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Abstract

Steffensen’s inequality deals with the comparison between integrals over a
whole interval [a, b] and integrals over a subset of [a,b]. In this paper we prove
an inequality which is similar to Steffensen’s inequality. The most general form
of this inequality deals with integrals over a measure space. We also consider
the discrete case.
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The most basic inequality which deals with the comparison between integrals

over a whole intervala, b] and integrals over a subset|ef ¢] is the following
inequality, which was established by J.F. Steffensen in 1919, [

Theorem 1.1.(STEFFENSENS INEQUALITY) Leta andb be real numbers such

thata < b, f and g be integrable functions frorfu, b] into R such thatf is
nonincreasing and for every € [a, b, 0 < g(x) < 1. Then

b a+A

/bf(x)dxg/f(ac)g(m)dycg /f(:v)dx,

a

b

b
where) = [ g(z)dx.

The following is a discrete analogue of Steffensen’s inequaiity, [

Theorem 1.2. (DISCRETE STEFFENSENS INEQUALITY). Let (z;), be a
nonincreasing finite sequence of nonnegative real numbers, arg, J&t, be
a finite sequence of real numbers such that for evefy < y; < 1. Letk;

ky € {1,...,n} be suchthat, < > y; < k;. Then

=1

n

n k1
dowm <) my <) a
=1 =1

i=n—ko+1
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In section2 we consider the discrete case. Our first result is the following.

Theorem 1.3.Let¢ > 0 be a real number(z;)?_, be a nonincreasing finite
sequence of real numbers|ifycc), and(y;)?_, be a finite sequence of nonneg-
ative real numbers. Leb : [/, 00) — [0, c0) be strictly increasing, convex, and
such that®(zy) > &(x)P(y) for all z,y,zy > ¢. Letk € {1,...,n} be such
thatk > ¢and®(k) > >"" | v;. Then either

n k k
=1 =1 i=1

Theoreml.3takes an especially simple formdf(z) = z“, wherea > 1.

Theorem 1.4. Let (z;)!_, be a nonincreasing finite sequence of nonnegative
real numbers, and lety;)?_, be a finite sequence of nonnegative real numbers.
Assume thate > 1. Letk € {1,...,n} be such that

k> <i yi) : :
=1

n k « k
Z-T?yi < (Z fl?z) or Zyz > 1.
i=1 i=1 i=1

As an example of an application of Theorem we obtain the following
result:

Then either
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Theorem 1.5.Leta and 3 be real numbers suchthat> 1+ 5,0 < 8 < 1.

Let (z;)I, be a nonincreasing sequence of nonnegative real numbers. Assume

that . .
Z%SA, Zx;"zB“,
=1 i=1

whereA and B are positive real numbers. Léte {1,2...,n} be such that

8

A a—1
> | = .
= ()

k
Zx? > B,
i=1

For 6 = 1 this is a result from {].

Then

The main result of section 3 is Theore®r2. This theorem is similar to
Theoreml.3, but it involves integrals over a measure space instead of finite
sums. The key tool that we use to state and to prove The8r2ia the concept
of separating subsets introduced and studied]inlf we take a measure space
to be just a closed interval of the real lifk we obtain the following simplest
case of Theorer.2

Theorem 1.6.Let¢ > 0 be areal number;, andb be real numbers such that<
b, f andg be integrable functions frofa, b] into [¢, co) and [0, co) respectively,
such thatf is nonincreasing. Le® : [¢,c0) — [0, 00) be strictly increasing,
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®(x)®(y) for all z,y, ry > £. Let \ be a real
. Assume thakt < b — ¢ and

convex, and such thdt(xy)
number such thab(\ fabg(x

at+A

f(a) — fla—N) < / (@) — fla+ V)] d.

a

Then either
b a+A a+A
/(@of)gda:ﬁ@ /fdx or /gdle.

Remarkl.l In Theoremsl.3, 1.4, 1.6 and 3.2 the assumption thab is con-
vex can be weakened: it is enough to assume ¢higt Wright-convex, where
Wright-convexity means/] that ®(t,) — ®(¢;) < (¢t + 6) — P(t1 + 0) for
all t1,t5,6 € [0,00) such that; < ¢,. Itis known that each convex function is
Wright-convex, but the converse is not true.

