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Abstract

Some inequalities for the expectation and variance of a random variable whose
p.d.f. is n-time differentiable are given.
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Let f : [a,b] — R, be the p.d.f. of the random variahié and

B (X) ::/btf(t)dt

its expectatiorand

|

Some Inequalities for the
2 Expectation and Variance of a

o(X)= [/ab (t—FE (X)) f () dtr = [/ab t2f (t)dt — [E(X)]? Random Variable whose PDF is

n-Time Differentiable

its dispersion or standard deviation. Nei'SS- Bafsrjegf Pietro 2%0%’
. . . ever S. bragomir
In [1], using the identity John Roumeliotis
b
(1.1) [z — E(X)]? 402 (X) = / (x — ) f(t)dt Title Page
) . ) . ‘ ) _ Contents
and applying a variety of inequalities such as: Holder’s inequality, pre-Griss,
pre-Chebychev, pre-Lupas, or Ostrowski type inequalities, a number of results 4« 4
concerning the expectation and variance of the random varigbleere ob- < >
tained.
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For example,
(1.2) o*(X)+ [z — E(X)]?
((b—a) [ U5+ (o= 2)"| Ifles §FF € Loclab];

IN

1
_)2a+ 1 20417 g .
|G e ) ), it f €Ly,

2q+1
1 1
>1,L41—1;
9 p T p + q ! Some Inequalities for the
(b—_a 4 ‘CL’ _ atb |) Expectation and Variance of a
2 2 ’ Random Variable whose PDF is
n-Time Differentiable

\

for all z € [a, b], which imply, amongst other things, that

Neil S. Barnett, Pietro Cerone,

(13) Sever S. Dragomir and
0 <o (X) John Roumeliotis
( 1 —a)? a 2 % 1 .

(b—a)? [ S5+ [B(X) = 2| IFIL, i f € Loclab]; -
< poi poi1 A Contents
= b—EX)""" +[B(X)—a]™"" | 24 3 i

{ 2q+1 } HfH; ) If f S Lpl[aa b}) ‘< >>

p > 1, > + 7 1;
—a a | >
[ 50+ B () — 52,
and Go Back
) 1 9 Close
(1.4) Oga(X)g[b—E(X)][E(X)—a]gzl(b—a) : —
uit
In this paper more accurate inequalities are obtained by assuming that the Page 4 of 29
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la, b]. For other recent results on the application of Ostrowski type inequalities
in Probability Theory, see’]-[4].
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The following lemma, which is interesting in itself, holds.

Lemma 2.1. Let X be a random variable whose probability distribution func-
tion f : [a,b] — R, is n-time differentiable andf™ is absolutely continuous
on[a,b]. Then

n —:Ek+3 - kx_ak+3
(2.1) az(X)+[E(X)—x}2:Z(b (D ) f® ()

e [a—ar ([a=or o ) a

forall z € [a, b].

Proof. Is by Taylor’s formula with integral remainder. Recall that

CRRNN IO gl

k=0

£ )+ [ (=) 1 () s

forall ¢,z € [a,].
Together with

(2.3) o (X) + [E(X) - aff = / (t— ) f () dt,
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wheref is the p.d.f. of the random variabl€, we obtain

n

k=0
bt —x)"t?

DFARKED ot

k=0 @

1 b t
o (t —x)° (/ (t —s)" fFV) (s) ds) dt
and since

b (t . x)k-‘r? B (b . LE‘)k+3 + (_1)k (I . a>k+3
/a o= (k + 3) k! !

the identity @.4) readily producesZ.1) ]

Corollary 2.2. Under the above assumptions, we have

(2.5)

o+ § [1+(_1>k}(b_a>k+3 w (et
5 2575 (k + 3) A1 f( >

2
+$ ab (t — a—2|—b> (/ﬂib (t —s)" fOFD (s) ds) dt.
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The proof follows by usingd.4) with = = ”T“’
Corollary 2.3. Under the above assumptions,

(2.6) o® (X)+ ~ [(E(X) - a)? + (B (X) — )

2
(b= a)" | fW () + (1" P (b)]
(k +3) k! 2

b b
+ %/a /a K (t,s)(t—s)" f™Y (s) dsdt,

k=0

where

o if g<s<t<b,

K (t,s):=

—(t;b)Q if a<t<s<b.

Proof. In (2.1), chooser = a andx = b, giving

(2.7) o*(X)+[E(X)—a]’
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Adding these and dividing by 2 gives.(). O

Taking into account that = £ (X)
ing.

