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Abstract

A GrUss type inequality for sequences of vectors in inner product spaces which
complement a recent result from [6] and applications for differentiable convex
functions defined on inner product spaces and applications for Fourier and
Mellin transforms, are given.
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In 1935, G. Gruss proved the following integral inequality (s8 pr [17])

wn |5 [rwswa -t [rwa s [

1
<7(@-9) (T -7),
provided thatf andg are two integrable functions dn, b and satisfy the con-
dition

(1.2) d<f(r)<Pandy <g(z)<T forall x € [a,b].

The constant is thebest possibland is achieved for

f&ﬁzg@ﬂzam(m—a;b)-

The discrete version ofi(1) states that:
fa<a; <A b<b;<B(@Gi=1,..,n)wherea, A, a;, b, B, b; are real
numbers, then

1 1~ 1l¢

and the constarj;t is the best possible.
In the recent paper”], the author proved the following generalisation in
inner product spaces.

(13) < (A-a)(B-1)
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Theorem 1.1.Let(X; (-,)) be an inner product space ov&r, K = C, R, and

ee X, |le||=1.1f¢,®,~,T € Kandz,y € X such that

(1.4) Re (Pe — z,2 — ¢e) > 0 and Re (T'e —y,y — ve) >0

holds, then we have the inequality

(1.5) ) — (o) e} < 1@ = 611 = 1.

The constan§ is the best possible.

It has been shown in] that the above theorem, for the real case, contains
the usual integral and discrete Gruss inequality and also some Griss type in-

equalities for mappings defined on infinite intervals.

Namely, if p : (—o0,+00) — (—o00,+00) is a probability density func-
tion, i.e., [7_p(t)dt =1, thenpz € L? (—o0, 00) and obviouslypz ||, = 1.

Consequently, if we assume thaty € L? (—oo, c0) and
(1.6) ap? < f <upt, Bpt < g <0p* ae.on (0,00,

then we have the inequality

N

e
ol

(lﬂ‘/if@M@ﬁ#—[Zf@p(ﬂﬁ/%gw (1) dr

(e 9]

<

A

(Y =) (0-0).
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In a similar way, ife = (¢;);,cy € 1*(R) with 3 [e;* = 1 andz = ()¢,
1€N
Y = (Yi);en € % (R) are such that

(1.8) ae; < x; < ey, Pe; <y < be;

for all i € N, then we have

leyl erl Zy’tl

€N €N €N

< a) (9 - 6) : A Gruss Type Inequality for

Sequences of Vectors in Inner
Product Spaces and
Applications

1=

(1.9)

In the recent paper], the author also proved the following discrete inequal-

ity in inner product spaces: S.S. Dragomir
n n n 1 .
(1-10) Zpiaz‘xi - sz'ai Zpﬂ?z‘ < - |A - a| ||X - xH Title Page
i=1 i=1 i=1 Contents
providedz; € H, a; € K (K= C,R) anda, A € K, z, X € H are such that <« >
(2.112)
Re[(A—a;)(a; —a)] >0 and Re(X —x;,z; —x) >0 foralli € {1,....,n}. 4 .
. Go Back
The constang is sharp.
For other recent developments of the Griiss inequality, see the papgik [ Cless
[10] and the websitéttp://rgmia.vu.edu.au/Gruss.html Quit
In this paper we point out some other Griss type inequalities in inner product Page 5 of 25

spaces which will complement the above resuli().

J. Ineq. Pure and Appl. Math. 1(2) Art. 12, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/

The following lemma is of interest in itself (see alsd)[
Lemma 2.1. Let(H; (-, -)) be an inner product space over the real or complex
number fieldk, z; € H andp; > 0 (i = 1,...,n) such thaty_ p;, =1 (n > 2).

=1
If z, X € H are such that
(2.1) Re (X —zj,z;, —x) >0 foralli € {1,...,n},
A Griss Type Inequality for
then we have the inequa”ty Sequences of Vectors in Inner
Product Spaces and
n n 2 1 Applications
(2-2) 0< Zpi HmzHQ - Zpﬂfi < Z_l HX - 1'H2 . S.S. Dragomir
=1 =1
The constant is sharp. Title Page
Proof. Define Contents
n n
I = <X - Zpiﬂfu Zpiil?i - 1’> & S
=1 =1 <4 >
and .
Go Back
I = sz‘ (X — a2 — x)
i=1 Close
Then Quit
n n S Page 6 of 25
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and

