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Abstract

A Grüss type inequality for sequences of vectors in inner product spaces which
complement a recent result from [6] and applications for differentiable convex
functions defined on inner product spaces and applications for Fourier and
Mellin transforms, are given.
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1. Introduction
In 1935, G. Grüss proved the following integral inequality (see [11] or [12])

(1.1)

∣∣∣∣ 1

b− a

∫ b

a

f (x) g (x) dx− 1

b− a

∫ b

a

f (x) dx · 1

b− a

∫ b

a

g (x) dx

∣∣∣∣
≤ 1

4
(Φ− φ) (Γ− γ) ,

provided thatf andg are two integrable functions on[a, b] and satisfy the con-
dition

(1.2) φ ≤ f (x) ≤ Φ and γ ≤ g (x) ≤ Γ for all x ∈ [a, b] .

The constant1
4

is thebest possibleand is achieved for

f (x) = g (x) = sgn

(
x− a+ b

2

)
.

The discrete version of (1.1) states that:
If a ≤ ai ≤ A, b ≤ bi ≤ B (i = 1, ..., n) wherea, A, ai, b, B, bi are real

numbers, then

(1.3)

∣∣∣∣∣ 1n
n∑

i=1

aibi −
1

n

n∑
i=1

ai
1

n

n∑
i=1

bi

∣∣∣∣∣ ≤ 1

4
(A− a) (B − b)

and the constant1
4

is the best possible.
In the recent paper [2], the author proved the following generalisation in

inner product spaces.
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Theorem 1.1.Let (X; 〈·, ·〉) be an inner product space overK,K = C,R, and
e ∈ X, ‖e‖ = 1. If φ,Φ, γ,Γ ∈ K andx, y ∈ X such that

(1.4) Re 〈Φe− x, x− φe〉 ≥ 0 and Re 〈Γe− y, y − γe〉 ≥ 0

holds, then we have the inequality

(1.5) |〈x, y〉 − 〈x, e〉 〈e, y〉| ≤ 1

4
|Φ− φ| |Γ− γ| .

The constant1
4

is the best possible.

It has been shown in [1] that the above theorem, for the real case, contains
the usual integral and discrete Grüss inequality and also some Grüss type in-
equalities for mappings defined on infinite intervals.

Namely, if ρ : (−∞,+∞) → (−∞,+∞) is a probability density func-
tion, i.e.,

∫∞
−∞ ρ (t) dt = 1, thenρ

1
2 ∈ L2 (−∞,∞) and obviously‖ρ 1

2‖2 = 1.
Consequently, if we assume thatf, g ∈ L2 (−∞,∞) and

(1.6) αρ
1
2 ≤ f ≤ ψρ

1
2 , βρ

1
2 ≤ g ≤ θρ

1
2 a.e. on (0,∞) ,

then we have the inequality

(1.7)

∣∣∣∣∫ ∞

−∞
f (t) g (t) dt−

∫ ∞

−∞
f (t) ρ

1
2 (t) dt

∫ ∞

−∞
g (t) ρ

1
2 (t) dt

∣∣∣∣
≤ 1

4
(ψ − α) (θ − β) .
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In a similar way, ife = (ei)i∈N ∈ l2 (R) with
∑
i∈N

|ei|2 = 1 andx = (xi)i∈N,

y = (yi)i∈N ∈ l2 (R) are such that

(1.8) αei ≤ xi ≤ ψei, βei ≤ yi ≤ θei

for all i ∈ N, then we have

(1.9)

∣∣∣∣∣∑
i∈N

xiyi −
∑
i∈N

xiei

∑
i∈N

yiei

∣∣∣∣∣ ≤ 1

4
(ψ − α) (θ − β) .

In the recent paper [6], the author also proved the following discrete inequal-
ity in inner product spaces:

(1.10)

∥∥∥∥∥
n∑

i=1

piaixi −
n∑

i=1

piai

n∑
i=1

pixi

∥∥∥∥∥ ≤ 1

4
|A− a| ‖X − x‖

providedxi ∈ H, ai ∈ K (K = C,R) anda,A ∈ K, x,X ∈ H are such that
(1.11)
Re [(A− ai) (āi − ā)] ≥ 0 and Re 〈X − xi, xi − x〉 ≥ 0 for all i ∈ {1, ..., n} .

