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ABSTRACT. We present some new results on the linear and non-linear integral inequalities of
Gronwall-Bellman-Bihari type ta-dimensional integrals with a kernel of the fokri, t) where
x andt are inS C R"™.

These inequalities extend and compliment some existing results in the literature on Gronwall-
Bellman-Bihari type inequalities.
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1. INTRODUCTION

The results obtained in this paper originated from the celebrated Gronwall-Bellman-Bihari
inequality which has been of vital importance in the study of existence, uniqueness, continuous
dependence, comparison, perturbation, boundedness and stability of solutions of differential
and integral equations (see for example 1,2, 3] 4] 5, 6] and the references cited therein).

In the last three decades, more than one variable generalizations of these inequalities have
been obtained and these results have generated a lot of research interests due to its usefulness
in the theory of differential and integral equations (see for example [1/3] 6, 7, 8, 9, 10] and the
references cited therein).

The purpose of this paper is to establish some new integral inequalitiesnidependent
variables which will compliment the existing results in the literature on Gronwall- Bellman-
Bihari type inequalities in several variables.

Throughout this paper, we shall assume thiad any bounded open set in thedimensional
Euclidean spacR” and that our integrals are W(n > 1), unless otherwise specified.

Forz = (z1, 7o, .. ¥ = (29,29,...,2%) € S, we shall denote the integral
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andD; = z2-fori=1,2,...,n.

Furthermore, forr, ¢t € R”, we shall writet < x whenevert; < z;,i = 1,2,...,n. Unless
otherwise specified, all functions considered are functions\riables which are nonnegative
and continuous ofx?, z],z > z° > 0 andz € S.

2. LINEAR INEQUALITIES

In this section, we shall obtain bounds to the linear Gronwall-Bellman-Bihari type integral

inequalities for a more general kerriglr, t) and a product kernél(z, t) = h(z) f(t).
Definition 2.1. A functionk(zx, t) of the2n variablesz,, .. ., t, is called a good kernel if

(2) k (-, -) is a continuous function of it& variables.

(3) k (-, -) is monotone non-decreasing in its firstariables, i.ek(z, t) > k(y,t) whenever

T >y.

Theorem 2.1.Letk(z,t) be a good kernely(x) is a real valued nonnegative continuous func-
tion on S and g(x) be a positive, nondecreasing continuous functionSorSuppose that the
following inequality

T

(2.1) u(z) < g(x) +/ k(x, t)u(t)dt

20

holds for allz € S with x > 2, then

2.2) u(z) < glx) {1 + / k(s, 5) exp (/ k:(t,t)dt) ds} |

Proof. Sinceg(z) is positive and nondecreasing, we can wiite|(2.1) as
u(z) / * u(t)
— L <14 | k(x,t)—=Ldt.
o) = L 050

Setting“? = r(x), then we have

r(z) <14 /I k(x,t)r(t)dt.

0

Let .
v(z) =1+ /0 k(x,t)r(t)dt.
Then '
r(z) <o(x)
andv(2®) =lorz; =29, i =1,2,...,n. Hence
(2.3) D;...Dyv(x) = k(z,x)r(zx) < k(z, z)v(x).

From (2.3) we obtain
v(x)Dy ... Dyv(x)

2(0) < k(z,z)
That is
v(z)Dy ... Dyv(x) < k(e.1) + (Dyv(x)) (Dy ... Dp_1v(x))
v?(x) B v ()
Hence b Dy o)
Dn( - ‘U(;)‘l ) < k(z,2)
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Integrating with respect to,, from z° to x,,, we have

Dy...D,_ Ln
! (@) < / k(z1,22,..., T 1,tn, X1, o, . .., Tp_1, tn)dly,.
’U(CL’) z9
Thus
D,...D, Tn
U(x) ! 17)(«'17) S / k(xl,xg,...,xn,l,tn,xl,mg,...,xn,l,tn)dtn
U2(:C) z9
N (Dp_1v(x)) (D1 ... Dyp_ov(x))
v2 () '
That is
Dy...D,_ Tn
D, . 20(2) < / k(x1, 29, ..., Tp_1,tn, T1, Lo, . .., Tp1, ty)dly,.
v(x) 20

n

Integrating with respect to,,_; from 2 , tox,,_;, we have

Di...D,_ Tn—1 fTn
! n20(2) S/ / k(x1, 9, ..., Tp_g, ty1,tn, T1, T2y« .o, Tp—a, b1, ty ) dbpdt, .
v(x) 0 20

Continuing this process we obtain

D, D v(z
—1e / / 1‘1,1'2,753,.. tn,l'l,l‘g,tg,...,t )dt dtg

From this we obtarn

D
DQ < IU ) / / I17I27t37,. tn7xlax27t37"' 7t )dt dtg

Integrating with respect to the, component fromx$ to z,, we have
D
1U / / .Tl,tg,tg,.. tn,xl,tg,tg,...,t )dt dtg

Integrating with respect to the component fromx! to z;, we obtain

tog ——1(2) — s/ k(t, t)dt.

v(xl, zg, . .. 0

That is

(2.4) v(z) < exp (/ac k(t,t)dt) :
Substituting[(2.4) intd (2]3) we have

Dy Dyr(z) < h(z, 2)o(x) < k(z, z) exp (/ k(t,t)dt> |

Integrating this inequality with respect to the component fromx? to x,,, then with respect to
thez? | tox,_1, and continuing until finally:? to x;, and noting that(x) = 1 atz; = ¥, we

have N .
r(z) <1 +/ k(s,s)exp (/ k(t, t)dt) ds.