Iy = sz‘ (X, ) — (X, z) — sz‘ )1 + sz‘ (i, ).
i=1 -1 i=1

Consequently
n n 2
2
(2.3) L =1, = sz' ||l’zH - sz‘xz'
i=1 i=1
. . A Gruss Type Inequality for
Taking the real value in3) we can state Sequences of Vectors in Inner
Product Spaces and
9 Applications
S.S. Dragomir

(2.4) ZPz’H%’HQ— Z]%Ii
i=1 i=1

= Re <X - Zpixia sz‘% - I> - sz‘ Re (X —zj,z; — x), o
i=1 1=1 =1

Contents
which is an identity of interest in itself. ) >
Using the assumptior?(1), we can conclude, by2(4), that < >
n , n 2 n n Go Back
(2.5) Z;Pz‘ |2i]|” — X;szz <Re{ X — Z;pﬂi, E;szz -z ). Close
. : Quit
It is known that ify, z € H, then
Page 7 of 25

(2.6) ARe (z,y) < ||z +y|*,
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with equality iff z = .
Now, by (2.6), we can state that

Re <X — Zn:pia:i, Xn:pixi — x>
i=1 i=1
X — Zpiﬂfi + Zpiiﬂi -
i=1 i=1

Using .5, we can easily deducé ).
To prove the sharpness of the constﬂfmtet us assume that the inequality
(2.2) holds with a constant > 0, i.e.,

n n
0< Z]%’H%’HQ— Zpﬂi
i=1 i=1

for all p;, z; andz, X as in the hypothesis of Lemnzal.
Assume thab = 2, p; = py = =, 1 = r andz, = X withz, X € H and
x # X. Then, obviously,

(X —z1,01 —x) = (X — 29,29 — ) =0,

which shows that the conditior2 (1) holds.
If we replacen, pi, p2, x1, 22 in (2.7), we obtain
2

2

1 1 9
< = =—-|X — .
<3 X~

2

2.7) <c|lX —z|?

1
29

2 2 2
1 r+ X
Splel? - | pa| = §<l\xll2+HXll2— 2 )
=1 =1
X_ 2
ol < opx —app,
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from where we deduce > }l which proves the sharpness of the constant factor

: .
Remark 2.1. The assumptior(1) can be replaced by the more general condi-
tion
(2.8) > piRe(X — 2 —x) >0

=1

and the conclusionZ(2) will still remain valid.

The following corollary is natural.

Corollary 2.2. Leta, € K, p; > 0(i=1,...,n) (n>2)with) p, = 1. If
=1
a, A € K are such that

(2.9) Re[(A—a;)(a; —a)] >0 foralli € {1,....,n},

then we have the inequality

2

< |A—al’.

AN

(2.10) 0< Zpi Jai|* —
i—1

n
E pia;
=1

The constant is sharp.

The proof follows by the above Lemn#al by choosingd = K, (x,y) :=
xy, x; = a;, x = a, X = A. We omit the details.
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Remark 2.2. The condition 2.9) can be replaced by the more general assump-
tion

(2.11) —a)] > 0.

sz Re|(

Remark 2.3. If we assume thak = R, then @.9) is equivalent with

A —a;) (@

(2.12) a<a; <Aforallie{l,..,n}

and then, with the assumptio®.(2), we get the discrete Gruss type inequality
(2.13)

and the constan} is sharp.
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The following Gruss type inequality holds.

Theorem 3.1. Let (H;(-,-)) be an inner product space ové; K = C, R,

ri,y € Hyp; > 0(=0,...,n) (n>2)with) p;=1.Ifz, X,y,Y € H are
=1

such that
(3.1)

Re (X —x;,x; —z) > 0and Re (Y —y;,y; —y) >0 foralli € {1,...,n},

then we have the inequality

sz i, Yi) <Zpﬂ:z,2pzyz> <

The constant is sharp.

1
(3.2) 21X =2l —yll.

