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Abstract

In this article, the author introduces the generalized abstracted mean values
which extend the concepts of most means with two variables, and researches
their basic properties and monotonicities.
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The simplest and classical means are the arithmetic mean, the geometric mean,

and the harmonic mean. For a positive sequence (ay, ..
defined respectively by

.,ay,), they are

(1.1)

For a positive functiory defined onz, y|, the integral analogues of (1) are
given by

An=——[roa
65 =ew (2 [‘wso ar).

y—x
H(f) = g
[

It is well-known that

(1.2)

(1.3) An(a) = Gula) = Hu(a), A(f) = G(f) = H(f)

are called the arithmetic mean—geometric mean—harmonic mean inequalities.
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These classical means have been generalized, extended and refined in many
different directions. The study of various means has a rich literature, for details,
please refer toll, 2], [4]-[2] and [L9], especially to §], and so on.

Some mean values also have applications in medicined.

Recently, the author9] introduced the generalized weighted mean values

M, ¢(r, s; z, y) with two parameters ands, which are defined by
1/(s—r)
Ji p(u) f*(u)du
(1'4) Mp,f (T7 8T, y) = (fy (u fr u) (T o S)(JJ B y) 7£ O; Generalized Abstracted Mean
Values
w) f"(u)In
(1.5  Mys(r,r;z,y) = exp (f p<y S f; u)du ) , z—y#0; RaTE/
u u
My f(r, 532, 2) = f(2), Title Page
wherez,y,r, s € R, p(u) # 0 is a nonnegative and integrable function and Contents
f(u) a positive and integrable function on the interval betweamdy. «“ o
It was shown in §, 17] that M, ((r, s; z,y) increases with both ands and
has the same monotonicities Af bothz andy. Sufficient conditions in order < 4
that Go Back
(1.6) M,, s(r,s;2,y) > My, ¢(r,s;x,y), Close
(17) Mlhfl(rvs;xhy) Z Mp,fQ(T7S;x7y) Quit
Page 4 of 21

were also given ind].

Itis clear thatVl,, ;(r,0; z,y) = MU(f;p;x,y). For the definition of/")( f; p; 2, 9),
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Remark 1.1. As concrete applications of the monotonicities and properties of
the generalized weighted mean valuds ;(r, s; z, y), some monotonicity re-
sults and inequalities of the gamma and incomplete gamma functions are pre-
sented in [ (].

Moreover, an inequality between the extended mean valiess; =, y) and
the generalized weighted mean valdés(r, s; =, y) for a convex functiory is
given in [L4], which generalizes the well-known Hermite-Hadamard inequality.

The main purposes of this paper are to establish the definitions of the gen-

Generalized Abstracted Mean

eralized abstracted mean values, to research their basic properties, and to prove Values

their monotonicities. In Sectiop, we introduce some definitions of mean val-
ues and study their basic properties. In Secfipthe monotonicities of the
generalized abstracted mean values, and the like, are proved.
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Definition 2.1. Let p be a defined, positive and integrable function.ony] for
x,y € R, f areal-valued and monotonic function ¢m 3]. If ¢ is a func-
tion valued on[a, 3] and f o g integrable onz, y|, the quasi-arithmetic non-

symmetrical mean qf is defined by
S p@)f(g(t)) dt
Jlp@yat )

Forg(t) =t, f(t) =t"1, p(t) = 1, the meanV;(g; p; x,y) reduces to the
extended logarithmic mearss (x, y); for p(t) = "1, g(t) = f(t) = t, to the
one-parameter meah (x, y); for p(t) = f'(t), g(t) = t, to the abstracted mean
My (z,y); for g(t) = t, p(t) = t"%, f(t) = t*77, to the extended mean values
E(r,s;x,y); for f(t) = t", to the weighted mean of orderof the functiong
with weightp on [z, y|. If we replacep(t) by p(t)f"(t), f(t) by t*=", g(t) by
f(t) in (2.1), then we get the generalized weighted mean valdgs(r, s; x, y).
Hence, fromM(g; p; , y) we can deduce most of the two variable means.

(2.1) My(g;p;x,y) =

wheref~1 is the inverse function of.

Lemma 2.1 ([LZ]). Suppose thaf andg are integrable, and is non-negative,
on [a, b], and that the ratiof (¢)/¢(t) has finitely many removable discontinuity
points. Then there exists at least one pdirt (a, b) such that

b
2.2) Jo f®)dt L FE)
[Pg(tyde =0 g(t)
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We call Lemma2.1 the revised Cauchy’s mean value theorem in integral
form.

