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1. INTRODUCTION
Let f : [a,b] — R, be the p.d.f. of the random variah}é and

b
E(X) ::/ tf(t)dt
its expectatiorand

b 3 b 3
o) =|[[a-porra - | [ eroa-poor
its dispersion or standard deviation.
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2 N.S. BARNETT, P. CERONE, S.S. IRAGOMIR, AND J. ROUMELIOTIS

In [1], using the identity

b
(1.1) [z — E(X)]* 4 o (X):/ (x—t) f(t)dt

and applying a variety of inequalities such as: Holder's inequality, pre-Griss, pre-Chebychey,
pre-Lupas, or Ostrowski type inequalities, a number of results concerning the expectation and
variance of the random variablé were obtained.

For example,

(1.2) o*(X)+[z— EX)]
[(b—a) [ U555 + (0= ) fllo T f € Lucla,b):

IA

b—z)2T f(z—a)?7t! .
[( : 2q++(1 ] 11, if felLyab,
p>1 +0=1

—a a 2
L (5 e —2))
for all z € [a, b], which imply, amongst other things, that

0 < o(X)

o)} [ 4 (200~ ] UL I S € Lufa )

12

(1.3) < {[b—E(X)Fq“+[E(X)—a]2‘”1 }7‘1 HfHE , if felLylabl,

2q+1
1 1 .
p>|7__i_a |’

\ b_Ta—f—lE(X)_aT—’—b

I

and
(L4) 0< 0" (X) < b~ BE(X)[E(X) —a] < 5 (b0

In this paper more accurate inequalities are obtained by assuming that the p.&.is of
time differentiable and that™ is absolutely continuous o, b]. For other recent results on
the application of Ostrowski type inequalities in Probability Theory, see [2]-[4].

2. SOME PRELIMINARY INTEGRAL IDENTITIES

The following lemma, which is interesting in itself, holds.

Lemma 2.1. Let X be a random variable whose probability distribution functipn [a, b] —
R, is n-time differentiable ang'™ is absolutely continuous da, b]. Then

(21) 0_2 (X) + [E (X) _ .Z'}Q _ Z (b — l’) (']: —(i__'?)l))k'(l’ — CL) f(k) (l‘)

ooy ([ oo as) a

n!

for all z € [a, b].
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Proof. Is by Taylor’s formula with integral remainder. Recall that

n . k t
22) ro =3 @ [ o ()
2R i /.
forallt,z € [a,b)].
Together with
b
(2.3) 7 ()4 B0 —af = [ (= F D).

wheref is the p.d.f. of the random variablé, we obtain

N 2 In= (=) 1 n (1)
(2.2) —/a (t—x) 2 9 (x) + H/x (t—s)" f" (s)ds| dt
n bt — $>k+2 1 r? t
= Z 8 (z) / X dt + p (t — ) (/ (t—s)" f*Y (s) ds) dt
k=0 a Ja T
and since
/b (t — z)F+2 Y (b—2)* (=1 (& — a)**?
.k (k + 3) k! ’
the identity (2.4) readily producels (P.1) O

Corollary 2.2. Under the above assumptions, we have

a+b]” ¢ [1+(_1>k]<b_a)k+3 w (ot
2 } By T3 )

b 2 t
+% i (t _— ; b) (/+ (t — )" D) () d5> dt.

2

(2.5) o*(X) + {E (X) —

The proof follows by using (2]4) withr = “$°.
Corollary 2.3. Under the above assumptions,
1
(26) o*(X)+; [(B(X) - a)’ + (E (X) —b)°]

~(b—a)” [f(’“) (@) + (=1)* f® (b)]
(k + 3) k!

2
k=0
1 b b
+ E/ / K (t,s)(t —s)" f™*D (s) dsdt,

where
(t—a)*
=2 i a<s<t<b,

_(=b)? if a<t<s<b.
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Proof. In (2.1), choose = a andx = b, giving

(2.7) o> (X)+[E(X) —a)’

_ k: %ﬂ@ (@) + /ab (t = a)? (/t (t— )" F4D) (s) ds) dt

Sy O s L [ ([ e as)a

n!
Adding these and dividing by 2 givels (2.6). O

Taking into account thgt = F (X) € [a, b], then we also obtain the following.