Proof. A simple calculation shows that

(3.3) sz i, Yi) <szl’m2pzyz> =

Taking the modulus in both parts 03.6), and using the generalized triangle
inequality, we obtain
3. 4)

Zpl x’t?:yl <szx'uzpzyz>

szp] — T, Y — yj) :

1,5=1

> 2 szpj — T, Yi — y]>|

3,j=1
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By Schwartz’s inequality in inner product spaces we have

(3.5) ({2 = 5,4 =yl < Mz = 25l lvi = w5

foralli,j € {1,...,n}, and therefore
3. 6)

§ pZ xzvyz < E pzmza § plyl>
A Griss Type Inequality for

Using the Cauchy-Buniakowsky-Schwartz inequality for double sums, we can  sequences of Vectors in Inner

=5 szpj |z; — x]” lys — y]”
3,j=1

state that Product Spaces and
Applications
1 i S.S. Dragomir
3.7 5 > s e — 5l lyi — w
ij=1
n 3 n 1 Title Page
1 9 1 5
< (5 Z pip; |75 — 5] ) X (5 Z pipj lyi — y;ll > Contents
e . «“ NS
and, a simple calculation shows that, p >
1 < & Go Back
= oyl — P = p sl — || D pis
2 ij=1 i=1 Close
Quit

and )
1 <& i i Page 12 of 25
5 2 by = will” = D _wilwill” — | D piws

i=1 =1

ij=1
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We obtain

(3.8)

(i, i) <szx“2pzyz |

2
( Di HZ/zH -

1
2

i Lg iYi

n
2
Zpi li]l” —
i=1

Using Lemma2.1, we know that

1
2
1
szlllel - T §§|!X—x|!
and

1

n 2 1
2

Sopilwl = [ paf | <501Y =l
=1

Therefore, by §.8) we may deduce the desired inequalisyd).
To prove the sharpness of the const?,riEt us assume tha8(2) holds with
a constant > 0, i.e.,

(o) <zmwzp1yz>

under the above assumptions for z;, v;, x, X, y, Y andn > 2.

(3.9) < cl|X =2l Y =yl
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If we choosen = 2,21 =z, 1o =X, y1 =y, 2o =Y (x# X, y#Y)
andp; = p, = 3, then

sz :Ez;yz <szxuzp1yz> = _szp] — L5, Yi — y]>

i,j=1
= § pzpj —T5,Y — y]>
1<i<5<2
1 " .
- <$ — X’ Yy — Y> A Gruss Type Inequality for
4 Sequences of Vectors in Inner

Product Spaces and
and then Applications

S.S. Dragomir
sz 17z7yz szxzazpzyz (L’—X Yy— Y>|
. ) Title Page
ChooseX —x =2,Y —y =z, 2 # 0. Then using §.9), we derive
) Contents
FlIIP <cllzl®, 2 #0 4« »
which implies that > 1, and the theorem is proved. O < 4
Remark 3.1. The condition 8.1) can be replaced by the more general assump- Go Back
tion Close
n n t
(3.10) ZPz‘Re (X =2,z —x) >0, ZPiRe Y —vi,yi—y) =20 Ul
i— i1 Page 14 of 25

and the conclusion3(2) still remains valid.
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The following corollary for real or complex numbers holds.

Corollary 3.2. Leta;,b; e K(K=C,R),p; >0 (i=1,...,n)withd_ p;, = 1.
=1
If a, A,b, B € K are such that

(3.11) Re[(A—a)(a;—a)] >0 and Re[(B—1b;) (b; —b)] >0,

then we have the inequality

A Griss Type Inequality for

1 ;
(3.12) szaz : zplaz sz | < 71A—allB -0l S T
Applications
and the constan} is sharp. S.S. Dragomir
The proof is obvious by Theore® 1 applied for the inner product space _
(C,{-,-)) where(z,y) = x - y. We omit the details. Title Page
Remark 3.2. The condition §.11) can be replaced by the more general condi- Gz
tion <« >
- - < »
(3.13) > piRe[(4d—a) (@ —a) >0, szRe =) (b: = )] =0
i=1 Go Back
and the conclusion of the above corollary will still remain valid. Close
Remark 3.3. If we assume that;, b;, a, b, A, B are real numbers, ther8(11) Quit
is equivalent to Page 15 of 25
(3.14) a<a; <A b<b;<Bforaliec{l,..,n}
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and (3.12 becomes

(3.15)  0< Zpla” szalzp” <

which is the classical Griuss inequality for sequences of real numbers.

A—a)(B-0),

e
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Let (H; (-, -)) be areal inner product space aid H — R a Fréchet differen-
tiable convex mapping off. Then we have the “gradient inequality”

> (VF(y),z—y)

forall x,y € H, whereVF : H — H is the gradient operator associated to the
differentiable convex functios'.
The following theorem holds.