Proof. Sincef(t)/g(t) has finitely many removable discontinuity points, with-
out loss of generality, suppose it is continuous|eyb]. Furthermore, using
g(t) > 0, from the mean value theorem for integrals, there exists at least one
pointd € (a, b) satisfying

b b b
t 0
(2.3) /a fdt = /a (%) g(t)dt = %/ﬂ g(t)dt. Generalized\gtl)tsjg:cted Mean
Lemma2.1follows. O Feng Qi
Theorem 2.2. The meanV/;(g; p; x, y) has the following properties:
Title Page
(2.2) a < Mi(g;p;z,y) <, Contents
’ M:(a:n: = M:(a:v: .T),
f(gvpaway) f(gvpay l’) pp >
wherea = inf g(t)and( = sup g(t). < >
telz,y] te(z,y]
Proof. This follows from Lemm&2.1and standard arguments. O Go Back
Close
Definition 2.2. For a sequence of positive numbers- (ay,...,a,) and pos- _
itive weightsp = (p1, ..., pn), the generalized weighted mean values of num- Quit
Page 7 of 21
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bersa with two parameters ands is defined as

n 1/(r—s)
Z pz‘a;ﬂ
(2.5) M,(p;a;r,s) = | = , r—s#0;
Yopiad
=1
Y- pial lna;
(2.6) M, (p;a;r,r) = exp | ZH
> pial
=1

Fors = 0 we obtain the weighted mea’ (a; p) of orderr which is defined
in[2, , /] and introduced above; for= 0, r = —1, the weighted harmonic
mean; fors = 0, r = 0, the weighted geometric mean; and fo&= 0, r = 1,
the weighted arithmetic mean.

The meanV/,(p; a; , s) has some basic properties similar to thoséQf; (r, s; z, y),
for instance

Theorem 2.3. The meanV/,,(p; a; r, s) is a continuous function with respect to
(r, s) € R? and has the following properties:

m < My(p;a;r,s) < M,
(2.7) M, (p;a;r,s) = My(p;a;s,r),
M7 (p;ayr,s) = M2 (p;ayt, s) - MY (p; a;r, t),

wherem = 1mln {a;}, M = max {a;}.
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Proof. For an arbitrary sequenée= (b, ...,b,) and a positive sequence=

(c1,...,cn), the following elementary inequalities,[p. 204] are well-known
Xn: bi
(2.8) min {@} <=L < max {@}
1<i<n Ly Z o 1<i<n Ly

This implies the inequality property.
The other properties follow from standard arguments. m

Definition 2.3. Let f; and f, be real-valued functions such that the rafi@ f,
is monotone on the closed interval, 5]. If a = (a4, ...,a,) is a sequence of
real numbers fron, 5] andp = (py, ...
the generalized abstracted mean values of numbeiigh respect to functions
f1 and f5, with weightsp, is defined by

f -1 Zn:pifl(ai)
(2.9) Mn(p;a;fl,f2)=<£) — .

i; pifZ(ai)

where(f1/f2) ! is the inverse function of, / f-.
The integral analogue of Definitich3is given by

Definition 2.4. Let p be a positive integrable function defined jony]|, =,y €
R, f1 and f, real-valued functions and the ratf@/ f, monotone on the interval

,Pn) @ sequence of positive numbers,
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[, A]. In addition, letg be defined orjz, y| and valued orja, 3], and f; o g
integrable onz,y] for ¢ = 1,2. The generalized abstracted mean values of
function g with respect to functiong;, and f, and with weightp is defined as

ﬁ) - (ff p(t) fi(g(t)) dt)
f2 [V p(t) f2(g(t)) dt )

where(f,/f2) ! is the inverse function of, / f-.

210)  Mpig: fi friey) = (

Remark 2.1. Set f, = 1 in Definition 2.4, then we can obtain DefinitioB.1
easily. Replacing by fi/fs, p(t) by p(t) f2(g(t)) in Definition 2.1, we arrive

at Definition2.4 directly. Analogously, formulaZ.9) is equivalent taV/;(a; p),
see [, p. 77]. Definition2.1 and Definition2.4 are equivalent to each other.
Similarly, so are Definitior2.3and the quasi-arithmetic non-symmetrical mean
M¢(a;p) of numbers: = (ay, ..., a,) with weightsp = (p1, ..., pn).

Lemma 2.4. Suppose the ratig / f> is monotonic on a given interval. Then

AY - (£) (L
@11) (f2> (x)_<f1> (95)’
where(f,/ f>)~! is the inverse function of; / f».