The constant1
4

is sharp.
For other recent developments of the Grüss inequality, see the papers [1]-[6],

[10] and the websitehttp://rgmia.vu.edu.au/Gruss.html
In this paper we point out some other Grüss type inequalities in inner product

spaces which will complement the above result (1.10).

http://jipam.vu.edu.au/
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/


A Grüss Type Inequality for
Sequences of Vectors in Inner

Product Spaces and
Applications

S.S. Dragomir

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 6 of 25

J. Ineq. Pure and Appl. Math. 1(2) Art. 12, 2000

http://jipam.vu.edu.au

2. Preliminary Results
The following lemma is of interest in itself (see also [6]).

Lemma 2.1. Let (H; 〈·, ·〉) be an inner product space over the real or complex

number fieldK, xi ∈ H andpi ≥ 0 (i = 1, ..., n) such that
n∑

i=1

pi = 1 (n ≥ 2).

If x,X ∈ H are such that

(2.1) Re 〈X − xi, xi − x〉 ≥ 0 for all i ∈ {1, ..., n} ,

then we have the inequality

(2.2) 0 ≤
n∑

i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

≤ 1

4
‖X − x‖2 .

The constant1
4

is sharp.

Proof. Define

I1 :=

〈
X −

n∑
i=1

pixi,

n∑
i=1

pixi − x

〉
and

I2 :=
n∑

i=1

pi 〈X − xi, xi − x〉 .

Then

I1 =
n∑

i=1

pi 〈X, xi〉 − 〈X, x〉 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

+
n∑

i=1

pi 〈xi, x〉
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and

I2 =
n∑

i=1

pi 〈X, xi〉 − 〈X, x〉 −
n∑

i=1

pi ‖xi‖2 +
n∑

i=1

pi 〈xi, x〉 .

Consequently

(2.3) I1 − I2 =
n∑

i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

.

Taking the real value in (2.3) we can state

(2.4)
n∑

i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

= Re

〈
X −

n∑
i=1

pixi,
n∑

i=1

pixi − x

〉
−

n∑
i=1

pi Re 〈X − xi, xi − x〉 ,

which is an identity of interest in itself.
Using the assumption (2.1), we can conclude, by (2.4), that

(2.5)
n∑

i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

≤ Re

〈
X −

n∑
i=1

pixi,
n∑

i=1

pixi − x

〉
.

It is known that ify, z ∈ H, then

(2.6) 4 Re 〈z, y〉 ≤ ‖z + y‖2 ,
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with equality iff z = y.
Now, by (2.6), we can state that

Re

〈
X −

n∑
i=1

pixi,
n∑

i=1

pixi − x

〉

≤ 1

4

∥∥∥∥∥X −
n∑

i=1

pixi +
n∑

i=1

pixi − x

∥∥∥∥∥
2

=
1

4
‖X − x‖2 .

Using (2.5), we can easily deduce (2.2).
To prove the sharpness of the constant1

4
, let us assume that the inequality

(2.2) holds with a constantc > 0, i.e.,

(2.7) 0 ≤
n∑

i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

≤ c ‖X − x‖2

for all pi, xi andx,X as in the hypothesis of Lemma2.1.
Assume thatn = 2, p1 = p2 = 1

2
, x1 = x andx2 = X with x,X ∈ H and

x 6= X. Then, obviously,

〈X − x1, x1 − x〉 = 〈X − x2, x2 − x〉 = 0,

which shows that the condition (2.1) holds.
If we replacen, p1, p2, x1, x2 in (2.7), we obtain

2∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥
2∑

i=1

pixi

∥∥∥∥∥
2

=
1

2

(
‖x‖2 + ‖X‖2 −

∥∥∥∥x+X

2

∥∥∥∥2
)

=
‖X − x‖2

4
≤ c ‖X − x‖2 ,

http://jipam.vu.edu.au/
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/


A Grüss Type Inequality for
Sequences of Vectors in Inner

Product Spaces and
Applications

S.S. Dragomir

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 9 of 25

J. Ineq. Pure and Appl. Math. 1(2) Art. 12, 2000

http://jipam.vu.edu.au

from where we deducec ≥ 1
4
, which proves the sharpness of the constant factor

1
4
.

Remark 2.1. The assumption (2.1) can be replaced by the more general condi-
tion

(2.8)
n∑

i=1

pi Re 〈X − xi, xi − x〉 ≥ 0

and the conclusion (2.2) will still remain valid.

The following corollary is natural.