Corollary 2.4. With the above assumptions,

" (b — ) (1) (4 — )
(2.9) 02<X)=Z(b 4) (Zi;))k!(” S p ()

b [t ([e-or e as)a

Proof. The proof follows from[(2.]1) withe = 1 € [a, b). O

Lemma 2.5. Let the conditions of Lemnfia 2.1 relating tdhold. Then the following identity is
valid.

(2.10) o*(X) + [E(X) — z]?

- (D) =) W) 1t )
_kz:; k+3 T T ) K] fs) ds,
where
( ]')nJrlwn(S_a,fE—S), a<s<cx
Yo (b—s,5 —x), r<s<b
with
!

(2.12) ¥y, (u,v) = Jn+2)(n+ 1)’

(n+3)(n+2)(n+1)
+2(n+3) (n+ 1w+ (n+3) (n+2)v?].
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Proof. From [2.1), an interchange of the order of integration gives
1 b t
—'/ (t —z)? dt/ (t —s)" f*) (5) ds
n Ja z
= l' {—/ / (t—2)*(t—s)" ) (s) dtds
n. a a

w [ o o g 6 s
1 b

=~ | Ky (x.5) [ (s)ds,

a

where
P (2, 8) :—f;(t—x)Q(t—s)"dt, a<s<u
K, (z,s) =

qn(x,s):fsb(t—x)2(t—s)"dt, x<s<b.

To prove the lemma it is sufficient to show thdt= K.
Now,

b (2,8) = —/5 (t — 2)? (t—s)"dt:(—l)"“/os_a (u+ 7 — )2 u"du

= (-1 /s—a (W +2(x—s)u+ (z— 5)2} u"du
0
= ()", (s—a,x—s),
wherey (-, -) is as given by[(2.12). Further,

(jn(:c,s):/ (t—x)Q(t—s)”dt:/os[u—l—(s—x)]Qu"duzwn(b—s,s—x),

where, againy (-, -) is as given b2). Hend€ = K and the lemma is proved. OJ

3. SOME |NEQUALITIES

We are now able to obtain the following inequalities.

Theorem 3.1. Let X be a random variable whose probability density functfon|a, b] — R
is n-time differentiable ang™ is absolutely continuous dn, ], then

2 s = (b= )" 4 (—1) (2 — a)*

3.1) |0 (X)+[E(X)—4q] —kZ:O (k+3) k!

(i Elinsd ey
(n+1){(n+4)

f® ()

- a)n+4 + (b - ‘r)n+4} ) if f(n+1) € Loo [CL, b] ;

(n+1) (aj— + %—}—(b—x) : %
| | f ‘ | |: a)n 34+ n+3+ :|
D

n!(n+3+%) (nq+1)% ’

if f) ¢ L,[a,b],
1 1 _ 1.
p>1,5+5—1,

FltD) n n
L ||n!(n—|—3‘)|1 [('T - CL) - + (b - .2?) +3] )
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forall = € [a, b], where||-[|, (1 < p < oo) are the usual Lebesque norms|anb], i.e

b 7
l9llo :=ess sup |g ()] and |lg||, = (/ Ig(t)lpdt) , p> 1

te[a,b]

Proof. By Lemmg 2.1,

2 (k)
o* (X) + [E(X) — ] kz_; it 3) % (@)
3.2 b
(3:2) :% a (t—x)2(/xt(t—s) f(”+1)()ds)dt
=M (a,b;z)
Clearly,
b
Wbl < 5 [amap| [ e o a
b t
< % ’ (t—x) Lsel[ipt ‘fn-‘rl )‘ /m |t—3|”ds]dt
Hﬂ“W| )’ |t — 2"
= / n+1 dt
_|UWWH w3
- /]t o dt

_ %[/ (x—t)"+3dt—|—/:(t—x)”+3dt]