Proof. This is a direct consequence of the definition of an inverse functian.

Theorem 2.5.The meand/,,(p; a; f1, f2) and M (p; g; f1, fo; x, y) have the fol-
lowing properties:
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(i) Under the conditions of Definitioh.3, we have

m < M, (p;a; f1, f2) < M,
M, (p;a; f1, f2) = My (p; a; f2, f1),

wherem = 1I£z'lgnn{ai}' M = 112?5%{@"};

(2.12)

(i) Under the conditions of Definitiop.4, we have

(2.13) M(p; g; f1, foi,y) = M(p; g; f1, f23 9, 2),
M(p; g; fr, foiz,y) = M(p; g; f2, fr;2,9),

wherea = inf g(t)andg = sup g(t).
t€[z,y] te(z,y]

Proof. These follow from inequality4d.8), LemmaZ2.1l, Lemma?2.4, and stan-

dard arguments.
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Lemma 3.1 ([L6]). Assume that the derivative of second ordé(t) exists on
R. If f(¢) is an increasing (or convex) function @ then the arithmetic mean
of functionf(¢),

3.1) oir.s {/f W7

=S,

is also increasing (or convex, respectively) with bo#ind s onR.

Proof. Direct calculation yields

o¢(r, s) 1

(3.2) 5 = 7‘)2 (s —r) / f(t) dt
*¢(r,s) (s —r)°f'(s) —2(s —r)f(s) + 2fr f@)dt _ o(r, s)
(3.3) 92 5= T)3 = (s—1)

@4 2P0 ()

In the case off’(t) > 0, we havedo(r, s)/ds > 0, thus¢(r, s) increases in
bothr ands, sinceg(r, s) o(s,r).

In the case off”(t) > 0, ¢(r, s) increases witls. Sincep(r,r) = 0, we
haved?¢(r, s)/0s* > 0. Thereforep(r, s) is convex with respect to eitheror
s, sinceg(r, s) = ¢(s,r). This completes the proof. O
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Theorem 3.2.The mean\,,(p; a; r, s) of numbers. = (a4, . .., a, ) with weights

p=(p1,-..,ps) and two parameters ands is increasing in both- ands.
Proof. SetN,, = In M,,, then we have
. > piatIna;
=1

1
@8 Npars) - [ B rosz0
=1

n
pial Ina;
~

(3.6) No(p;a;r,r) = =
;piaf

By Cauchy’s inequality, direct calculation arrives at

n n n n 2
leicf; Ina; 2pia§(ln a;)? 2@@? — (2@@% In ai>
(3.7) N == = 5 > (.
Zpﬂﬁ ( Z Pia§>
i=1 ¢ i=1

Combination of 8.7) with Lemma3.1yields the statement of Theoréh?. [

Theorem 3.3. For a monotonic sequence of positive numbers a; < ay <
-+ and positive weights = (p1, pa, ... ), if m < n, then

(3.8) M (p;a;r, s) < M,y(p;a;r, s).

Equality holds ifa; = a; = - - -.
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Proof. Forr > s, inequality 3.8) reduces to

Z pia; ). piog

(39) ’L;l S =1
Z Dia;
i=1

o0

., and

Since0 < a; < ap < -+, p; > 0,1 > 1, the sequence$p;a; }
{piaf}zl are positive and monotonic.
By mathematical induction and the elementary inequalitie8),( we can

easily obtain the inequality3(9). The proof of Theoren3.3is completed. [

Lemma3.4.1f A= (Ay,...,A,)andB = (By,...
ing (or nonincreasing) sequences afd= (P, ...
guence, then

, B,,) are two nondecreas-
, P,) is a nonnegative se-

(3.10)

i—1 =1 i—1 i—1

with equality if and only if at least one of the sequendes B is constant.

If one of the sequencekor B is nonincreasing and the other nondecreasing,

then the inequality irf3.10 is reversed.

The inequality .10 is known in the literature as Tchebycheff’s (Ge-
bySev’s) inequality in discrete fornt[p. 240].
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Theorem 3.5.Letp = (p1,...,p,) @ndq = (¢4, - - ., q,) be positive weights,

a = (ay,...,a,)asequence of positive numbers. If the sequefic€s, ..., p./q.)
anda are both nonincreasing or both nondecreasing, then

(3.11) M, (p;a;r,s) > My(q; a;7, 8).

