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Abstract

The aim of this article is to generalize the Aleksandrov problem to the case of
linear n-normed spaces.
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1. Introduction
Let X andY be metric spaces. A mappingf : X → Y is called an isometry if
f satisfies

dY

(
f(x), f(y)

)
= dX(x, y)

for all x, y ∈ X, wheredX(·, ·) anddY (·, ·) denote the metrics in the spacesX
andY , respectively. For some fixed numberr > 0, suppose thatf preserves
distancer; i.e., for allx, y in X with dX(x, y) = r, we havedY

(
f(x), f(y)

)
=

r. Thenr is called a conservative (or preserved) distance for the mappingf .
Aleksandrov [1] posed the following problem:

Remark 1. Examine whether the existence of a single conservative distance for
some mappingT implies thatT is an isometry.

The Aleksandrov problem has been investigated in several papers (see [3] –
[10]). Th.M. Rassias and P. Šemrl [9] proved the following theorem for map-
pings satisfying the strong distance one preserving property (SDOPP), i.e., for
everyx, y ∈ X with ‖x − y‖ = 1 it follows that ‖f(x) − f(y)‖ = 1 and
conversely.

Theorem 1.1 ([9]). Let X and Y be real normed linear spaces with dimen-
sion greater than one. Suppose thatf : X → Y is a Lipschitz mapping with
Lipschitz constantκ = 1. Assume thatf is a surjective mapping satisfying
(SDOPP). Thenf is an isometry.

Definition 1.1 ([2]). LetX be a real linear space withdim X ≥ n and‖·, . . . , ·‖ :
Xn → R a function. Then(X, ‖·, . . . , ·‖) is called a linearn-normed space if

(nN1) ‖x1, . . . , xn‖ = 0 ⇐⇒ x1, . . . , xn are linearly dependent
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(nN2) ‖x1, . . . , xn‖ = ‖xj1 , . . . , xjn‖
for every permutation (j1, . . . jn) of (1, . . . , n)

(nN3) ‖αx1, . . . , xn‖ = |α|‖x1, . . . , xn‖

(nN4) ‖x + y, x2, . . . , xn‖ ≤ ‖x, x2, . . . , xn‖+ ‖y, x2, . . . , xn‖

for all α ∈ R and allx, y, x1, . . . , xn ∈ X. The function‖·, . . . , ·‖ is called the
n-norm onX.

In [3], Chu et al. defined the notion of weakn-isometry and proved the
Rassias and Šemrl’s theorem in linearn-normed spaces.

Definition 1.2 ([3]). We callf : X → Y a weakn-Lipschitz mapping if there
is aκ ≥ 0 such that

‖f(x1)− f(x0), . . . , f(xn)− f(x0)‖ ≤ κ‖x1 − x0, . . . , xn − x0‖

for all x0, x1, . . . , xn ∈ X. The smallest suchκ is called the weakn-Lipschitz
constant.

Definition 1.3 ([3]). Let X andY be linearn-normed spaces andf : X → Y
a mapping. We callf a weakn-isometry if

‖x1 − x0, . . . , xn − x0‖ = ‖f(x1)− f(x0), . . . , f(xn)− f(x0)‖

for all x0, x1, . . . , xn ∈ X.
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For a mappingf : X → Y , consider the following condition which is called
the weakn-distance one preserving property: For x0, x1, . . . , xn ∈ X with
‖x1 − y1, . . . , xn − yn‖ = 1, ‖f(x1)− f(x0), . . . , f(xn)− f(x0)‖ = 1.

Theorem 1.2 ([3]). Let f : X → Y be a weakn-Lipschitz mapping with weak
n-Lipschitz constantκ ≤ 1. Assume that ifx0, x1, . . . , xm are m-colinear then
f(x0), f(x1), . . . , f(xm) are m-colinear, m = 2, n, and thatf satisfies the
weakn−distance one preserving property. Thenf is a weakn-isometry.

In this paper, we introduce the concept ofn-isometry which is suitable for
representing the notion ofn-distance preserving mappings in linearn-normed
spaces. We prove also that the Rassias and Šemrl theorem holds under some
conditions whenX andY are linearn-normed spaces.
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2. The Aleksandrov Problem in Linear n-normed
Spaces

In this section, letX andY be linearn-normed spaces with dimension greater
thann− 1.

Definition 2.1. Let X and Y be linearn-normed spaces andf : X → Y a
mapping. We callf ann-isometry if

‖x1 − y1, . . . , xn − yn‖ = ‖f(x1)− f(y1), . . . , f(xn)− f(yn)‖

for all x1, . . . , xn, y1, . . . , yn ∈ X.

For a mappingf : X → Y , consider the following condition which is called
then-distance one preserving property: For x1, . . . , xn, y1, . . . , yn ∈ X with
‖x1 − y1, . . . , xn − yn‖ = 1, ‖f(x1)− f(y1), . . . , f(xn)− f(yn)‖ = 1.

