to
Title Page
pt—2 (2R2 + 10Rr — 7“2) p? 4 64rR? + 48°R* + 12 R+ 11 <0 P —
ie., , , 4 >
(p* — 2R* — 10Rr 4+ r*)” < 4R (R — 2r) ) R
which implies both Euler’s inequalitig > 2r and W.J. Blundon’s inequalities.
The SufficiencyWe have to verify that the equatiod.p) fulfils the hypoth- Clo 2HIES
esis of Lemmat.1 above. The conditions i) and ii) are clear. As concerns iii), Close
we have :
Quit
a? —4ayay +8ag = —8p* +8p(p* +r? +4Rr) — 32pRr Page 20 of 33

= 8pr? > 0.
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The problem of the equality in the Blundon inequalities was settled by A.
Lupas [L7]: precisely, the equality occurs in the left-side hand inequality if, and
only if, the triangle is either equilateral or isosceles, having the basis greater
than the congruent sides. In the right-side hand inequality, the equality occurs
if, and only if, the triangle is either equilateral or isosceles, with the basis less

than the congruent sides.

A New Look at Newton'’s
Inequalities

Constantin P. Niculescu

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 21 of 33
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If P(z) = 2™+ a;z" ' + --- + a, is a real polynomial whose roots are real,
then the same is true for

() ()
"+ ap T+ ap, .
1 n

This result appears as Problem 719 i [The interested reader will find
there not only the details of proof, but also a large generalization. Seelalso [

A New Look at Newton'’s

Part V of vol. Il. As a consequence, we get the following. Inequaliies
Proposition 5.1. All the Newton inequalities satisfied by the functidnsare Constantin P. Niculescu
also satisfied by the functiong.
Particularly, Title Page
a: > ap_1ap, forallk=1,....n—1 Contents
unless all roots ofP(x) are equal; we made here the conventign= 1. This « dd
latter fact was first noticed by LAbbé Gua de Malves in 1741. Its proof in the < >
case ofn—tuples of non-negative numbers is quite simple and appears as the
first step in deriving the Newton inequalities inl], page 52. Go Back
From the Taylor’s expansion of a polynomial, Close
"1 Jdkp 3 Quit
Ple) = = K dak (@) (z = a) Page 22 of 33
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we infer immediately thelifferential formof Newton’s inequalities:

k 2
(5.2) (ZT]: ) >

except when all roots aP coincide. In fact, even more is true.

n—k+1 dtip dip
n—=k dxktl  dgh-1

forallk=1,...,n—1,

Proposition 5.2. Suppose thaP(x) is a real polynomial with real roots and
deg P = n. Then all the Newton inequalities satisfied by the functibpse-
main valid by replacing them with the functions

dn=kp
—1)F R —.
( ) dxmn—F

In the simplest case5(1) gives us

Pl2 > n PP//
- n _ 1 )
which is stronger than what most textbooks offer,

P / P//P_P/2
— | = —— <0.
(7)==

One can also formulatefaite difference analoguef the Newton inequali-
ties.

A New Look at Newton'’s
Inequalities

Constantin P. Niculescu

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 23 of 33

J. Inequal. Pure and Appl. Math. 1(2) Art. 17, 2000

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:tempus@oltenia.ro
http://jipam.vu.edu.au/

Proposition 5.3. Let
P(m):co—l—z cgr(x—1)...(r —k+1)
k=1

be a real polynomial whose roots are real. Then all the Newton inequalities
satisfied by the functions,, are also satisfied by the functions

k Inequalities

n
n—=k i
Ck (_ ) Chn—Fk / ( > Cp,- A New Look at Newton’s

Constantin P. Niculescu

Proof. In fact, according to a result due to F. Brenij,[Theorem 2.4.2, if

P(x)=cy+ Z cgr(x—1)...(zr—k+1) Title Page
k=1 Contents
is a real polynomial whose roots are real, then all roots of 44 44
n < >
_ k
Qz) = co + Z Cr® Go Back
k=1
) o Close
are real and simple. Actually Brenti discussed only the case where all roots of _
P(x) are non-positive, but his argument also works in the general case of real Quit
roots. [ Page 24 of 33

The inequalities of Newton have a companion for matrices, due to the well
. . ) J. Inequal. Pure and Appl. Math. 1(2) Art. 17, 2000
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its eigenvalues. In fact, by defininlge symmetric functions o as

1
Ei(A) = EZ%»

E(A) = g3 Y
2(4) n(n —1) ; arj gk
: A New Look at Newton’s
E.(A) = detA, Inequalities
one can show that Constantin P. Niculescu
Ex(A) = Ex(c(A)) forevery ke {l,...,n},

. o Title P
whereo(A) denotes thespectrumof A, i.e., the set of all its eigenvaluesn He Tage
particular, Theoreni.1 allows us to retrieve the following well known gener- Contents
alization of theAM — GM inequality: If A € M, (R) is a symmetric matrix, «“« NS
then )

T " < >
(_) > det A,
] _ _ n. Go Back
unlessA is a multiple of the identity. o
ose
Remark 5.4. There is still another possibility to look at the Newton inequali- _
ties in the noncommutative framework, suggested by the following analogue of Quit
E? > E,. For self-adjoint elementd;, . .., A, in aC*—algebra?l we have Page 25 of 33
1 & ! 1
— Z Ak 2 _— Z AjAk: J. Inequal. Pure and Appl. Math. 1(2) Art. 17, 2000
n n(n — 1) ‘ http://jipam.vu.edu.au
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However, even the form of tha A/ — G M inequality in this context seems to
be open; see’] for a new approach on this matter.