Corollary 2.4. With the above assumptions,

€ [a, b], then we also obtain the follow-

(2.9) o2 (X):Z(b_“) TN W) (1)

— (k+3) k!
1 b 2 ¢ n g(n+1)
+—= [ t—p) (t—9)"f (s)ds ) dt.
nl J, 4
Proof. The proof follows from 2.1) with = = u € [a, b]. O

Lemma 2.5. Let the conditions of Lemma. 1 relating to f hold. Then the
following identity is valid.

2. 10) o (X)+ [E(X) — a]?

Z b—xk+3—|—(—1)k(l’—
B k+3

k+3  ¢(k)
CL) f( /K CUS n+1)()d
! n'

where

(2.11) K (z,s) =
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with
un—l—l

m+3)(n+2)(n+1)

(2.12) ¢, (u,v) = [n+2)(n+ 1)’

+2(n+3)(n+ 1) uv+ (n+3)(n+2)v%].

Proof. From @.1), an interchange of the order of integration gives

1 b

n! J,

(t—x)*dt / t (t — )" fO (5) ds

— % {_ /: /a (t —2)* (t — 8)" f™FD (s) dtds

w [ [ e o s 6 s
1 [

= — | K,(z,s) f" (s)ds,

n! J,

pn(x,s):—f;(t—x)Q(t—s)"dt, a<s<uw

qn(a;,s):fsb(t—:r)Q(t—s)”dt, r <s<b.

To prove the lemma it is sufficient to show that= K.
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Now,

Pn(z,8) = — /8 (t—az)*(t—s)"dt = (=1)"*! /Osa (u+z— ) u"du

— (—1)t /Os_a (W’ +2(x—s)u+ (z— 3)2} u"du
= (_1)n+1 Vn (S —a,T— S) )

where) (-, -) is as given by%.12). Further,

Some Inequalities for the
Expectation and Variance of a
Random Variable whose PDF is

b b—s n-Time Differentiable
~ 2 n 2 n
xr,8) = t—x)" (t—s) dt = u—+(s— )| u"du= b—s,s—=x
n ( ’ ) / ( ) ( ) [ T ( )] Un ( ! ) ! Neil S. Barnett, Pietro Cerone,
s 0 .
Sever S. Dragomir and

. . . ~ i John Roumeliotis
where, againy (-, -) is as given by %.12. HenceK = K and the lemma is
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We are now able to obtain the following inequalities.

Theorem 3.1.Let X be a random variable whose probability density function

f : [a,b] — R, is n-time differentiable angf™ is absolutely continuous on
[a, b], then

) : 0=+ (D) @)™,
@Y X)) =), i3 H (@)

Some Inequalities for the
Expectation and Variance of a

Random _Variab_le who_se PDF is
( | f(n+1)||oo [(x B a)n+4 n (b _ x)”""ﬂ i f(n+1) el [a b] ' n-Time Differentiable
(nt+1)l(n+4) ’ co P Neil S. Barnett, Pietro Cerone,
S S.D irand
Hf(nﬂ) H {(w—a)n+3+%+(b—x)"+3+ﬂ egg;m Rort?r?ﬁz?cl)iis
: ”!(n+3+f) (nq+1)% ’ if f(nH) €L, [a, b] )
q
1,1 _ 7. Title Page
Hf(n+1)” p>17p+q_17 .
| e [(z — a)" "+ (b— a:)"*g} , Contents
44 | 44
for all x € [a,b], where||-|| (1 <p < oo) are the usual Lebesque norms on
[a,b], i.e., . p >
) Go Back
b v
ol = ess swp Lo (0] and ol = ([ la@par) p=1 Close
te€(a,b] a Quit
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Proof. By LemmaZ2.1,

(3.2)
Clearly,
1 b t
Mabol < o [ (=P | [ 9 (o) ds
n: Ja T
1 b t
< o [ ? s | )| [l as
nJa s€[z,t] T
(n+1) b . 2, . n+l
- Hf H /< |t —a™
n+1
(n+1)
el o, Sy
(n+1)!

(n+1) b
= —H{HH‘)‘;O U (x—t)"+3dt+/ (t—:c)"+3dt}
£ [ = a)™™ + (b = 2)"™]

n+ 1) (n+4)
and the first inequality in3.1) is obtained.