14 [ = )™ + (b — )]
(n+ 1! (n+4)

and the first inequality irff (3}1) is obtained.
For the second, we use Hdolder’s integral inequality to obtain

t—x dt

|M (a,b;z)] <

— s ds

f"+1 (s)|" ds

E

1 (n+1) p b b 2 ng+1
] ’f (s)‘ ds (t—a)|t—x| ¢« dt

n+1

IN

n' nq—l—l
_ i||fn+1 ||p n+3+q +(z— )n+3+§
n‘(nq{—l)% n+3—|—5 .
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Finally, note that

1
|M (a,b;z)] < ﬁ/ (t—x

|fn+1 ‘dS

n+1
B Hf (n+1) Hl .T—CL n+3+(b_$)n+3
B n! n+3
and the third part of (3]1) is obtained. O

It is obvious that the best inequality in (B.1) is wher= 22, giving Corollary3.2.
Corollary 3.2. With the above assumptions éhand f,

&9 (ﬁ(X>+{E(X)a;b]Qéé[lﬁ;%ijiZHS) fw)(a+b)

(e

n-+4
D (0~ @)

, it f0tY e Lo [a,b];

/00, gy ta

, it f) e Lofa,b], p > 1,

IA

T
" t? +qn'(n+3+ ) (ng+1)4

f(n+1) 3
| el (b — )™,

The following corollary is interesting as it provides the opportunity to approximate the vari-
ance when the values ¢f* (1) are knownj =0, ..., n

Corollary 3.3. With the above assumptions and= “%, we have

m (b — )T (1) (g — @)
(34) 02 (X) _ Z (b :U’) + ( 1) (:LL ) f(k) (,U)

o (k+ 3) k!
f(n+1) n+4 n+4 : n
ke [ =)™ =)™ ) i 0 € L[ b
n 1 n43+L
[ £40|| | (wma)" T o) .
< I +3+lp) I }7 if fh e Ly[a,b],
= Ty (ng+1)1
p > 1, » +1 7 =1;
Fo n+3 n+3
\ Hn!(n—‘r3‘)’1 [(/L - a) i + (b - M) " ] :

The following result also holds.
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Theorem 3.4.Let X be a random variable whose probability density functfon|a, ] — R
is n-time differentiable ang™ is absolutely continuous da, ], then

(3.5)
1 n b B CL k:+3 f(k) <a> + (_1)k: f(k) (b)
7+ 3 (B - o)+ (BX (k+3) k! 2
k=0
MM%mﬂWWHHw@—aVH» if [ € Lo [a,0];
21/q ! n+1) (b— a)"+3Jr if D) e I Ta.b
< n!(qn+1) [(n+2)q+2] || || +1)l ! f p[ ) ]7

1 1 _ 1.
p>1,5+5—1,

2t (IS0, (b= a)™

wherel|-[|, (1 < p < oco) are the usual Lebesqye-norms.

Proof. Using Corollary 2.3,

1 b
<o [ s s () dsde

It is obvious that

b b
N (a,b) < Hf(”H)H l/ / |K (t,s)||t — s|" dsdt

= Hf(n+1 ooﬁ/ (/ |K (t,s)] |t —s|" ds+/ |K (t,8)] |t — s|" ds)

Uiy [M|t=a® = - -
ﬁ”f( )HOO/GI 2 ’ .

dt
n+1 + 2 n+1

b
_ ;'Hf(n-i—l)Hoo/ [(t—a)"+3+(b—t)”+3} dt

2(n+1)
1 (b o a)n+4 (b . a>n+4
_ (n+1)
B ﬂn+nwf I nrd T n+d
EAa|

ECETICES A a)"™

so the first part of (3]5) is proved.
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Using Holder’s integral inequality for double integrals,

N (a,b)

1 b orb 7 b pb o
_—<//\f<"+1>(s)\”dsdt) ><<//]K(t,s)\q|t—s|q"dsdt>
(b—a)» ||V, ;
— : / </ |K (t,s)|" |t — s|qnd8+/ |K (t,s)|"|t — s]qnd8> }
n!
1
b_a fn+1 b t— t— 7
— H' H / a)’ /\t s|™ ds —|— /|t s|™ ds| dt
n!