If one of the sequences@f /q1, - . ., pn/¢,) OF a is nonincreasing and the other

nondecreasing, the inequali$.11) is reversed.

Proof. Substitution of P = (qiaf,...,q,a3), A = (a]™% ...,a/ %) and

— Generalized Abstracted Mean

B = (p1/q1,---,pn/q,) Into inequality 3.10) and the standard arguments pro- Values

duce inequality §.11). This completes the proof of Theoredb. [ Feng Qi

Theorem 3.6.Letp = (p1,...,p,) be positive weightsg = (ai,...,a,)
andb = (by,...,b,) two sequences of positive numbers. If the sequences

Title Page
(ay/by,...,a,/b,) andb are both increasing or both decreasing, then

Contents
(312) M, (piaivs) = My(p; v, s) —
holds fora;/b; > 1,n > i > 1,andr,s > 0 orr > 0 > s. The inequality < >
(3.12 is reversed fon; /b; < 1,n >i>1,andr,s <0o0rs>0>r.

If one of the sequences @f, /by, ..., a,/b,) Or b is nonincreasing and the Go Back
other nondecreasing, then inequal{$y.12) is valid fora;/b; > 1,n > i > 1 Close
andr,s > 0ors > 0 > r; the inequality(3.12 reverses fora;/b; < 1, _
n>i>1,andr,s >00rr >0 > s,. QU

Page 15 of 21
Proof. The inequality 8.10) applied to age =20

a;\" J. Ineq. P d Appl. Math. 1
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and the standard arguments yield Theofef O

Theorem 3.7.Suppose andg are defined ofR. If f; o g has constant sign and
if (f1/f2)og is increasing (or decreasing, respectively), theip; g; f1, f2; =, y)
have the inverse (or same) monotonicitiesfasf, with bothx andy.

Proof. Without loss of generality, suppo$g, / f2) o g increases. By straightfor-
ward computation and using Lemrfidl, we obtain

L2 p(t) f1(g(t))dt

3.14) 2~ (fy ) d)
_ fy (t)filg (fy p(t)f2(9(t) dt_fg(g(y))) <0
(fy f2(g(t))d ) [Tp) Hi(g@)dt — filg(y)) =

From Definition2.4 and its suitable basic properties, Theoramfollows. [

Lemma 3.8. Let G, H : [a,b] — R be integrable functions, both increasing
or both decreasing. Furthermore, 16} : [a,b] — [0,400) be an integrable
function. Then

(3.15)

/abQ(U)G(U) du /:Q(U)H(u) du < /abQ(u) du /abQ<U)G(u)H(u) du.

If one of the functions af or H is nonincreasing and the other nondecreasing,
then the inequality3.15 reverses.

Inequality 3.15 is called Tchebycheff’s integral inequality, please refer to

[1]and []-{7].
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Remark 3.1. Using Tchebycheff’s integral inequality, some inequalities of the
complete elliptic integrals are established ][ many inequalities concerning
the probability function, the error function, and so on, are improvedih |

Theorem 3.9. Supposef; o g has constant sign ofx, y|. Wheng(t) increases
on [z, y], if p1/ps is increasing, we have

(3.16) M(p1; g; f1, fosz,y) = M(p2; g5 f1, 232, 9);

if p1/po is decreasing, inequalit{3.16) reverses.
Wheng(t) decreases ofr, y|, if p;/p» is increasing, then inequalit{8.16)
is reversed,; ifp; /p» is decreasing, inequalit{3.16) holds.

Proof. Substitution ofQ(t) = f2(g(t))p2(t), G(t) = (f1/f2) o g(t) andH(t) =
p1(t)/p2(t) into Lemma3.8 and the standard arguments produce inequality
(3.19. The proof of Theoren3.9is completed. ]

Theorem 3.10.Suppose; o g, does not change its sign on, y|.

(i) Whenf;0(g1/g2) and(f1/ f2) o go are both increasing or both decreasing,
inequality

(3.17) M(p; g1; fr, f232,9) > M(p; g2; f1, fos 2, y)

holds for f, / f, being increasing, or reverses fgr/ f, being decreasing.

(i) When one of the function o (g1/g2) or (f1/f2) o g- is decreasing and
the other increasing, inequalit{8.17) holds for f;/ f, being decreasing,
or reverses forf; / f, being increasing.
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Proof. The inequality 8.15 applied toQ(t) = p(t)(f2 0 g2)(t), G(t) = fa 0
(@> (t) and H(t) = (%) o go(t), and standard arguments yield Theorem
g2 2

]
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