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ABSTRACT. In this paper, a new inequality for the weight coeffici&¥itn, r) of the form

> 1 n+1\"
W (n,r) = m_0m+n+1<m+§)
T 1
. o\ 1—1
sin (Z)  13(n+1)(2n+1)7

is proved. This is followed by a strengthened version of the more accurate Hardy-Hilbert in-
equality.

(r>1,ne Ng=NU{0})
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1. INTRODUCTION

fp>10+ 0 =1a.b, >0and0 <37, ah <o00,0 <37, b <oo(A=0,1),
then the Hardy-Hilbert inequality is
n=1—\

(1.1) > mh < (Zag)
m=1-An=1-X\ m+n+ )\ sin <%> n=1-—X\
where the constant/ sin(r/p) is best possible (segl[3, Chapter 9]). Inequality|(1.1) is im-
portant in analysis and it's applications (seé [4, Chapter 5]). In recent years, Yang and Gao
[2,[7], have given a strengthened version[of](1.1)Xet 0 as
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where~ = 0.5772%, is Euler's constant. Later, Yang and Debnath [6] proved a distinctly
strengthened version o¢f (1.1) far= 0 as
(1.3)

1

mz:l;m+n {; Lin (%) : 2n;+n;] } {231 Lln (p) - ona —i—n;] bg} ’

which is not comparable with (J.2).
Inequality [1.1) for\ = 1 is called the more accurate Hardy-Hilbert’s inequality, which has
been strengthened as

(1.4) sz+n+1

m=0 n=0

1

= 7r In2 -~ » : = T In2-—y 7 !
{Z Lm(%)@ww“é}a”} {Z Lm(%) <2n+1>“2]b"} |

by introducing an inequality of the weight coefficielt(n, r) in the form (seel[5, equation

(2.9))):

bS]

o0

1

1 n+i\" 7T In2—~

(1.5) W(n,r) = ( 2) <— = (r>1,n€eN).
W;)mjLn—i-l m+% Sln(;) (2714_1)2—%

In this paper we will give another strengthened version of| (1.1)Xfoe 1, which is not
comparable with[(1]4). We need some preparatory works.

2. SOME LEMMAS

Lemma 2.1. If f € C°0,00), f? (z) > 0(¢=0,1,2,3), fiV(0) =0 (i =1,2,...,6),
and) ">, f (n) < oo, then we have

2.1) i(_m’f f(k)>%f(2) (see[l, equation (4.4)]
k=2
2.2) m= [ rwdsgro+ [CBr o
2.3) /0 Buf (tydt = — = J'(0) + 6, 52—615/0ml§3f”’(t)dt<0,

whereB; (t) (i = 1,3) are Bernoulli functions (sef®, equations (1.7)-(1.9)]
Setting the weight coefficieit/ (n, r) in the form:

0o 1N\ 7
Om+n+1 m+ 3 sm(;) (2n +1)* 7
then we find
1 = 1y
2, - Mm+1)"7 — (2n+1)° :
(25)  f(n,7) sin(g)(n+ ) (2n+ )mZ::Om—i-n—l—l(2m+1)
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If we define the functiorf (v) asf () = 75 (5:57) 7+ @ € [0, 00), then we havef (0) = 155,
f/ ( ) ]. < ]. > % 2 < ]_ ) 1+;
x) = — -
(x4+n+1)>\22+1 r(x+n+1) \20+1 ’
1 2
f1(0)=- -

(n+1)* r(n+1)

/ooof(x)dgj: (zn-lu) /OO (lerl) (i)rdy

2n+1
1

T - (—1)”
(2n+1) sin (7) Z TV i] |
By (2.2) and[(Z.5), we have

ety & 1y
(2.6) e(n’r)__Z(TH—l)+;(1—%+1/)(2n+1)”_1

g on +1)° 2(2n+1)
A P = et [
0 (t+n+1)°@2t+1)" rt+n+1)Q+1)"7
By Lemma 4 of [, p. 1106] andl (3.4), we have
Lemma 2.2. For r > 1,n € Ny, we have) (n,r) > 0 (n,o0), and

and

3=

1
T

(2.7) W(n,r) < .WW __bn oo)l (r>1, neNy),
sin () (20 + 1)?
where
(2n + = 1) /°° _ (2n +1)?
2.8) 0(n,00)=— + -+ [ B@) | —2|dt
(2.8) 6(n,c0) ;Hu y2n+ 1"t o 1) (t+n+1)°
Since by([(2.B) anq]g.l),we have
g 1 1 L[> 1 "
Bi(t) ————dt = ——— — — Bs(t) | ————=| dt
/0 1()(t—|—n+1)2 12(n +1)° 3!/0 3(>[(t+n+1)}
1
Tty
12(n+1)
and
) )1/ oo 1/
2n+1) — = +
Vz: 1+1/ ) (2n+ 1) = (2n 2 ; 1—|—1/ 2n—|—1)
1 1
><2”+1>_§+—6(2n+1)‘
Then by [2.8), we find
1 1 1

