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Abstract

In this paper we obtain some Hadamard type inequalities for triple integrals.
The results generalize those obtained in (S.S. DRAGOMIR, On Hadamard's
inequality for the convex mappings defined on a ball in the space and applica-
tions, RGMIA (preprint), 1999).
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Let f : [a,b] — R be a convex mapping defined on the interjwab]. The
following double inequality

(1.1) f (;b) - bia/abf@) i < f(a);f(b)

is known in the literature as Hadamard'’s inequality for convex mappings.

i i H i On Hadamard’s Inequality for
In[1] S.S. Dragomir considered the following mapping naturally connected the Ganvex Mappings defined

to Hadamard's inequality on a Convex Domain in the
Space
1 ’ a+ b Bogdan Gavrea
H:[0,1] - R, H(t):b— flte+(1—1) 5 dx -
and proved the following properties of this function Title Page
(i) H is convex and monotonic nondecreasing. CBNEE
(i) H has the bounds 14 dd
| >
1 b
sup H(t) = H(1) = ;= [ fla)ds o Back
te[0,1] —a J,

Close
and ; Quit
a+

inf H(t)=H(0) = .
te[0,1] (*) (0)=f ( 2 ) Page 3 of 13
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In the recent paper], S.S. Dragomir gave some inequalities of Hadamard’s
type for convex functions defined on the bBIC, R), where

C = (a,b,c) eR® R>0
and
B(O,R) == {(z,y,2) €R?| (x —a)r + (y — b)* + (z — ¢)* < R*}
More precisely he proved the following theorem.

Theorem 1.1.Letf : B(C, R) — R be a convex mapping on the b&l(C, R).
Then we have the inequality

1
1.2) fla,b,c) < m ///B(QR) f(z,y, 2) dedydz
1
< BT
where
S(C,R) :={(z,y,2) €R* (z —a)*+ (y — b)* + (z — ¢)* = R?}
and 5
v(B(C, R)) = 4”33 . o(B(C,R)) = 4nR*.

_In[?] S.S. Dragomir considers, for a convex mappjhdefined on the ball
B(C, R), the mapplngH [0,1] — R given by

HO) = o /// o S0+ (1= 00) dody

The main propertles of this mapping are contained in the following theorem.
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Theorem 1.2. With the above assumption, we have
(i) The mappingd is convex ono, 1.
(i) H has the bounds

(1.3) inf H(t) = H(0) = f(C)
tel0,1]
and
1 On Hadamard's Ir_lequality for
1a) sup H(0) = H) =~ [[[ (o) dudya St o e
te[0,1] U(B(O, R)) B(C,R) Space

Bogdan Gavrea

(iii) The mappingd is monotonic nondecreasing ¢ 1].

In this paper we shall give a generalization of the Theorem 1.2 for a positive Title Page
linear functional defined o' (D), whereD C R™ (m € N*) is a convex
domain. We shall give also a generalization of the Theateim Contents
44 44
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Let D C R™ be a convex domain andl : C'(D) — R be a given positive linear
functional such thati(ey) = 1, whereey(z) = 1, x € D. Letz = (x1,...,Zy)
be a point fromD we note byp;, i = 1,2, ..., m the function defined o® by

pl(x>:xl7 7;:1,2,...7771
and bya;, 1 = 1,2,...,m the value of the functionad in p;, i.e.
A(pi):ai, i:1,2,...,m.

In addition, letf be a convex mapping o). We consider the mapping :
[0, 1] — R associated with the functiofiand given by

H(t)=A(f(tx+ (1 —t)a))

wherea = (ay, as, ..., a,,) and the functional acts analagous to the variable

xZ.

Theorem 2.1. With above assumption, we have
(i) The mappindd is convex ono, 1].
(i) The bounds of the functiai are given by

(2.1) teifé,fu H(t) = H(0) = f(a)
and
(2.2) Jup H(t) = H(1) = A(f).
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(iiiy The mappingd is monotonic nondecreasing ¢ 1].