Theorem 4.1.LetF: H — R be as above and; € H (i = 1,...,n). Suppose
that there exists the vectors ¢ € H such that(z; — v, ¢ — ;) > 0 for all
i€ {l,..,m}andm,M € H suchthat(VF (z;) —m, M —VF (x;)) >0

foralli € {1,...,m}. Thenforallp; >0 (i = 1,...,m) with P, :== 3" p; > 0,
i=1
we have the inequality

(4.1) F(x) = F(y)

1 & 1 & 1
(42) 0< P—ZPiF z;) — F (P_ ZPz%) <7 ¢ =~ |1M —ml]|.
moi=1 moi=1

Proof. Choose in4.1), z = PLM > pix; andy = z; to obtain
=1

(4.3) F <Pim z;pz$1> — F(z;) > <VF ;) szxz >

forall j € {1,...,n}.
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If we multiply (4.3) by p; > 0 and sum ovey from 1 to m, we have

F <PL ZPz%) —ZPjF z
™ oi=1 j=1

Dividing by P,, > 0, we obtain the inequality Sg\qﬁgf; gyor;ev anetgfsai“r:yl :;fe r
Product Spaces and

1 — 1 & Applications
4.4 0 < — S pF(z)—F|—=—S pa
o - I i=1 P ) <Pm Zz:;p ) ) S.S. Dragomir
1 m
= P_mz:pZ (VE (i), i) Title Page
i=1
m Contents
F( .
>

which is a generalisation for the case of inner product spaces of the result by
Dragomir and Goh established in 1996 for the case of differentiable mappings Go Back
defined onR™ [9].

Applying Theorem3.1 for real inner product spaceX; = ¢, z = v, y; =

Close
Quit
Page 18 of 25
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VF (z;),y =m,Y = M andn = m, we easily deduce

(45) _sz xl?vp xl < szxm; iszF >

< Z 1S = ¢l |1M —ml]

and then, by4.4) and @.5 we can conclude that the desired inequality?)

holds. O]
Remark 4.1. The conditions

(4.6) (i =70 —x)) 20, (VF(z;) —m, M — VF (z;)) >0,

forall i € {1,...,m} can be replaced by the more general conditions
4.7)

Zpi (i —v,¢ —x;) >0 and Zpi<VF(xi)—m,M—VF(:ci)> >0

=1
and the conclusior4(2) will still be valid.
Remark 4.2. Even if the inequality4.2) is not as sharp as4(4), it can be

more useful in practice when only some bounds of the gradient opevakor
and of the vectors; (i = 1,...,n) are known. In other words, it provides the

opportunity to estimate the difference
- -5 iZi |
P i=1 g

where the differencep — || and || M — m|| are known.

1 m
A(F,z,p) = P—ZpiF(x
moi=1
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Remark 4.3. For example, if we know thg¥ I’ (z;) — m, M — VF (z;)) > 0
for all i« € {1,...,m} and the vectors;; (i =1,...,n) are not too far from
each other in the sense that, —v,¢ —z;) > 0 forall i € {1,...,m} and
I — Il < 5y (€ > 0), then by §.2), we can conclude that

0<A(Fz,p) <e.
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Let (H; (-, -)) be an inner product space oK = C, R andz = (z1, ..., z,)
be a sequence of vectorsih
For a givenm € K, define thaliscrete Fourier transform

(5.1) Fu (Z) (M) = Zexp (2Qwimk) X xp, m=1,...,n.
k=1

The complex numbe | exp (2wimk) (xy, yx) is actually the usual Fourier
k=1
transform of the vectof(xy, 1), ..., (zn,yn)) € K" and will be denoted by

(5.2)  Fu(@-7)(m) =) exp(Qwimk) (wx,y), m=1,..,n.

k=1
The following result holds.

Theorem 5.1.Letz, y € H" be sequences of vectors such that there exists the
vectorse, C,y, Y € H with the properties

(5.3) Re(C — exp (RQwimk) xy, exp (2wimk) xy —c) >0, k,m=1,..,n
and

(5.4) Re(Y —yp,yx —y) >0, k=1,...,n.
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Then we have the inequality

f@@@xm—<ﬁmmmm%§yQ

forall m € {1,...,n}.

n
(5.5) < 1€ =Y =yl

The proof follows by Theoreri.1 applied forp, = % and for the sequences
xp — ¢ = exp (Qwimk) z, andyy, (k= 1,...,n). We omit the details.
We can also consider thdellin transform

n

(5.6) M(Z) (m) == K"y, m=1,..n,

k=1
of the sequence = (z1,...,x,) € H".
We remark that the complex numb®r k™! (z;, y;) is actually the Mellin

k=1
transform of the vectof(xy, y1) , ..., (zn, yn)) € K" and will be denoted by

n

(5.7) M(z-g) (m) = K" (o, ui) -

k=1
The following theorem holds.