(b—a) || £, /b '(t—a)2q(t O (=5 (b — t)an] ]
+ dt

n! 29 (gn + 1) 29 (gn + 1)

1

(b—a)» ||f+V], b b L
_ ) (n+2)g+1 _\(n2)g+1
n! [2(1 (gn +1 } /a (t—a) dt + /a (b—1) dt}
b — CL ||f n+1) H _(b _ a)(n+2)q+2 . (b . a)(n+2)q+2 7
n 2¢( q”+1 (n+2)g+2  (n+2)q+2

(b— a)"”*%*%
n!2 (gn + 1)% (n+2)q+ 2)%
91/q-1 Hf(n+1) Hp [(b _ a)n+3+§]

21/a || fn)||

P

nl (qn + 1) [(n +2) g + 2]

and the second part gf (3.5) is proved.
Finally, we observe that

1 b b
N(@ab) < — sup |K(t,s)||t—s|”/ / £ (s)] dsdt
nt (t,5)€la,b]? a Ja

N (el -(b—a)"(b—a)/ | F0 ()] ds

n! 2

1 n n+1
= g O

1

which is the final result of (3]5).
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The following particular case can be useful in practical applications.nFer 0, (3.1) be-
comes

(3.6) |02 (X)+[E(X)—2]>— (b—a) [(az—a;—b> Gl ]f(x)‘

(W [ — ) + (b — 2)"], if f' € Lo la,b];

IN
w
Q
X

ﬂmmkx_®u5+@_xfﬁ],n fl e Lya,b],

b—(l2 a 2
I [+ (e — )]

1
for all z € [a, b]. In particular, forr = 2£2,

o® (X) + {E(X)—aerr_ (b—&)3f<a+b)

3.7) 2 12 2

(1l — @), if '€ Loo[a,b];

32

1
gl '], (b—a)’" @

< UL i el
p>1 o+o=1
! 3
| s (p— a)?

which is, in a sense, the best inequality that can be obtained (3.6).[ T Inx(36) =
E (X), then

2 2
(3.8) _ a_+b> i (b—a)

: | B 0)

( IIf’4Hoo [(E(X)—a)'+ (- E(X))'], if f€Lylab];

o [(EQO -+ 0= EQO)]. it feL,fab] p>1,

IN

17 [ 9522 + (B () - 2227

\

In addition, from [(3.5),

(3.9) UZ(X)+% [(E(X) - a)> + (B (X) - b)?] - (b—ga> {f(a)+f(b)H

(L1, (0 —a)?, if f € Lo[ab];

IA

1 / 341 . y
——— ||/ b—a 7, if e L (?L,b7 >1,
n!2%(Q+1)% || Hp( ) f p[ ] p

3
(3 10l (0 =a),
which provides an approximation for the variance in terms of the expectation and the values of
f at the end pointa andb.
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Theorem 3.5.Let X be arandom variable whose p.dff: [a, b] — R, isn—time differentiable
and ™ is absolutely continuous dn, b]. Then

n!

-2+ () @ —a) W ()
1 2(X)+(BE(X)—2)*— ( :
(310) |o* (X) + (B (X) - x) ; P I
( n n f(n+1) i n
(@ —a)™* 4 o — 2y ] 0 it fOrD € L [ab]:
1 1 (n+1)
< O |:(37 i a)(n+3)q+1 + (b . Q:)(n-i-?>)t1—i-1:| q ||f Hp7 if f(n+1) c Lp [CL, b]  p>1;

nts |[£D]]
) nl(n+3)

[ [5* + |z = =2]]

where

3.11 C i 2(1 AP ST
(3.11) —/0 {n—i—3+ ( —u)n+2—|—( —u) 1 u.

Proof. From (2.10),

-2 () -0 B (@)
k+3 Kl

(3.12) |0*(X)+ (E(X)—x)" —

k=0

1 b

[ Eates) 10 ).
n! J,

Now, on using the fact that frorh (2.11), (2]12), (v, v) > 0 for u,v > 0,

b
(3.13) ’%/ K, (z,s) f" (s) ds

(n+1) T b
SW{/ ¢n(s—a,x—s)ds+/wn(b—s,s—x)ds}.