Possibly, the recent paper(] of Gelfand et al. on symmetric functions of
variables in a noncommutative ring, will eventually yield a better understanding
of the whole problem on the analogues of Newton’s inequalities.

All inequalities in terms of symmetric functions can be equally expressed in
terms ofNewton’s sums

So (:El, T, ... ,xn) = n A New Look at !\lewton‘s
Inequalities

sp(zy, 0y, my) = ¥ +ab 4+ 4 2F fork > 1.

Constantin P. Niculescu

In fact, if £ < n, then we have the triangular system of equations

s — €1 0 Title Page
Sg—e151+2e, = 0 Contents
: 44 >
Sk — €18k_1 + -+ (—1)kkrek =0 < >
and if k > n we have Go Back
Sk — e15p—1 + - + (—=1)"ensp_pn = 0. Close
Quit

A sample of what can be obtained this way is the following inequality, no-
ticed in [6], pp. 179 and 187For a, b, ¢, d € R, Page 26 of 33

<CL2 + b2 + 02 + d2 ) s > (a/bc + abd + CLCd + de) 2 J. Inequal. Pure and Appl. Math. 1(2) Art. 17, 2000
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unlessa = b = ¢ = d. In fact, we have to prove thdttE? — 3F,)% > FE2
(unlessa = b = ¢ = d) . Or, according to Newton’s inequalities,

(4E? — 3E,)* > B3 > E3

unlessa = b=c=d.

A New Look at Newton'’s
Inequalities

Constantin P. Niculescu
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The set of all pointgay, . . ., a,,) of R™ where the polynomial

Px)=2"+a2" '+ +a,

has exactly: real roots can be described as the set of solutions of a suitable set
of polynomial inequalities with integer coefficients,

A New Look at Newton'’s
anl(al, cey an) >0,..., Rmk(n)(al, e ,an) > 0. Inequalities

Constantin P. Niculescu

This is a consequence of Sylvester’s theory on subresultants, briefly pre-
sented in what follows:

The Sylvester matrixattached toP and P’ (= the derivative ofP) is the Title Page
matrix M, of dimension(2n — 1) x (2n — 1), defined by

Contents
Qp Ap—1 Ap—2 ¢ ) ay 1 ... 0 <4 »r
0 Ay, Ap—1 ... Qs a9 aq ... 0
< | 2
M 0 0 0 . ay (1 p_o ... 1 Go Back
0 = .
Upn—1 20p—9 3ap-3 ... (n—1)a; n 0 Close
0 apn—1  20p—o ... (n—=2)az (n—1)ay n _
Quit
0 0 0 ... 0 Ap—1 20p_9 ... M Page 28 of 33
ItS detel’mlnant, J. Inequal. Pure and Appl. Math. 1(2) Art. 17, 2000
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is called theesultantof P andP’. Because the leading coefficientBfis 1, we
also have

ro = Dn(1,a,...,a,).
Foreacly € {1,...,n — 1} we consider the matriX/; of dimension2n — 1 — 2j) x
(2n — 1 — 2j) , obtained by removing from/

e the lastj columns
e the rows with indices fronfin — 1) —j +1ton — 1

e the lastj rows.

Then thesubresultant of ordey is the determinant; of the (2n — 1 — 2j) x
(2n — 1 — 2j) submatrix of); obtained of/; by including all its rows, the last
2n—1—2j—1 columns and the column of indgx- 1. Clearly, all subresultants
are polynomials i, . . . , a,,. Viewed this way, they constitute a discriminating
family of ordern. In fact, the dominant coefficients of the Sturm sequence of
P and P’ are precisely their subresultants (with convenient signs added). This

fact is proved in a number of monographs such as that of R. Benedetti and J.-J.

Risler [1].
Example 6.1.Let P(z) = z® + a2 + asx + a3. Then:

as as aq 1 0
0 as a9 aq 1
ro=det | as 2a; 3 0 0
0 a 2a; 3 0
0 0 a9 2(11 3
2

= 27a; — 18ayaza3 + daza’ + 4aj — a3a’

A New Look at Newton'’s
Inequalities

Constantin P. Niculescu
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as aq 1
ry =det | 2a; 3 0 | =6ay — 2a%
a9 2&1 3

ro = det (3) = 3.

The number of the real roots &f(x) is given by the Sturm sequence attached
to P(z), when restricted to the leading coefficients,

23, 3z, — (6@2 — 2a%) T, — (27a§ — 18ajaqas + 4a3a?1’ + 4a§ — a%a%) . A New Look at Newton’s
Inequalities
Accordingly, in order to assure th#t(xz) has 3 real roots, we have to impose SN ——
that
V(i—o0) = V() =3,

( ) (00) Title Page
whereV (—oo) andV (oo) denote the numbers of sign changes-ab and re- Content
spectively abo. That forces ontents

4« 44
ai —3a; >0 and 18ajasaz + aia; — 27a; — 4a3 — 4ajasz > 0. p R
However, as noticed in the Introduction, the first inequality is a consequence Go Back
of the second one.
Close
Quit
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