Lemma 2.1 ([3, Lemma 2.3]). Let x1, x2, . . . , xn be elements of a linearn-
normed spaceX andγ a real number. Then

‖x1, . . . , xi, . . . , xj, . . . , xn‖ = ‖x1, . . . , xi, . . . , xj + γxi, . . . , xn‖.

for all 1 ≤ i 6= j ≤ n.

Definition 2.2 ([3]). The pointsx0, x1, . . . , xn of X are said to ben-colinear if
for everyi, {xj − xi | 0 ≤ j 6= i ≤ n} is linearly dependent.

Remark 2. The pointsx0, x1 andx2 are 2-colinear if and only if x2 − x0 =
t(x1 − x0) for some real numbert.
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Theorem 2.2. Let f : X → Y be a weakn-Lipschitz mapping with weakn-
Lipschitz constantκ ≤ 1. Assume that ifx0, x1, . . . , xm are m-colinear then
f(x0), f(x1), . . . , f(xm) are m-colinear, m = 2, n, and thatf satisfies the
weakn−distance one preserving property. Thenf satisfies

‖x1 − y1, . . . , xn − yn‖ = ‖f(x1)− f(y1), . . . , f(xn)− f(yn)‖

for all x1, . . . , xn, y1, . . . yn ∈ X with x1, y1, yj 2-colinear forj = 2, 3, . . . , n.

Proof. By Theorem1.2, f is a weakn-isometry. Hence

(2.1) ‖x1 − y, . . . , xn − y‖ = ‖f(x1)− f(y), . . . , f(xn)− f(y)‖

for all x1, . . . , xn, y ∈ X.
If x1, y1, y2 ∈ X are 2-colinear then there exists at ∈ R such thaty1 − y2 =

t(y1 − x1). By Lemma2.1,

‖x1 − y1, x2 − y2, . . . , xn − yn‖
= ‖x1 − y1, (x2 − y1) + (y1 − y2), . . . , xn − yn‖
= ‖x1 − y1, (x2 − y1) + (−t)(x1 − y1), . . . , xn − yn‖
= ‖x1 − y1, x2 − y1, . . . , xn − yn‖

for all x1, . . . , xn, y1, . . . , yn ∈ X with x1, y1, y2 2-colinear. By the same method
as above, one can obtain that ifx1, y1, yj are 2-colinear forj = 3, . . . , n then

‖x1 − y1, x2 − y2,x3 − y3, . . . , xn − yn‖(2.2)

= ‖x1 − y1, x2 − y1, x3 − y3, . . . , xn − yn‖
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= ‖x1 − y1, x2 − y1, x3 − y1, . . . , xn − yn‖
= · · ·
= ‖x1 − y1, x2 − y1, x3 − y1, . . . , xn − y1‖

for all x1, . . . , xn, y1, . . . yn ∈ X with x1, y1, yj 2-colinear forj = 2, 3, . . . , n.
By the assumption, ifx1, y1, y2 ∈ X are 2-colinear thenf(x1), f(y1), f(y2) ∈

Y are 2-colinear. So there exists at ∈ R such thatf(y1) − f(y2) = t(f(y1) −
f(x1)). By Lemma2.1,

‖f(x1)− f(y1), f(x2)− f(y2), . . . , f(xn)− f(yn)‖
= ‖f(x1)− f(y1), (f(x2)− f(y1)) + (f(y1)− f(y2)), . . . , f(xn)− f(yn)‖
= ‖f(x1)− f(y1), (f(x2)− f(y1)) + (−t)(f(x1)− f(y1)), . . . , f(xn)− f(yn)‖
= ‖f(x1)− f(y1), f(x2)− f(y1), . . . , f(xn)− f(yn)‖

for all x1, . . . , xn, y1, . . . , yn ∈ X with x1, y1, y2 2-colinear. Ifx1, y1, yj are
2-colinear forj = 3, . . . , n then f(x1), f(y1), f(yj) are 2-colinear forj =
3, . . . , n. By the same method as above, one can obtain that iff(x1), f(y1), f(yj)
are 2-colinear forj = 3, . . . , n, then

‖f(x1)− f(y1), f(x2)− f(y2), f(x3)− f(y3), . . . , f(xn)− f(yn)‖(2.3)

= ‖f(x1)− f(y1), f(x2)− f(y1), f(x3)− f(y3), . . . , f(xn)− f(yn)‖
= ‖f(x1)− f(y1), f(x2)− f(y1), f(x3)− f(y1), . . . , f(xn)− f(yn)‖
= . . .