Theorem 5.2.Letz, y € H" be sequences of vectors such that there exist the
vectorsd, D,y,Y € H with the properties

(5.8) Re (D — k"™ oy, k" 'y — d) >0
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forall k,m € {1,...,n}, and 6.4) is fulfilled.
Then we have the inequality

(5.9 |M (& 9) (m) - <M (#) (m) ,%Zyk>

n
< 71D =dllY —y]

forall m € {1,...,n}.

The proof follows by Theoreri.1applied forp, = % and for the sequences
xp — dy = kxyp andyy (kK =1, ...,n). We omit the details.

Another result which connects the Fourier transforms for different parame-
tersw also holds.

Theorem 5.3. Letz, y € H" andw,z € K. If there exists the vectors
e, E, f,F € H such that

Re (E — exp (2wimk) xy, exp (2wimk) x, —e) >0, k,m=1,...,n
and

Re (F — exp (2zimk) yg, exp (2zimk) yr, — f) >0, k,m=1,...n
then we have the inequality:
P 0) ) = (17 @) () S () ) )| < {18 = el I1F - 11,
n n n 4
forall m € {1,...,n}.

The proof follows by Theoreri.1for the sequencesp (2wimk) xy,
exp (2zimk) y, (k= 1,...,n). We omit the details.

A Griss Type Inequality for
Sequences of Vectors in Inner
Product Spaces and
Applications

S.S. Dragomir

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 23 of 25

J. Ineq. Pure and Appl. Math. 1(2) Art. 12, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/

[1] S.S. DRAGOMIR, Griss inequality in inner product spacAsstral.
Math. Soc. Gazett@6(2) (1999), 66—70.

[2] S.S. DRAGOMIR, A generalization of Griss’ inequality in inner product
spaces and applicationk,Math. Anal. Appl.237(1999), 74-82.

[3] S.S. DRAGOMIR, A Gruss type integral inequality for mappingsreof
Holder’s type and applications for trapezoid formdlamkang J. of Math
31(1) (2000), 43-47.

[4] S.S. DRAGOMIR, Some discrete inequalities of Griss type and applica-
tions in guessing theor{jonam Math. J.21(1) (1999), 115-126.

[5] S.S. DRAGOMIR, Some integral inequalities of Gruss tyjpelian J. of
Pure and Appl. Math.31(4) (2000), 397—-415.

[6] S.S. DRAGOMIR, A Gruss type discrete inequality in inner product
spaces and applicationk,Math. Anal. Appl., (in press)

[7] S.S. DRAGOMIRAND G.L. BOOTH, On a Gruss-Lupas type inequality
and its applications for the estimationygfnoments of guessing mappings,
Math. Comm.(in press)

[8] S.S. DRAGOMIRAND I. FEDOTOQV, An inequality of Griss’ type for
Riemann-Stieltjes integral and applications for special mekmmkang J.
of Math, 29(4) (1998), 286—292.

A Griss Type Inequality for
Sequences of Vectors in Inner
Product Spaces and
Applications

S.S. Dragomir

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 24 of 25

J. Ineq. Pure and Appl. Math. 1(2) Art. 12, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/

[9] S.S. DRAGOMIRAND C.J. GOH, A counterpart of Jensen’s discrete in-
equality for differentiable convex mappings and applications in informa-
tion theory,Mathl. Comput. Modelling24(2) (1996), 1-11.

[10] A.M. FINK, A treatise on Griss’ inequalitgubmitted

[11] G. GRUSS, Uber das Maximum des absoluten Betrages von
o fy f@g(@)de — o2 [ f(a)da [ g(x)dz, Math. Z, 39 (1935),

215-226.
. - . A Gruss Type Inequality for
[12] D.S. MITRINOVIC, J.E. PEEARIC AND A.M. FINK, Classical and New Sequences of Vectors in Inner

Inequalities in Analysiskluwer Academic Publishers, Dordrecht, 1993. P e oadone

S.S. Dragomir

Title Page
Contents
44
|
Go Back
Close
Quit
Page 25 of 25

J. Ineq. Pure and Appl. Math. 1(2) Art. 12, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/

	Introduction
	Preliminary Results
	A Discrete Inequality of Grüss Type
	Applications for Convex Functions
	Applications for Some Discrete Transforms