Proof. (i) Lett,,t, € [0, 1] anda, 5 > 0 with a + 3 = 1. Then we have

H(aty + Bty) = A[f((aty + Bt2)z + (1 — (aty + Bt2))a)]
= Alf(a(tiz + (1 — t1)a) + B(t2z + (1 — t2)a))]
< aA[f(tiz + (1 — t1)a)] + BA[f(t2x + (1 — t2)a)]
= aH(t) + BH(t2)

. . On Hadamard’s Inequality for
which proves the convexity d on [0, 1]. the Convex Mappings defined

(i) Let g be a convex function ofy. Then there exist the real numbets, A,, ..., 4,,  °"@&ConexDomaninthe

Space
such that
Bogdan Gavrea

(2.3) g(x) > g(a) + (1 — a1) AL + (22 — a2) Ay + - + (T — ) Ay

foranyz = (xy,...,2,) € D. Title Page
Using the fact that the functional is linear and positive, from the inequality Contents
(2.3) we obtain the inequality « NS
(2.4) A(g) = g(a). < >
Now, for a fixed numbet, ¢ € [0, 1] the functiong : D — R defined by GolEack
Close
g9(x) = f(tz + (1 —t)a) .
Quit
is a convex function. From the inequalit¥.{) we obtain Page 7 of 13

A(f(te + (1 =t)a)) = f(ta+ (1 —t)a) = f(a)
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or
H(t) = H(0)

for everyt € [0, 1], which proves the equality(2).
Let0 < t; <ty < 1. By the convexity of the mappin§f we have

H(t) = H(t) _ H(t) = HO) _
tQ — tl - tl -

So the functionH is a nondecreasing function ardd(t) < H(1).

theorem is proved.

Remark2.1 Form =1, D = [a,b] and

b
A =y [ Ha)as

the functionH is the function which was considered in the papér [
Remark2.2 Form = 3 andD = B(C, R) and

A(f) = m//[e(c,za)f(x’y’z> dxdydz

a beingC, the functionH is the functional from the Theorefin2.

The
O
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Let D be a bounded convex domain frdgd with a piecewise smooth bound-
ary S. We define the notation

7o [[ as,

alz—l//xds

= /[ vas

e ]
v_///fw, dudyd:.

Let us assume that the surfagés oriented with the aid of the unit norméal
directed to the exterior ab

h = (cos a, cos 3, cos ).
The following theorem is a generalization of the Theorem

Theorem 2.2. Let f be a convex function of. With the above assumption we
have the following inequalities

(2.5)
v//sfds—o//s[(al—x) cos a+(ag—y) cos f+(a3—z) cosv| f(z,y, z) dS

> 4o // f(z,y, 2) dedydz
D
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and

(2.6) [tz dotviz = fan o,z
D
where
1 1 1
Ty = —/// rdxdydz, 1y, = —/// ydxdydz, z, = —/// zdxdydz.
v D v D v D

Proof. We can suppose that the functigias the partial derivativ 8:6, g—g, g—i
and these are continuous éh

For every point(u,v,w) € S and(z,y,z) € D the following inequality
holds:

2.7)

o, w) = Fo 2o 2)u)+ 5 0,200+ 5 0,9 (w2).

From the inequality4.7) we have

(2.8) //S flz,y,2)dS > f(z,y,z)0 + g—i(x,y, z)(a; — x)o

+ g—i(x,y, z)(az — y)o + %(w,y, 2)as — 2)o.
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The above inequality leads us to the inequality

(2.9) v//S Fz,y,2)dS > 0//Df(x,y,z) dadydz

I [a%«al ) + (02 = T 2)

+ (a5 - ) f ey, 2)

8z dxdydz

+ 30 // f(x,y, z) dedydz.
D

Using the Gauss-Ostrogradsky’ theorem we obtain the equality

w Jff[2

(a1 — 2)f(9,2) + a%((az ) f(ay. )

0

+ —<<CL3 - Z)f(Z,y,Z)

5 dxdydz

= //S[(a1 —z)cosa+ (ay —y)cos B+ (a3 — 2z) cosy] f(z,y, z) dS.

From the relations4.9) and €.10 we obtain the inequalityX4). The in-
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equality .6) is the inequality 2.4) for the functional

///D f(2,y,z) dedydz
A(f) = / / /D - .

Remark2.3. For D = B(C, R) we have

(ah a2, CL3) = C
and
r — aq
R Y
In this case the inequality2(4) becomes

cosq = cos 3 = 7o o8 =

R

o[ pewsddz<o [[ - peysde
B(C,R) S(C,R)

Yy — Qs Z — as
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