]dt
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For the second, we use Hdlder’s integral inequality to obtain

1 b t é t %
M (a,b;z)] < ] (t —z)? / |t — 5™ ds ftD (s)‘p ds| dt
* a x x
1 b 1 ) 5 b ,
< S([imera) / (1= a?)
a
f (n+1)
= 1 H H / ’t n+2+ Some Inequalities for the
n' nq + 1 Expectation and Variance of a
Random Variable whose PDF is
1 Hf (n+1) Hp n+3+q + ( )n+3+% n-Time Differentiable
= E (nq N 1>% n+3+ 5 Neil S. Barnett, Pietro Cerone,

Sever S. Dragomir and
John Roumeliotis

Finally, note that

1 b t Title Page
Mab) < o [l ie-al| [ | o) ds)de
n:Ja x Contents
ol
< , 1/ it — " dt 44 >
n.
“ < 4
_ WL e o)
= ol "+ 3 Go Back
Close
and the third part of3.1) is obtained. O Quit

It is obvious that the best inequality i6.(0) is whenx = ““’ , giving Corol-

Page 14 of 29
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Corollary 3.2. With the above assumptions éhand f,

(3.3)

UQ(XH[E(X)_QMF_ n 1+ (-1)"] (b—a)k+3f(k) (Hb)

IN

2 9k+3 (1 + 3) &

k=0

( flnt) n+4 : n
%(b—a)Jra if f0 e Lo [a,0];

I (b—a)" 37 .
2"+2+%n!<n+g+l) (n(jﬁ-l)é , f(n+1) < LP [CL, b} . p>1,
! 1,1
Lyloy

[0,
\ 27+2pl(n+3)

(b—a)"*?.

The following corollary is interesting as it provides the opportunity to
proximate the variance when the valuesf6? (1) are knownk =0, ..., n.

ap-
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Corollary 3.3. With the above assumptions and= %%, we have

, " (b — ) (— 1) (= a)F S
U IO NCEY) @i@%w )

k=0

FE (1)

.
A +4 47
I e [ — @)™ + o= ™™, it S0 € L[,
||f("+1)|| (yfa)n+3+%+(b*,u)n+3+% . i)
p n
< n!(n+3+l) (n +1)% ’ if f < Lp [CL, b] ? Some Inequalities for the
a 1 11411 Expectation and Variance of a
p>14 P + qg O Random Variable whose PDF is
Flt1D) +3 +3 n-Time Differentiable
| o fn =0+ 0= ™).
Neil S. Barnett, Pietro Cerone,
. Sever S. Dragomir and
The following result also holds. John Roumeliotis
Theorem 3.4.Let X be a random variable whose probability density function
f : [a,b] — R is n-time differentiable angf™ is absolutely continuous on Title Page
Contents
44 44
< >
Go Back
Close
Quit
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[a, b], then

1
(3.5) |0 (X)+ 5 [(E(X)—a)+ (B (X))
_ En: (b—a)" [ f®) (a) + (—1)" f® (b)] '
 (k+3) k! 2
n n—+4
(n+4)1(n+1)! Hf( H)Hoo (b—a) ) "
91/q—1 (n+1) (b—a)" q if (n+1) cl b
< Q nlgn+D)a((n2)g+2 72 (ng+1)7 ! o,

p>1, 5
oo [[F 0N, (b= )™

2n!

where||-||, (1 < p < oo) are the usual Lebesqye-norms.

Proof. Using Corollary 2.3

L1 (%) — @) + (B (X) - b

o’ (X)+§
f® (a) + (—=1)" f® (b)] '

n (b a)k+3
(k + 3) k!

2

k=0

if ft) e L [a,b];

b b
<o [ sl s
(@.b)
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It is obvious that

N (a,b)

< [[F" | //IKts)||t—s| dsdt
:an+1 _/ (/|KtsHt—s] ds+/]Kts|]t—s] ds)

it lt—a)® (t—a)  (—b)> (b—t)"""
fH)Hoo/a[ 5 a1l 2 ard

dt

b
— ﬁ Hf(n-i-l)Hoo/ [(t_a)n+3+ (b_t>n+3} dt

(b . a)n+4 N (b . a>n+4
n+4 n+4

1 n
TS A

I |
(n+4)(n+1)

(b— )"

so the first part of.5) is proved.
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Using Holder’s integral inequality for double integrals,

N (a,b)

<2 ([ [ asar)’ ><(/:/ablmt,s)ww—sw“dsdt);
-

pr}b}!f(nﬂ)“p [/a (/a K (6 )] |t — s|™ ds

+/b K (£, 8)]" |t — 5| ds) dt} q
(b—a) nH!f(”*”H [/b [@—2_?2"/;|t—s|q"ds

Some Inequalities for the
Expectation and Variance of a
Random Variable whose PDF is
n-Time Differentiable