Corollary 2.2. Let ai ∈ K, pi ≥ 0 (i = 1, ..., n) (n ≥ 2) with
n∑

i=1

pi = 1. If

a,A ∈ K are such that

(2.9) Re [(A− ai) (āi − ā)] ≥ 0 for all i ∈ {1, ..., n} ,

then we have the inequality

(2.10) 0 ≤
n∑

i=1

pi |ai|2 −

∣∣∣∣∣
n∑

i=1

piai

∣∣∣∣∣
2

≤ 1

4
|A− a|2 .

The constant1
4

is sharp.

The proof follows by the above Lemma2.1 by choosingH = K, 〈x, y〉 :=
xȳ, xi = ai, x = a, X = A. We omit the details.
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Remark 2.2. The condition (2.9) can be replaced by the more general assump-
tion

(2.11)
n∑

i=1

pi Re [(A− ai) (āi − ā)] ≥ 0.

Remark 2.3. If we assume thatK = R, then (2.8) is equivalent with

(2.12) a ≤ ai ≤ A for all i ∈ {1, ..., n}

and then, with the assumption (2.12), we get the discrete Grüss type inequality

(2.13) 0 ≤
n∑

i=1

pia
2
i −

(
n∑

i=1

piai

)2

≤ 1

4
(A− a)2

and the constant1
4

is sharp.
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3. A Discrete Inequality of Grüss Type
The following Grüss type inequality holds.

Theorem 3.1. Let (H; 〈·, ·〉) be an inner product space overK; K = C,R,
xi, yi ∈ H, pi ≥ 0 (i = 0, ..., n) (n ≥ 2) with

n∑
i=1

pi = 1. If x,X, y, Y ∈ H are

such that
(3.1)
Re 〈X − xi, xi − x〉 ≥ 0 and Re 〈Y − yi, yi − y〉 ≥ 0 for all i ∈ {1, ..., n} ,

then we have the inequality

(3.2)

∣∣∣∣∣
n∑

i=1

pi 〈xi, yi〉 −

〈
n∑

i=1

pixi,
n∑

i=1

piyi

〉∣∣∣∣∣ ≤ 1

4
‖X − x‖ ‖Y − y‖ .

The constant1
4

is sharp.

Proof. A simple calculation shows that

(3.3)
n∑

i=1

pi 〈xi, yi〉 −

〈
n∑

i=1

pixi,

n∑
i=1

piyi

〉
=

1

2

n∑
i,j=1

pipj 〈xi − xj, yi − yj〉 .

Taking the modulus in both parts of (3.3), and using the generalized triangle
inequality, we obtain
(3.4)∣∣∣∣∣

n∑
i=1

pi 〈xi, yi〉 −

〈
n∑

i=1

pixi,
n∑

i=1

piyi

〉∣∣∣∣∣ ≤ 1

2

n∑
i,j=1

pipj |〈xi − xj, yi − yj〉| .

http://jipam.vu.edu.au/
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By Schwartz’s inequality in inner product spaces we have

(3.5) |〈xi − xj, yi − yj〉| ≤ ‖xi − xj‖ ‖yi − yj‖

for all i, j ∈ {1, ..., n} , and therefore
(3.6)∣∣∣∣∣

n∑
i=1

pi 〈xi, yi〉 −

〈
n∑

i=1

pixi,
n∑

i=1

piyi

〉∣∣∣∣∣ ≤ 1

2

n∑
i,j=1

pipj ‖xi − xj‖ ‖yi − yj‖ .

Using the Cauchy-Buniakowsky-Schwartz inequality for double sums, we can
state that

(3.7)
1

2

n∑
i,j=1

pipj ‖xi − xj‖ ‖yi − yj‖

≤

(
1

2

n∑
i,j=1

pipj ‖xi − xj‖2

) 1
2

×

(
1

2

n∑
i,j=1

pipj ‖yi − yj‖2

) 1
2

and, a simple calculation shows that,

1

2

n∑
i,j=1

pipj ‖xi − xj‖2 =
n∑

i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

and
1

2

n∑
i,j=1

pipj ‖yi − yj‖2 =
n∑

i=1

pi ‖yi‖2 −

∥∥∥∥∥
n∑

i=1

piyi

∥∥∥∥∥
2

.
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We obtain

(3.8)

∣∣∣∣∣
n∑

i=1

pi 〈xi, yi〉 −

〈
n∑

i=1

pixi,
n∑

i=1

piyi

〉∣∣∣∣∣
≤

 n∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2
 1

2

×

 n∑
i=1

pi ‖yi‖2 −

∥∥∥∥∥
n∑

i=1

piyi

∥∥∥∥∥
2
 1

2

.