Further,
n+3 un+2 un+1
3.14 n = 2 2
and so
(3.15) / Up (s —a,x —s)ds
T (S . a)n+3 (S a)n+2 ) (8 a)n+1
= -+ 2(x — — d
/a n—+3 +2(@—s) n+2 +( ) n+1 °

nd 1 )\n+3 51 ) /\n+2 ) \ 9 )\n+1 "
=(@—a) /0 {n+3+ (1= )n—|—2+( B >n+1] ’

where we have made the substitutior- *=2.
Collecting powers of gives

s 1 9 1 2/\n+2 )\n—f—l
A — + — +
n+3 n+2 n+l n+2)(n+1) n+1
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and so, from[(3.15),

(3.16) / Un (s —a,x — s)ds
Y 12 1
=(@—a) {n—|—4 n+3 n+2+n—|—1

2 1
C n+3)(n+2)(n+1) * (n+2) (n+1)}
B (1’ . a)n+4
C(n+4)(n+1)
Similarly, on using[(3.14),

/:Qﬂn(b—s,s—a:)ds:/:

and making the substitutian= f)’%j gives

b ) p ; 4 1 Vn+3 Vn+2 ) l/n+l 4
W (b—s,5— — (b—2)" 2(1 — 1
/xw( s,s —x)ds (b—x) /0 {n+3+ ( V)n+2+( v) } v
(b_x)n+4

(n+4)(n+1)

where we have usef (3]15) afd (3.16). Combining {3.16)[and| (3.17) gives the first inequality in
(3.10). For the second inequality [n (3]10), we use Holder’s integral inequality to obtain

(3.18) ’_/ K, ) £ (5) S‘ < w (/ab\Kn (;ms)]qu);

Now, from (2.11) and (3.14)
/b|Kn(x,s)|qu = / V(s —a,xr—s ds+/ Y (b—s,s—x)ds
a _ [@: B a)("+3)‘1+1 (b x)(n+5)q+1} ’
whereC' is as defined in[(3.11) and we have used (3.15) And](3.16). Substitution intp (3.18)

gives the second inequality in (3]10).
Finally, for the third inequality in[(3.10). From (312),

(3.19)
b
‘%/ K, (z,s) f™ (s) ds

v b
_l‘{/ wn(s—a,x_s)‘f(nﬂ)(s)‘ds+/ @/)n(b—s,s—x)|f(”+1)(s){ds}
b
{wn - /|fn+1 ‘ds—l—z/;n —l’,O)/ |f("+1)(8)‘d5},

where, from|[(3.14),

(3.20) U (u,0) =

(b o 8)n+3
n—+3

—1—2(5—33)M

(3.17) =

un+3

n+3
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Hence, from[(3.19) and (3.R0)
b

i'/ K, (z,s) fn+D) (s)ds

n! J,

1 z—a)""? (b—z)" L
< —max{( n—l—)3 ,( n+)3 }Hf(mr)(')”l

1 n N
= m[max{fﬂ—a,b—x}] PO,

which, on using the fact that foX', Y € R

maX{X,Y}:X;_Y+’X;Y’

gives, from[(3.1P), the third inequality ih (3]10). The theorem is now completely provedl

Remark 3.6. The results of Theorefn 3.5 may be compared with those of Thegorem 3.1. Theo-
rem[3.5 is based on the single integral identity developed in Lemma 2.5, while Theofem 3.1 is
based on the double integral identity representation for the bound. It may be noticed from (3.1)
and [3.1D) that the bounds are the sameff6r") € L, [a,b], thatfor f+1 € L, [a, b] (which

is always true sincg (™ is absolutely continuous) the bound obtaine(3.1) is better and for
f € L, [a,b], p > 1, the result is inconclusive.
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