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Abstract

Using Py-simple functionals, we generalise the result from Theorem 1.1 ob-
tained by Professor F. Qi (F. QI, An algebraic inequality, | |

[CoT]2(1)](1999), article 8).
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In [4] Professor Dr. F. Qi proved the following algebraic inequality

Theorem 1.1.Letb > a > 0 andd > 0 be real numbers, then for any given
positiver € R, we have

(b+5_ a prl _ grtl )1/7” b
. >

(1.1) b—a (b+d)tl —at? b+46

The lower bound inX.1) is the best possible.

In this paper we will present a generalization of the inequalits)(
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It is well-known that
Cla,bl = {f : [a,b] — R; f is continuous ota, b] },
and let
W(f5t) = sup{|f(z +h) = f@)}; 0<h <t, z,x+h € [a,0]}.

The least concave majorant of this modulus with respect to the vatiable
given by

(t = 2)w(fiy) + (y = Yw(f;1)

_ sup , for0<t<b—a,
w(f;t) =  o<e<i<y y—x
w(f;b—a), fort > b—a.

Let I = [a,b] be a compact interval of the real axi$,a subspace of'(I)
and A a linear functional defined ofi. The following definition was given by
T. Popoviciu in B].

Definition 2.1 ([3]). A linear functionalA defined on the subspacewhich
contains all polynomials is calle,-simple forn > —1 if

(i) Alentr) #0;

(i) For everyf € S there existn + 2 distinct pointsty, t, . . .
such that

7tn+2 in [a7b]

A(f) = Alens1)[tr, to, - -ty f1,
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wherelt|, to, ..., t,12; f] is the divided difference of the functiofion the
pointsty, to, ..., t,12, ande, . ; denotes the monomial of degreer 1.

Lemma 2.1 ([2]). Let A be a linear bounded functionalj : C'(I) — R. If A
is Py-simple, then for allf € C'(I) we have

1Al ~ (. 2A(e1)
(2.1) ANl —w | fi :
AN = =5 T4
Lemma 2.2 ([2]). Let A be a linear bounded functionald : C'(I) — R. If
A(ey) # 0 and the inequalityZ.1) holds for all f € C(I), thenA is Py-simple. An Inequality for Linear Positive

A function f € C®)[q, b] is called P,-nonconcave if the inequality Functionals

[t17t27"'7tn+2;f} Z 0
holds for any givem + 2 pointsty, ta, ..., t,12 € [a,b] .

Bogdan Gavrea and loan Gavrea

The following result was proved by I. Rasa i} Title Page
Lemma 2.3 ([]). Let k be a natural number such tha < k& < n and Contents
A : CWa,b] — R a linear bounded functionalA # 0, A(e;) = 0 for <« >
i = 0,1,...,n such thatA(f) > 0 for every f which belongs taC*)[a, b]

. . . < | 2
and is Py-nonconcave. TheH is Py-simple.

In[1], S. G. Gal gave the exact formula for the usual modulus of continuity of Go Back
the nonconcave continuous functions|arb]. He proved the following result: Close
Lemma 2.4 ([1]). Let f € Cla,b] be nonconcave and monotone [enb]. For Quit
any givert € (0,b — a) we have

Page 5 of 13

(i) w(f;t) = f(b) — f(b—1t)if fis nondecreasing ofu, b];
(i) w(f;t) = f(a) — f(a+1t)if fis nonincreasing offu, b). 3. neq. Pure and Appl. Math. 1(1) Art. 5, 2000
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Leta, b, d be real numbers such that< b < d. Consider the functions, and
u; defined ona, d] by

1, te€la,bl;
) =
) {o, te (b
and
0, tE€la,b
* t —
u (1) {L te (b,d
It is clear that
(3.2) up(t) +up(t) =1, te€a,d.

Let A be a linear positive functional defined on the subsp&@®ntaining
the functionsy, andw;, which satisfies

1.0 < A(up) < A(eg), 0 < A(ug) < Aleo);

2. The functionalsA, and A, defined byA,(f) = A(uyf) and Ay(f) =
A(uj f) are well defined for every € Cla, b];

3. A(ey)A(up) — A(eo)A(uper) # 0.

Theorem 3.1. Let A be a linear positive functional which satisfies conditions
1, 2 and3 above. Then the functional : C'[a, d] — R defined by

Af) A

(3:2) Aleo) ~ Aluw)

B(f) =
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is Py-simple, and

Af)  Alwf)| _ Aluy)~, .
(3.3) ‘A(eo) " Alw) ‘g A(es)w(f,tb),
where = Aleruy)  Alerws)
Auz) Alwp)