Using Lemma2.1, we know that n∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2
 1

2

≤ 1

2
‖X − x‖

and  n∑
i=1

pi ‖yi‖2 −

∥∥∥∥∥
n∑

i=1

piyi

∥∥∥∥∥
2
 1

2

≤ 1

2
‖Y − y‖ .

Therefore, by (3.8) we may deduce the desired inequality (3.3).
To prove the sharpness of the constant1

4
, let us assume that (3.2) holds with

a constantc > 0, i.e.,

(3.9)

∣∣∣∣∣
n∑

i=1

pi 〈xi, yi〉 −

〈
n∑

i=1

pixi,
n∑

i=1

piyi

〉∣∣∣∣∣ ≤ c ‖X − x‖ ‖Y − y‖

under the above assumptions forpi, xi, yi, x, X, y, Y andn ≥ 2.

http://jipam.vu.edu.au/
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If we choosen = 2, x1 = x, x2 = X, y1 = y, y2 = Y (x 6= X, y 6= Y )
andp1 = p2 = 1

2
, then

2∑
i=1

pi 〈xi, yi〉 −

〈
2∑

i=1

pixi,
2∑

i=1

piyi

〉
=

1

2

2∑
i,j=1

pipj 〈xi − xj, yi − yj〉

=
∑

1≤i<j≤2

pipj 〈xi − xj, yi − yj〉

=
1

4
〈x−X, y − Y 〉

and then∣∣∣∣∣
2∑

i=1

pi 〈xi, yi〉 −

〈
2∑

i=1

pixi,
2∑

i=1

piyi

〉∣∣∣∣∣ =
1

4
|〈x−X, y − Y 〉| .

ChooseX − x = z, Y − y = z, z 6= 0. Then using (3.9), we derive

1

4
‖z‖2 ≤ c ‖z‖2 , z 6= 0

which implies thatc ≥ 1
4
, and the theorem is proved.

Remark 3.1. The condition (3.1) can be replaced by the more general assump-
tion

(3.10)
n∑

i=1

pi Re 〈X − xi, xi − x〉 ≥ 0,
n∑

i=1

pi Re 〈Y − yi, yi − y〉 ≥ 0

and the conclusion (3.2) still remains valid.
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The following corollary for real or complex numbers holds.

Corollary 3.2. Letai, bi ∈ K (K = C,R) , pi ≥ 0 (i = 1, ..., n) with
n∑

i=1

pi = 1.

If a,A, b, B ∈ K are such that

(3.11) Re [(A− ai) (āi − ā)] ≥ 0 and Re
[
(B − bi)

(
b̄i − b̄

)]
≥ 0,

then we have the inequality

(3.12)

∣∣∣∣∣
n∑

i=1

piaib̄i −
n∑

i=1

piai

n∑
i=1

pib̄i

∣∣∣∣∣ ≤ 1

4
|A− a| |B − b|

and the constant1
4

is sharp.

The proof is obvious by Theorem3.1 applied for the inner product space
(C, 〈·, ·〉) where〈x, y〉 = x · ȳ. We omit the details.

Remark 3.2. The condition (3.11) can be replaced by the more general condi-
tion

(3.13)
n∑

i=1

pi Re [(A− ai) (āi − ā)] ≥ 0,
n∑

i=1

pi Re
[
(B − bi)

(
b̄i − b̄

)]
≥ 0

and the conclusion of the above corollary will still remain valid.

Remark 3.3. If we assume thatai, bi, a, b, A, B are real numbers, then (3.11)
is equivalent to

(3.14) a ≤ ai ≤ A, b ≤ bi ≤ B for all i ∈ {1, ..., n}
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and (3.12) becomes

(3.15) 0 ≤

∣∣∣∣∣
n∑

i=1

piaibi −
n∑

i=1

piai

n∑
i=1

pibi

∣∣∣∣∣ ≤ 1

4
(A− a) (B − b) ,

which is the classical Grüss inequality for sequences of real numbers.
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4. Applications for Convex Functions
Let (H; 〈·, ·〉) be a real inner product space andF : H → R a Fréchet differen-
tiable convex mapping onH. Then we have the “gradient inequality”

(4.1) F (x)− F (y) ≥ 〈∇F (y) , x− y〉

for all x, y ∈ H, where∇F : H → H is the gradient operator associated to the
differentiable convex functionF .