A Steffensen Type Inequality

Hillel Gauchman

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 6 of 19

J. Ineq. Pure and Appl. Math. 1(1) Art. 3, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:cfhvg@ux1.cts.eiu.edu
http://jipam.vu.edu.au/

Proof. of Theoreni.3

Z(I)( Z@xz yi + Z

i=k+1

SZQ)(JJZ yz+q) 1714: Z Yi

i=k+1

:qul yi + () (Zy Zy)

=1

= Zyi [D(x;) — P(xg)] + () Zyi_

i=1

Sinced (k) > f: y; and®(kzy) > ®(k)P(xy), we obtain
i=1

ZCI)(:EZ i < Zyz ;) )] + ®(ky).

Since® is Wright-convex,
O(x;) — Pag) < P(z; + (b — Daxy) — P(xg + (K — 1)xy)
=PO(z; + (k — D)xy) — P(kay)

(Z :c) — O(kxy).
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Therefore

Z@(x,)yl < [q) (Z xl) - @(/m:k)] Zyi + O (kay).

i=1

It follows that

n k
(2.1) Z O(z;)y; — D (Z x) <

since

k
d Z z; | — P(kay) Z yi — 1
i—1 A Steffensen Type Inequality
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k
in = ki, (Z x’) B kxk 0. Title Page
i=1

Assume first that Contents
(Z :1;) — ®(kay,) = 0. « >
4 4
Since?® is strictly increasing we obtain that o Back
Close
in — kz,, andtherefore z; = --- = 2. _
i=1 Quit
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Then

k
Thus, in the casé (Z x2> — ®(kxy) = 0 we obtain that

=1

Z(I)<'rl>yl <o (Z Iz) ;

and we are done.
k
Assume now that (Z x,) — ®(kzy) > 0. Then equation4.1) implies

=1
that either

n k k
=1 =1 =1
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Proof. of Theoreml.5 Take z” instead ofz; and “T‘l instead ofa in Theo-
rem1.4. Then we get that

B

()
=1

n k ot k
Saus (3] o Yuzn
i=1 k=1 =1

Takey; = & fori=1,...,n,then

- 1 « A
;%ZEZ;IZSE

implies that either

. Ay 22 .
Sincek > (4)°*, we obtain that

B

k 2 (i yz> o .
i=1
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This implies that either

(1~
5
AV,
—
-
3.‘35?
Qs@)—'
~_
Q
|

i=1 =1
Ll
1 n N o—
~(53)
=1
Be\at
> (= = B
= () -
or
k
> wi= BZ%ZB
=1
However, if
k
Suzn
=1

then, since) < 3 < 1,

Therefore in both cases we have that

k
S 4f > B
i=1
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]

k
Example2.1 Let(z;)! , be a nonincreasing sequencélio) such thad | z; <
i=1

400 ande2 > 10,000. Then,/z; + /T2 > 10. For a proof takey = 2,

b= 2, A = 400, and B = 100 in Theoreml.5. The result is the best possible
smce ifn > 16 andz; = --- = 115 = 25, x17 = --- = z,, = 0, we have that

211_400 Zx = 10,000, and/z; + /23 = 10.
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Let X = (X, A, 1) be a measure space. From now on we will assume that

0 < pu(X) < 0.

Definition 3.1. [1]. Let f € L°(X), whereL°(X) means the set of all mea-
surable functions oX. Let (U,c) € A x R. We say that the paifU, c) is
upper-separatingor f iff

teX: fla)>c CUC{reX: flx)>c)

where A & B means thatd is almost contained i3, i.e. u(A\ B) = 0. We
say that a subséf of X is upper-separatingor f if there existsc € R such
that (U, c) is an upper-separating pair f¢r

It is possible to prove,, that if 1 is continuous (for a definition of a con-
tinuous measure see, for exampld) [ then, givenf € L°(X), for any real
number\ such that) < A < u(X), there exists an upper-separating sutbset
for f such thau(U) = A.