1
(2:9) 9("’m)>6_6(n+1)_12(n+1)2+6(2n+1)'
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Lemma 2.3.Forr > 1,n € Ny, we have

T 1

2.10 Wi(n,r , -
(2.10) (m.7) < sin (1) 13(n+1)(2n+ 1) 7

Proof. Define the functiory(z) as

1 1 1 1

r) = — — + —I'_ ’x
I = 5 G T 2@ 12 (22 +1)°

€ [0,00).

Then by [2.8), we havé (n, c0) > 25Hg (n). Sinceg(1) > 0.0787 > £, and forz € [1, 00),
1 1 1 422 + 22 — 1
J (@)= - - i TTE Tyl

32z +1)° 12(z+1)7% 3@2z+1)° 12(@+1)°Q2z+1)°

then forn > 1, we haved (n, c0) > (2::11)9(1) > ptls. Hence by) inequality (2.10) is

valid forn > 1. Sinceln2 — y = 0.1159* > L, then by.) we find

In2 — 1
@11) WO,r)<-——r— T T

sin (7)) (2x0+1)* 7 sin(f)  13(0+1)(2x0+1)""

It follows that (2.10) is valid for > 1,andn € N,. This proves the lemma. O

3. THEOREM AND REMARKS

;I;]heorems.l.lfp> Lo+ =1 amb, >0,0< 37 ab < oo, and0 < 377 bi < o0,
en

> T 1
(3.1) sz—l—n+1< 2 |- B an

m=0n=0 n—o | sin <%) 13(n+1)(2n+ 1)%

Q=

xi 7&— L | bk p

g) 13(n+1)(2n+1)

p o]
3.2 _— T LR L P,
( )Z<Zm+n+1> ) sin(”) Z sm( n o
Proof. By Holder’s inequality, we have
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Syt S O o ()
m=0n=0m+n+1 m=0n=o L(m+n+1)r \N+3 (m+n+1)s \M+3

i
[

m=0n n
1
> X 1 n+i\?r !
X bd
o () )
1
N 1
S5 [ (258 |}
= a
e i (m+n+1) \n+1 mn
o oo . Ry} .
X pe
HZ:MZ_O (m+n+1) (m+;) "

(S (S

Sincesin(w/q) = sin(w/p), by (2.10) forr = p, ¢, we have|[(3]1).
By (2.10), we havéV (n,p) < m/sin(r/p). Then by Hélder’s inequality, we obtain

- 1
53 ii (n+§)é 1 (m+%)”
mmtntl = m+n+1)% m+ 3 ] (m+n+1)% n+ 3
1
_ - 1
> 1 n4+1i\e i 1 m+i\7|"
S{Z (m+n+1) (m—|—21> afl} {Z(m+n+1)<n+ )
n=0 L 2 | n=0
1
o [ 1 n_’_% %_ P
=31 ) |an b W (m.p)}s
=l (m+n+1) \m+;
> [ 1 n+1\4] z g
<y (222) Jaf 47
n—=0 _(m—i—n+1) m+3/ ] sin (;{)
Then we find
p
o) 0o p 0o oo 1 1 q
a, 1 <n—|—§>q T
< T ab
5 (Erim) L e ) <[5

[
NE
WE
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Hence by[(2.10) for = ¢, we have[(3.2). The theorem is proved. O

Remark 3.1. Inequality [3.1) is a definite improvement over (1.1) for 1.

Remark 3.2. Since forn > 2,13 (2 — ) <2 — #1 then

In2 — 1
(3.3) T  In v T

: T 2 1 > : T - 1 1

sin (7))  @n+ 1> sin(T) 13(n+1)(@2n+ 1) 7

In view of (2.11) and[(3]3), it follows thaf (3.1) and (]L..4) represent two distinct versions of
strengthened inequalities. However, they are not comparable.

Remark 3.3. Inequality [3.2) reduces to

(r>1,n>2).

o [ P P
a, s
This is an equivalent form of the more accurate Hardy-Hilbert’'s inequality (see [3, Chapter
9)).
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