Neil S. Barnett, Pietro Cerone,
Sever S. Dragomir and
John Roumeliotis

1
t—b 29 b q )
+( 2q) / It — 5| ds] dt] Title Page
Contents
(b—a)r || £ / —a)"(t—a)™ (00—t ‘ « 3
n! a 20 (gn +1) 20 (qn + 1) < N
_ (n+1) 1
_ (b—a) Hf H [ 1 ]4 {/b(t—a)("”)qﬂdt Go Back
n! 20 (gn+ 1) a Close
1
Quit

b a
+/ (b_t)(n+2)q+1 dt:|
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(b—a) (b— a)(n+2)q+2

Q=

[0,

(b - a)(n+2)q+2

1
n! [2‘1 (gn + 1)]
)n+2+§+§

(n+2)q+2
21/q Hf(n+1)||

n'2 (gn + 1) (n+2)q+ 2)7
91/q-1 Hf (n+1) Hp [(b B a)n+3+5:|

nl(gn+1)7 [(n+2)q+2)7

and the second part o3 .6) is proved.
Finally, we observe that

1 b b
Ny < s K- [0 () dsde
nl (t,5)€[a,b]? a Ja

(n+2)qg+2
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Sever S. Dragomir and
John Roumeliotis

Title Page
1 (b — CL)2 n ’ n+1
- nl 2 (b—a) (- a)/a ‘f( o (S)‘ ds Contents
1 n+3 n+1
— Q_M(b_a) Hf(+)“1’ 4« 44
< >
which is the final result of3.5). O
Go Back
The following particular case can be useful in practical applications. For Close
Quit
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n = 0, (3.1) becomes

(3.6)

a%X>+qu»—ﬂ”—w—m[(x—a§b)-+ = ]f@)

(= =o'+ -0,

it f € Loola,b];

—@“%+@—xfﬁ},w frel,lab,

1 1 _ 1.
p>1,5—|—5—1,

allf'll,

3q+1 [(ZL‘
b—a 2 a 2

Hf’Hl [( 12) + (:c— %b) ] )

forall z € [a,b]. In particular, forz = %2,

a%X)+[E(Xy_“;br__@zjff<a;b)

IN

\

(3.7)

(W (h—a)' | it f' € Loo[a,b];

32

3+1
allf'll,(b—a)"" 4
1
2774 (3¢+1)

IN

, it ffeLyal],
p>1, %—{—521;

I’ 3
\ ||12H1 (b—a)®,

which is, in a sense, the best inequality that can be obtained fsdin (f in
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(3.6) x =p=FE(X), then

a+b\> b—a)?
@) [P -0-a| (B0 -5 + B2 f@xxw
(= [(BX) —a)' + (- EX))Y], i f € Lua,b)
71l /
S (3—&-1) [(E (X> N a)4 * <b -k <X))4} ’ i f €L [a b] p= 1 Some Inequalities for the
Expectation and Variance of a
9 Random Variable whose PDF is
\ Hlel [(bz2) + (E (X) _ aTH)) } ) n-Time Differentiable

Neil S. Barnett, Pietro Cerone,

In addition, from 8.5), Segg; ﬁ-RE;r:rgf;mignd

(3.9)
—a)? a Title Page
o? (X) + % [(E(X) - a)’ + (E(X) - 5)2] _¢ 3 ) {f< : ;f(b)} | Contents
(e (0 o), i f € Lo fob]: « | o»
< >

— ||, (b—a)*Te, i f e Lyfab], p>1,

= 2% (g+1)a Go Back
3 Close
L5 1A (b —a)”,
Quit

which provides an approximation for the variance in terms of the expectation
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Theorem 3.5. Let X be a random variable whose p.d.f. : [a,0] — R, is
n—time differentiable ang ™ is absolutely continuous dn, b]. Then

(3.10)
S (b—2)" (1) (z -0 B ()
2(X) 4+ (B (X) -2 = S &
7 X) +(EX) o) =3 o -
( n+4 ntay [[£00]] i
T —a +(b—2x 2 leo if ft) e L a,b];
[( ) ( ) ] (n+1)l(n+4) f [ ] Some Inequalities for the
) ( ) Expectation and Variance of a
1 (n+1) n+1 Random Variable wh PDF i
<{ cq [(x — )T — x)(“+3>q+1] . |If _ _H,,, it/ €§p>[a1,'b], o -Time Differentiable
’ Neil S. Barnett, Pietro Cerone,
L ||f<"+1) ” SeveLS. Dragorlnir and
b—a a+b|1" John Roumeliotis
| [P+ =2 T
where Title Page
1 un+3 un+2 5 un+1 q Sama
3.11 C= 2(1— 1— du.
( ) /0 {n—l—?ﬁL ( u)n+2+( u) n—l—l} “ « o
Proof. From 2.10), p R
(312) k+3 k k+3 (k) E S
“ (b 1
o2 (X) + (B (X) -2y — 3 2D (D =) 10 @) oo
k=0 k+3 k!
- . b Quit
= ol / K, (fa 3) f(nH) (3) ds| . Page 23 of 29
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Now, on using the fact that fron2(11), (2.12), ¢, (u,v) > 0 for u,v > 0,

(3.13) ’i/b K, (z,s) f" (s) ds

(n+1)
||f +) {/ Un(s—a,z—s dg+/ Py, (b s,s—x)dS}.