Lemma3.1.[1]. Let® : [0,00) — R be convex and increasing. Let [0, co)
and letf € L'(X) have nonnegative values and satisfy the condition

(3.1) O§f—c§/(f—c)du a.e.

X
Then

Bof—dlc)<d (/X fdu) _ & (eu(X))  ae.

A Steffensen Type Inequality

Hillel Gauchman

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 13 of 19

J. Ineq. Pure and Appl. Math. 1(1) Art. 3, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:cfhvg@ux1.cts.eiu.edu
http://jipam.vu.edu.au/

Proof. The conclusionistrivial iff = ¢ a.e. Supposethat({z € X : f(z) > ¢}) >
0. Then the left inequality3.1) implies that

/(f—c)du>().

X

On the other hand, by integrating the right inequaliyl), we obtain

/(f — C)dﬂ < (/(f _ C)d,u) M(X)7 A Steffensen Type Inequality
X

Hillel Gauchman

X
which impliesu(X) > 1. Sinced is Wright-convex, we obtain that Title Page
Do f—0(c)<P(f+c(u(X)—1)) = P (c+c(u(X)—1)) Contents
=@ (f —ctep(X)) — @ (cpu(X)) ae. « »
Becauseb is increasing it follows by3.1) that < >
Go Back
<I>of‘1>(c)<q)</(fc)du+/cdu> — @ (cu(X)) Close
X e Quit
:@(/fdy) — D (cu(X)). Page 14 of 19
X
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Theorem 3.2.Let¢ > 0 be a real number. Le® : [¢/,00) — R be convex
strictly increasing, and such thdi(zy) > ®(z)®(y) for all z,y, zy > (. Let
f,g € L'(X)besuchthaf > ¢andg > 0 a.e.. Let\ be areal number and such
that®(\) = [, gdu. Assume thalt < A < p(X), and let(U, ¢) be an upper-
separating pair forf such thatu(U) = X\. Assume thaf —c¢ < [(f —¢)dp

U

a.e. onU. Then either

/(fI) of)gdu < ® /fdu or /gd,u > 1. A Steffensen Type Inequality
X U U Hillel Gauchman
Proof.
Title Page
/(¢Of)gdu=/(¢0f)gdu+ /(‘POf)gdu Contents
X U X\U pp >
S/(¢Of)gdu+<1>(6) /gdu < 3
v XU Go Back
Z/(CI’Of)gdqu@(C) /gdu—/gdu Close
U X I Quit
— [9@o 7 - () du+ (B Page 15 of 19
U
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By Lemma3.1

/(‘DOf)gdu < _<I> (/fdu) —<I>(6A>- /gdu+<b(6)®(k)
< -<I> (/fdu) —<I>(c>\)- /gd,u+(1>(c)\).

It follows that
(3.2)

() )] )

Since(U, ¢) is upper-separating fof, f > conU. Hence

/fd,u > ¢\ and therefore @ (/fdu) —®(cA) > 0.
U U

Assume first that

o) eononem o) (4]

U
Since® is strictly increasing,

U/fd,u:/cdu, hence U/(f—c)du:O.

U

A Steffensen Type Inequality

Hillel Gauchman

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 16 of 19

J. Ineq. Pure and Appl. Math. 1(1) Art. 3, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:cfhvg@ux1.cts.eiu.edu
http://jipam.vu.edu.au/

Sincef > conU, we obtain thaiff = ca.e. onU. Then

® /fdu —/(<I>Of)9du=¢> /cdu —/@Of)gdu

X U X

=¢@M—/@Oﬁww

X

> 200 - [(®o fgdn

X

Since(U, ¢) is upper-separating fof, we obtain thatf = c a.e. onU and
f <ca.e.onX\U. Hencef < ca.e. onX. It follows that

® (/fdu) —/(¢Of)gdu > ®(c)2(N) —/4)(6)965#
U

X X

= d(c) q)()\)—/gdu = 0.

X

This proves Theorerf.6in the caseb (f f du> —®(cA) =0.
U

Assume now tha® (ffdu> — ®(e\) > 0, then equatior3.2 implies that
U
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either

J@en

X

gdypy —® /fd,u <0 or
U

/gduzl-

U
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