Proof. In order to prove that the functiona& is F,-simple, from Lemma&.3 it
is sufficient to verifyB(f) > 0 for every nondecreasing functighon [a, d].
It is easy to see that

B(f) = (A(fu) + A(fuy))Alus) — A(fup) (A(us) + A(uy))
Aleo) A(u)
_ Alu) A(fuy) — A(fup) A(uy)
Aleo) Aus) '
From the definitions of functions, and«; and f being nodecreasing, we
have

(3.4)

fuy 2 f(b)u
—fub Z — f(b)ub
Substitution of inequality3.5) into (3.4) yields B(f) > 0 for every nonde-
creasing functiory € Cla, d].
From the equality.4) we get

(3.5)

2A(up)

39) 181 = e
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and

Alup)Aleruy) — Alerup) Auy)
Aleg)A(uy)

(3.7) Bley) =

Since the functionaB is P,-simple, from Lemma.1, the inequality 8.3
follows. O

Corollary 3.1. Let f € C|a, b] be nonconcave and monotone [anb] and A a
functional defined as in Theorednl, then

A(f) _ Alwf) _ Alug)

39 T~ S < SR — £ - 1)

if fis nondecreasing ofu, d|, and

co) 4D A < A ) pau)

if f is nonincreasing ofja, d.

Proof. From Lemma2.3we have

(3.10) w(f;t) = f(d) = f(d—1)
if fis nondecreasing d, d], and
(3.11) w(fit) = fla) = fla+1)

if the function f is nonincreasing ofu, dJ.
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The functionsf(d) — f(d—-) andf(a) — f(a+-) are concave oY), d — a) if
the functionf is a convex function. Since(f;-) is the least concave majorant
of the functionw under above conditions, then we ggtf; ) = w(f;-).

Combining @.10 and @.11) with Theorem3.1 leads to inequalities3(8)
and @.9). O
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Let a,b andd be positive numbers such that< o < b < d. Consider the
functional A : C[a, d] — R defined by

d
@.2) Af) = / w(t) f(2)dt,

wherew : (a,d) — R is a positive weight function.
It is easy to verify that the functional defined by 4.1) satisfies conditions
in Theorem3.1and the functionaB can be expressed as

_ _Jemrd
[Fw fydt [Pt f(t)dt

Then, from Theoren3.1, we obtain

Theorem 4.1.For everyf € Cla, V],

[t [ w@r0de| _ fwit)de
[Ty rdt  [Po)ftde| [ Tw(t)dt

(4.2) (f5t),

where

C Jltw(de [ tw(t)dt
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Corollary 4.1. Leta, b and ¢ be positive numbers such that< a < b < d.
Then we have the following inequalities:
ab [ f(t) da df(t)d d—b a

— | Sl T t< —— 7 (fla)=fla+t))

4.3) 0 <

a

for every convex and nonincreasing functipon [a, d], where

bdln{ abln?
by = =

d—>b b—a’ An Inequality for Linear Positive
. 1 . . . Functionals
Proof. Takingw(t) = z,t € [a,d] in Theorem4.1 produces inequality4(3).
] Bogdan Gavrea and loan Gavrea

Remarkl. Letting f(t) = +, r > 0 in inequality ¢.3) gives us

tr

Title Page
br+1 _ ar—i—l d—a br
4.4 . — Contents
( ) dr+1 _ ar+1 b—a > dr
and 44 44
br+1 _ ar+l d—a br b T (a + tb)r —a a < 4
4.5 . < — (d—b c—.
( ) I — gt b—aq dr‘i‘(r_'_ )( ) (CL"—tb) dr+1 — gr+1 b Go Back
Ifwe letd = b+0 ininequality @.4), inequality (L.1) follows. Thus Theorem Close
1.1 by Professor Dr. F. Qi inf] is generalized. Quit
Remark2. We can obtain some discrete inequalities if we select the functional
Page 11 of 13
A of the form )
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wherezy, k = 1,2,...,n+ m, aren + m distinct points such that
T <Xy < <Xy < Tpy1 <+ < Tpim,

and\,, k=1,2,...,n+ m, aren + m positive numbers.

Choose the poink = z,,, then from Theoren3.1, we obtain the discrete
analogue of Theorer. 1:

n+m n—+m Y n+m
x Ak
Z Jr)\kf (1) _ Zk:ntrl kf (k) < k J’:H w(fity), An Inequality for Linear Positive
n m n+m ntm J
Ak Zk:n+1 Ak Z Functionals
h Bogdan Gavrea and loan Gavrea
wnere
Zn+m )\ )\
t, = Sk=ntl kLk zk 1 ARTE _
’ oA oA Title Page
k=n+1 "k k=n+1 "k
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