Further,
Some Inequalities for the
un+3 un+2 un+1 Expectation and Variance of a
(3.14) Uy, (u,v) = + 2v + 02 Random Variable whose PDF is
n—+3 n -+ 2 n+1 n-Time Differentiable
and so Neil S. Barnett, Pietro Cerone,
Sever S. Dragomir and
(3 15) John Roumeliotis
/ n (5 & —5)ds Title Page
x n+3 n+2 n+1 Contents
S—a S—a S—a
a n+ 3 n+ 2 n+1 <« >
1
)\n+3 )\n+2 )\n+1
:(x—a)m/ [—3+2(1—)\) S+ (1= de, ¢ >
o Lnt e nt Go Back
Close
Collecting powers of gives
gp g Quit
n+2 n+1
Ant3 1 — 2 4 1 — 2% + A Page 24 of 29
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and so, fromg.15),

(3.16) /lpn(s—a,x—s)ds
1 1 2 1
o . n-+4 .
=(@-a) {n—|—4[n+3 n—|—2+n+1]

2 1
Tttt (n+2)(n+l)}
)n+4

 (r—a
S (n+4)(n+1)

Similarly, on using 8.14),

b
/ Uy (b—s,s—x)ds

:/b (b— )™+
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and making the substitutian= ll;;; gives

(3.17)

/bwn(b—s,s—x)ds

1 n+3 n—+2 n+1
:(b_x)"“/ {” F2(l—v) — (1 —v) Ly
0

n+3 n+ 2 n+1
(b — I>n+4 Some Inequalities for the
= , Expectation and Variance of a
(n + 4) (n + 1) Random Variable whose PDF is
n-Time Differentiable
v_vhere we h_avg used (95 and @.16). Combmmg_ G._lb) and 3.17) gives th(’e Neil 5. Barmett. Pietro Cerone.
first inequality in 3.10. For the second inequality ir8(L0), we use Hdlder’s Sever S. Dragomir and
integral inequality to obtain el IR
(3.18)
(n+1) .
/ K, (2. 5) £ () d ‘ Hf </ K, (2] ds) | Title Page
n! Contents
Now, from 2.11) and @.14) <44 44
b < >
K, Tds = (s — —s)d (b — —x)ds
/a | K, (x,)|"ds / V(s —a,x—s) s—i—/ P1(b—s,s—x) —=—
_ [($ )(n+3)q+1 +(b— $)(n+3)q+1] ’ Close
. . . L Quit
where(C'is as defined in3.11) and we have use®(15 and 3.16). Substitution
into (3.18 gives the second inequality i.(L0). Page 26 of 29
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Finally, for the third inequality ing.10. From (.12,
(3.19)

b
%/ K, (z,s) f") (s)ds

Sn'{/ (s —a,x—s |f”+1 ’ds—i—/zﬁn s—x)‘f(”Jrl s)}ds}
< = {wn /\f(”“ |ds+wnb—:c0/}f(”“) |ds}

where, from 8.14),

un+3

(3.20) o (1,0) = ———.

Hence, from 8.19 and 3.20

1 b
o [ E ) 7 ) s

< l nax { (x — a)n+3 (b - x)n-i-?) } Hf(n—i-l) ()”1

n+3

— m max {z —a,b— JI}]n+3 Hf(nH) (){

which, on using the fact that foX, Y € R

17

X+Y | X-Y
max {X,Y} = i —i—’

gives, from B3.12), the third inequality in8.10. The theorem is now completely
proved. O]
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Remark3.1 The results of Theorerd.5 may be compared with those of The-
orem 3.1 Theorem3.5is based on the single integral identity developed in
Lemma2.5, while TheorenB.1is based on the double integral identity repre-
sentation for the bound. It may be noticed froénlj and .10 that the bounds
are the same fof **V) ¢ L, [a, b], that for f"*1) € L, [a, b] (Which is always
true sincef™ is absolutely continuous) the bound obtained3ri) is better
and forf("*Y) € L, [a,b], p > 1, the result is inconclusive.
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