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ABSTRACT. The following inequalities for power-exponential functions are proved
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where0 < s <y<lorl<z<uy.
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1. INTRODUCTION

It is well-known that, if0 < = < y < e, then

(1.2) ¥ <y’
If e <z <y, then inequality[(1]1) is reversed.(f< x < e, then
(1.2) (e4+x)" > (e —x)te.

For details about these inequalities, please referito [1, p. 82] and [3, p. 365].

In [3, p. 365 and p. 768], an open problem was proposed: How do we compare the value
of a® with that of 4 for 1 < a < e < b? Although it looks like a simple problem, not much
progress has been made on it. Recently, some discussion was givéen in [1, p. 82] by Professor
P.S. Bullen. Moreover, more detailed discussion on this open problem was given in [4] by Mr.
Z.Luo and J.-J. Wen.
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There is arich literature on inequalities for power-exponential functions|, 5ee [1, 2, 3].
In this paper, based on the revised Cauchy’s mean-value theorem in integral form [7, 8], we
will give some new inequalities for power-exponential functions, and propose an open problem.

2. MAIN RESULTS

Theorem 2.1(Main Theorem)ForO0 <z <y < 1lorl < z <y, we have

(2.1) d — > ¥ > y—,
xY x xY
x Y
2.2) (Q)y:>2<
x x®

For0 < z < 1 < y, the right hand side of2.J)and (2.7) are reversed.
fo<z<l<yor0<z<y<e,then

2.3) 1<ylnx.yx—1 y*

xlny v —1 av

If e < z <y, inequality(2.3)is reversed.

First Proof of Theorer 2]1We first prove the right hand side of inequality (2.1)

(2.4) LN
T xY
where) < x <y < 1orl <z < y. This inequality is equivalent to
Iny—Inzx>zhy —ylnz,

which can be written as

(2.5) LT <
Iny—Ilnx 2y

Since (1t) = =1t an integral form of inequality (214) follows frorfi (2.5), that is

T

Y1 _1Int 1 (v
(2.6) / 2“ﬁ<—/—ﬁ
z t Yy Jp, T

The reciprocal change of variables|in (2.6) gives

Iny Inz
— 1

1/x 1 1/x 1
2.7) /1 (1+nt)dt < — [ -t
1/y LV

Substitutingu = | andv =  in (2.7) yields the following result

u u 1
(2.8) / (I+1Int)dt < uv/ Zdt.

In order to prove[(2]4), it is sufficient to shov (R.6) fox = < y, and [2.8) forl < v < w.
Introduce the following

Y1—Int 1 (71
2.9 =[] ——dt—— [ —dt 1;
(29) flam) = [ grta=— [ dn gy
u ul
(2.10) h(u,v):/ (1+lnt)dt—uv/ gdt, u>v>1.
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After some straightforward calculations, we obtain the following results

Qﬂﬁﬁz—(éy%ﬁ+xﬂ—hwy—0 L _g@y)

wy? >

9(1,1) =0
ah(u’v)zl—l—lnu—v—v/ 1alt,
ou b

Ph(u,v)  1—w
- = 0.
ou? u <
Slncedg(“ < 0, theng(z, =) decreases, thugz,z) < ¢(1,1) = 0. From (‘Zy) < 0,

we have thay(x,y) decreases i, sog(v,y) < g(z,x) < 0. Then?{2) < 0, f(z,y)

decreases ip, thereforef(z,y) < f(xz,x2) = 0. This completes the proof of inequalify (2.6)
forl <z <uy.

Since? Hluv)

v) decreases i in, hence

ah(u,v) < Oh(u,v) =1—v+Ilnv<0,
ou 2 .

so h(u,v) decreases im, thenh(u,v) < h(v,v) = 0. This completes the proof of (2.8) for
u>v> 1.
Next, we prove the left hand side of inequality (2.1)

<0, then2®

(2.11) y Y

A
where) <z <y < lorl <z <y. We can rewrite[(2.11) in the form

Y

(2.12) 2Iny —y*Inx >Iny —Inz.
This is equivalent to

¥y —1 Inz

(2.13)

> —.
yr—1  Iny

SincezV—1 = (Inz) [ 2" dt,y"—1 = (Iny) [, y" dt, theninequality[(2.13) can be rewritten
in the integral form

fy t dt
2.14 1.
Making the change of variables= ys, gives
Y 1
(2.15) / xtdt = y/ (x¥)* ds,
0 0
T 1
(2.16) / y'dt = x/ (y*)* ds.
0 0
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Therefore, the equivalent form o¢f (2]14) is
Llwyds _y
fol (xy)s ds r

Hence, it is sufficient to show that inequalify (2.17) is validfior z <y <lorl <z <.
From the revised Cauchy’s mean value theoren in integral fori in [7, 8], we get

1 0
X \S d X
(2.18) M (L), seq.)
o (@v)s ds Y
Using inequality[(2.]4) leads to

(2.17)

z\ ¢ 0
(%) <)<
Thus the inequality{ (2.17) is proved and the proof of (2.11) is complete.
It follows from (2.4) and[(2.1]1) that the inequalify (P.1) holds.
It is clear that inequality] (2]2) is equivalent to
y _(y—Dhz
(2.19) - > m
It is evident that

(y—1)Inx _ Inzv~! _ Inz¥—Inz folysds _ <Q>9 _y
(x—1)lny Iny*! Iny®—Iny fol x5 ds x
This leads to the inequality (2.2).

Finally, inequality [(2.B) can easily be derived from (1.1) gnd (2.18). Making similar argu-
ments as above enables us to establish the reversed inequalities. O

Second Proof of Inequalitig®.2) and (2.4). It is easy to see that
t>14+1Int, t>0,t#1.

tInt ’_t—1—1nt>0
t—1)  (t—1)2 ’

and the functioﬁt%f Is increasing. This gives

Therefore

ylny xlnzx

, Il<zx<yorO<z<y<l.
y—1 x—-1

This can be written as
zy(lny —Inz) > ylny —xlnz.
Thus, the desired inequality (2.2) follows.
Sincet < 1+ Int fort # 1 andt > 0, we have

Int '7t—1—t1nt<0
t—1)  t(t—1)? ’

that is, the functiorﬁ—j is decreasing, thus

Iny Inx
y—1 ax-1’
Iny—Inz>zhy—ylhx
hold for0 < 2 <y < 1orl <z < y. This yields inequality{ (2]4). O
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Remark 2.2. It has been pointed out by Professor P.S. Bullen that inequality (2.4), the right
hand side of inequality (2.1), is equivalent to inequality|(2.2), this can be seen only if we replace
z,ybyl i respectively.

3. OPEN PROBLEM

Adopting the following notations:

(31) fl($7y) =,

(3.2) feri(z,y) = 2P,

(3.3) Fi(z,y) = 248:0)
fk(xay)

for0<z<y<lorl<az<y,andk > 1
The following inequalities need to be proved or disproved

(3.4) For_1(x,y) > For(z,vy),

(3.5) Fopva(z,y) > Fopia (2, y).

That is,

(3.6) Ey(z,y) < Fi(z,y) < Fa(z,y) < F3(z,y) < Fo(z,y) <
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