The following theorem holds.

Theorem 4.1.LetF : H → R be as above andxi ∈ H (i = 1, ..., n). Suppose
that there exists the vectorsγ, φ ∈ H such that〈xi − γ, φ− xi〉 ≥ 0 for all
i ∈ {1, ...,m} andm,M ∈ H such that〈∇F (xi)−m, M −∇F (xi)〉 ≥ 0

for all i ∈ {1, ...,m}. Then for allpi ≥ 0 (i = 1, ...,m) with Pm :=
m∑

i=1

pi > 0,

we have the inequality

(4.2) 0 ≤ 1

Pm

m∑
i=1

piF (xi)− F

(
1

Pm

m∑
i=1

pixi

)
≤ 1

4
‖φ− γ‖ ‖M −m‖ .

Proof. Choose in (4.1), x = 1
PM

m∑
i=1

pixi andy = xj to obtain

(4.3) F

(
1

Pm

m∑
i=1

pixi

)
− F (xj) ≥

〈
∇F (xj) ,

1

Pm

m∑
i=1

pixi − xj

〉

for all j ∈ {1, ..., n}.
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If we multiply (4.3) by pj ≥ 0 and sum overj from 1 tom, we have

PmF

(
1

Pm

m∑
i=1

pixi

)
−

m∑
j=1

pjF (xj)

≥ 1

Pm

〈
m∑

j=1

pj∇F (xj) ,
m∑

i=1

pixi

〉
−

m∑
i=1

〈∇F (xi) , xi〉 .

Dividing by Pm > 0, we obtain the inequality

0 ≤ 1

Pm

m∑
i=1

piF (xi)− F

(
1

Pm

m∑
i=1

pixi

)
(4.4)

≤ 1

Pm

m∑
i=1

pi 〈∇F (xi) , xi〉

−

〈
1

Pm

m∑
i=1

pi∇F (xi) ,
1

Pm

m∑
i=1

pixi

〉

which is a generalisation for the case of inner product spaces of the result by
Dragomir and Goh established in 1996 for the case of differentiable mappings
defined onRn [9].

Applying Theorem3.1 for real inner product spaces,X = φ, x = γ, yi =
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∇F (xi), y = m, Y = M andn = m, we easily deduce

(4.5)
1

Pm

m∑
i=1

pi 〈xi,∇F (xi)〉 −

〈
1

Pm

m∑
i=1

pixi,
1

Pm

m∑
i=1

pi∇F (xi)

〉
≤ 1

4
‖Φ− φ‖ ‖M −m‖

and then, by (4.4) and (4.5) we can conclude that the desired inequality (4.2)
holds.

Remark 4.1. The conditions

(4.6) 〈xi − γ, φ− xi〉 ≥ 0, 〈∇F (xi)−m,M −∇F (xi)〉 ≥ 0,

for all i ∈ {1, ...,m} can be replaced by the more general conditions
(4.7)

m∑
i=1

pi 〈xi − γ, φ− xi〉 ≥ 0 and
m∑

i=1

pi 〈∇F (xi)−m,M −∇F (xi)〉 ≥ 0

and the conclusion (4.2) will still be valid.

Remark 4.2. Even if the inequality (4.2) is not as sharp as (4.4), it can be
more useful in practice when only some bounds of the gradient operator∇F
and of the vectorsxi (i = 1, ..., n) are known. In other words, it provides the
opportunity to estimate the difference

∆ (F, x, p) :=
1

Pm

m∑
i=1

piF (xi)− F

(
1

Pm

m∑
i=1

pixi

)
,

where the differences‖φ− γ‖ and‖M −m‖ are known.
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Remark 4.3. For example, if we know that〈∇F (xi)−m, M −∇F (xi)〉 ≥ 0
for all i ∈ {1, ...,m} and the vectorsxi (i = 1, ..., n) are not too far from
each other in the sense that〈xi − γ, φ− xi〉 ≥ 0 for all i ∈ {1, ...,m} and
‖φ− γ‖ ≤ 4ε

‖M−m‖ (ε > 0), then by (4.2), we can conclude that

0 ≤ ∆ (F, x, p) ≤ ε.
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5. Applications for Some Discrete Transforms
Let (H; 〈·, ·〉) be an inner product space overK, K = C, R andx̄ = (x1, ..., xn)
be a sequence of vectors inH.