= r(x), then we obtain
u(@) < glx) {1 + / K(s, 5) exp (/ k(t,t)dt) ds} |
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This completes the proof of our result. O
Next, we shall consider the case in whietx,t) = h(z)f(t). Then we have the following
result.

Theorem 2.2. Leth(x), f(t), u(x) be real valued nonnegative continuous functionssScend
g(x) be a positive, nondecreasing continuous functionsonlf »’(x) = 0, where the prime
denoteﬁ and the following inequality

@9 ule) < gla) + o) [ Foputrat

holds for allz € S with x > 2, then

(2.6) u(z) < gla) {1 + / " h(s)f(s) exp ( / “h() f(t)dt) ds} |

0 0

Proof. Similar to the proof of Theoref 3.1 and so the details are omitted. O

Remark 2.3. If we setk(z, t) = f(¢) in Theoren 2.2, then our estimate reduces to

u(z) < g(x) {1 + /;f(s) exp (/ f(t)dt) ds} |

3. NON-LINEAR INEQUALITIES

Definition 3.1. A function¢ : Rt — R* is said to belong to the clas§ if it satisfies the
following conditions:

(1) ¢ is nondecreasing and continuousit and¢(u) > 0 for u > 0;
(2) éqﬁ(u) gqﬁ(g), u>0, a>1.
We observe from the above definition ti#atas the following properties:
(1) ¢ € Fifand only if 2 is nonincreasing fou > 0;
(2) ¢ € F implies thaty is subadditive;
(3) If ¢ satisfies (1) of Definitioh 3]1 and is concaveRir, then¢ € F.
Theorem 3.1.Letk(z, t) be a good kernel and(x) be a real valued nonnegative continuous

function onS. If g(x) be a positive, nondecreasing continuous functiortcend ¢ belong to
classF for which the following inequality

3. uw) < g(o) + [ Ko otutt)at
holds for allz € S with z > 2°, then forz® < z < z*,
(3.2) u(z) < g(x)G™* <G(1) + /: k;(t,t)dt) :
where . f”

G(z) = Wi) 2> 2050,

G~ lis the inverse ofs andz* is chosen so that

G(1) + /x k(t,t)dt € Dom(G™1).

0
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Proof. Sinceg(z) is positive and nondecreasing, we can wiite|(3.1) as

u(z) _ ! o(u(t)) ‘ u(t)
o) = <1 +/ k(x,t) o) dt <1+ /xo k(x,t)¢ (g(t)) dt.
Setting“ = v(x), then we have

v(z) <1+ /x E(x,t)p(v(t))dt.

0

Let .
r(z)=1 +/ k(x,t)p(v(t))dt.

0

Then
v(x) < r(x)

i=1,2,...,nand
Dy... Dnr(x) = k(z,x)o(r(zx)).

andv(2?) =1lorz; =

7, Y

Thatis Dy...D,r(x) < k(a.7)
o(r(x)) — 77
Since
Di...Dpir(z)\ _ Di...Dpr(x)  Dyg(r(z))Di...Dpir(z)
o (P ) = P F(r(@))
and

D,o(r(z)) = ¢'(r(x))Dyr(z) >0, Dy...D, qr(x) > 0.
The above inequality implies

(2558

provided¢'(r(z)) > 0 for r(x) > 0.
Integratlng with respect te, from z? to z,, and taking into account the factth@i . .. D,,_;r(x) =
0 for z,, = 2%, we have

D;y...D,_ir(x) /w"
S k’(l’l, X2y ...y Tn—1, tnv T1,T2,...,Tn—1, tn>dtn
¢(’U($)) x9

Repeating this, we find (after — 1 steps) that

Dyr(z) /xl /m”
< k ey Tyt T, T, ty)dEy, ) L ds.
gzb(r(x)) > e " (xl, y Tn—1 T1 Tp—1 ) 2

We note that for .y
z
G(s :/ — s>s">0.
( ) s0 (;5(2)

DyG(r(z)) =

It thus follows that

so that

2

DlG(r(x))ﬁ/ k(xy,ta, ...ty @y, te, ... ty)dt, . .. dits.

0
T3
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Integrating both sides of the above inequality with respect to the component

T

G(r(xl,...,xn))—G(r(tl,xz,...,mn))§/ k(t, 1)t

0

Sincer(ty, xs, ..., z,) = 1 we have

r(z)) < G (G(l) +/x

T

k(t, t)dt) .

0

From this we obtain

xT

o) < r(a) < G (G(1) i /

Using the fact that{?) = v(x), we have

k(t, t)dt> .

0

T

0

u(z) < g(o)G™* <G(1) +/ k:(t,t)dt)
which is required and the proof is complete. O

If we setk(x,t) = h(z) f(t), then we shall obtain the following result

Theorem 3.2.Leth(z), f(t), u(z) be real valued nonnegative continuous functionsScemd
g(x) be a positive, nondecreasing continuous functioypand¢ belong to classF .If '(z) =
0 and the following inequality

33) ) < g(a) + o) [ FOOutt)) i
holds for allz € S with z > 2°, then forz® < z < x*, then
(3.9) u(z) < g(x)G (G(l) o) | f(t)dt> ,
where -

G(z) = el z>22>0,

G~1is the inverse ofy andx* is chosen so that
G(1) + h(z) / F(#)dt € Dom(GY).

Proof. Similar to the proof of Theorem 3.1 and so the details are omitted. O

Remark 3.3. If we setk(z, ) = f(¢) in Theorenj 3.2, then our estimate reduces to

u(z) < g(z)G™1 (G(1)+/x f(t)dt).

xT

0
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