For a givenm ∈ K, define thediscrete Fourier transform

(5.1) Fw (x̄) (m) =
n∑

k=1

exp (2wimk)× xk, m = 1, ..., n.

The complex number
n∑

k=1

exp (2wimk) 〈xk, yk〉 is actually the usual Fourier

transform of the vector(〈x1, y1〉 , ..., 〈xn, yn〉) ∈ Kn and will be denoted by

(5.2) Fw (x̄ · ȳ) (m) =
n∑

k=1

exp (2wimk) 〈xk, yk〉 , m = 1, ..., n.

The following result holds.

Theorem 5.1. Let x̄, ȳ ∈ Hn be sequences of vectors such that there exists the
vectorsc, C, y, Y ∈ H with the properties

(5.3) Re 〈C − exp (2wimk)xk, exp (2wimk)xk − c〉 ≥ 0, k,m = 1, ..., n

and

(5.4) Re 〈Y − yk, yk − y〉 ≥ 0, k = 1, ..., n.

http://jipam.vu.edu.au/
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/


A Grüss Type Inequality for
Sequences of Vectors in Inner

Product Spaces and
Applications

S.S. Dragomir

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 22 of 25

J. Ineq. Pure and Appl. Math. 1(2) Art. 12, 2000

http://jipam.vu.edu.au

Then we have the inequality

(5.5)

∣∣∣∣∣Fw (x̄ · ȳ) (m)−

〈
Fw (x̄) (m) ,

1

n

n∑
k=1

yk

〉∣∣∣∣∣ ≤ n

4
‖C − c‖ ‖Y − y‖ ,

for all m ∈ {1, ..., n}.

The proof follows by Theorem3.1applied forpk = 1
n

and for the sequences
xk → ck = exp (2wimk)xk andyk (k = 1, ..., n). We omit the details.

We can also consider theMellin transform

(5.6) M (x̄) (m) :=
n∑

k=1

km−1xk, m = 1, ..., n,

of the sequencēx = (x1, ..., xn) ∈ Hn.

We remark that the complex number
n∑

k=1

km−1 〈xk, yk〉 is actually the Mellin

transform of the vector(〈x1, y1〉 , ..., 〈xn, yn〉) ∈ Kn and will be denoted by

(5.7) M (x̄ · ȳ) (m) :=
n∑

k=1

km−1 〈xk, yk〉 .

The following theorem holds.

Theorem 5.2. Let x̄, ȳ ∈ Hn be sequences of vectors such that there exist the
vectorsd,D, y, Y ∈ H with the properties

(5.8) Re
〈
D − km−1xk, k

m−1xk − d
〉
≥ 0
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for all k,m ∈ {1, ..., n} , and (5.4) is fulfilled.
Then we have the inequality

(5.9)

∣∣∣∣∣M (x̄ · ȳ) (m)−

〈
M (x̄) (m) ,

1

n

n∑
k=1

yk

〉∣∣∣∣∣ ≤ n

4
‖D − d‖ ‖Y − y‖

for all m ∈ {1, ..., n}.

The proof follows by Theorem3.1applied forpk = 1
n

and for the sequences
xk → dk = kxk andyk (k = 1, ..., n). We omit the details.

Another result which connects the Fourier transforms for different parame-
tersw also holds.

Theorem 5.3. Let x̄, ȳ ∈ Hn and w, z ∈ K. If there exists the vectors
e, E, f, F ∈ H such that

Re 〈E − exp (2wimk)xk, exp (2wimk)xk − e〉 ≥ 0, k,m = 1, ..., n

and

Re 〈F − exp (2zimk) yk, exp (2zimk) yk − f〉 ≥ 0, k,m = 1, ..., n

then we have the inequality:∣∣∣∣ 1nFw+z (x̄ · ȳ) (m)−
〈

1

n
Fw (x̄) (m) ,

1

n
Fz (ȳ) (m)

〉∣∣∣∣ ≤ 1

4
‖E − e‖ ‖F − f‖ ,

for all m ∈ {1, ..., n}.

The proof follows by Theorem3.1for the sequencesexp (2wimk)xk,
exp (2zimk) yk (k = 1, ..., n). We omit the details.
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