= ‖f(x1)− f(y1), f(x2)− f(y1), f(x3)− f(y1), . . . , f(xn)− f(y1)‖

for all x1, . . . , xn, y1, . . . yn ∈ X with x1, y1, yj 2-colinear forj = 2, 3, . . . , n.
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By (2.1), (2.2) and (2.3),

‖x1 − y1, . . . , xn − yn‖ = ‖f(x1)− f(y1), . . . , f(xn)− f(yn)‖

for all x1, . . . , xn, y1, . . . yn ∈ X with x1, y1, yj 2-colinear forj = 2, 3, . . . , n.

Now we introduce the concept ofn-Lipschitz mapping and prove that the
n-Lipschitz mapping satisfying then-distance one preserving property is ann-
isometry under some conditions.

Definition 2.3. We callf : X → Y ann-Lipschitz mapping if there is aκ ≥ 0
such that

‖f(x1)− f(y1), . . . , f(xn)− f(yn)‖ ≤ κ‖x1 − y1, . . . , xn − yn‖

for all x1, . . . , xn, y1, . . . , yn ∈ X. The smallest suchκ is called then-Lipschitz
constant.

Lemma 2.3 ([3, Lemma 2.4]). For x1, x
′
1 ∈ X, if x1 andx

′
1 are linearly de-

pendent with the same direction, that is,x
′
1 = αx1 for someα > 0, then∥∥∥x1 + x

′

1, x2, . . . , xn

∥∥∥ = ‖x1, x2, . . . , xn‖+ ‖x′

1, x2, . . . , xn‖

for all x2, . . . , xn ∈ X.

Lemma 2.4. Assume that ifx0, x1 andx2 are 2-colinear thenf(x0), f(x1) and
f(x2) are 2-colinear, and thatf satisfies then-distance one preserving property.
Thenf preserves then-distancek for eachk ∈ N.
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Proof. Suppose that there existx0, x1 ∈ X with x0 6= x1 such thatf(x0) =
f(x1). Sincedim X ≥ n, there arex2, . . . , xn ∈ X such thatx1 − x0, x2 −
x0, . . . , xn−x0 are linearly independent. Since‖x1−x0, x2−x0, . . . , xn−x0‖ 6=
0, we can set

z2 := x0 +
x2 − x0

‖x1 − x0, x2 − x0, . . . , xn − x0‖
.

Then we have

‖x1 − x0, z2 − x0, x3 − x0, . . . , xn − x0‖

=

∥∥∥∥x1 − x0,
x2 − x0

‖x1 − x0, x2 − x0, . . . , xn − x0‖
, x3 − x0, . . . , xn − x0

∥∥∥∥
= 1.

Sincef preserves then-distance 1,

‖f(x1)− f(x0), f(z2)− f(x0), . . . , f(xn)− f(x0)‖ = 1.

But it follows fromf(x0) = f(x1) that

‖f(x1)− f(x0), f(z2)− f(x0), . . . , f(xn)− f(x0)‖ = 0,

which is a contradiction. Hencef is injective.
Let x1, . . . , xn, y1, . . . , yn ∈ X, k ∈ N and

‖x1 − y1, x2 − y2, . . . , xn − yn‖ = k.
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We put

zi = y1 +
i

k
(x1 − y1), i = 0, 1, . . . , k.

Then

‖zi+1 − zi, x2 − y2, . . . , xn − yn‖

=

∥∥∥∥y1 +
i + 1

k
(x1 − y1)−

(
y1 +

i

k
(x1 − y1)

)
, x2 − y2, . . . , xn − yn

∥∥∥∥
=

∥∥∥∥1

k
(x1 − y1), x2 − y2, . . . , xn − yn

∥∥∥∥
=

1

k
‖x1 − y1, x2 − y2, . . . , xn − yn‖ =

k

k
= 1

for all i = 0, 1, . . . , k − 1. Sincef satisfies then-distance one preserving
property,

(2.4) ‖f(zi+1)− f(zi), f(x2)− f(y2), . . . , f(xn)− f(yn)‖ = 1

for all i = 0, 1, . . . , k − 1. Sincez0, z1 andz2 are 2-colinear,f(z0), f(z1) and
f(z2) are also 2-colinear. Thus there is a real numbert0 such that

f(z2)− f(z1) = t0(f(z1)− f(z0)).

By (2.4),

‖f(z1)− f(z0),f(x2)− f(y2), . . . , f(xn)− f(yn)‖
= ‖f(z2)− f(z1), f(x2)− f(y2), . . . , f(xn)− f(yn)‖
= ‖t0(f(z1)− f(z0)), f(x2)− f(y2), . . . , f(xn)− f(yn)‖
= |t0|‖f(z1)− f(z0), f(x2)− f(y2), . . . , f(xn)− f(yn)‖.
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So we havet0 = ±1. If t0 = −1, f(z2)− f(z1) = −f(z1) + f(z0), that is,

f(z2) = f(z0).

Sincef is injective,z2 = z0, which is a contradiction. Thust0 = 1. Hence

f(z2)− f(z1) = f(z1)− f(z0).

Similarly, one can obtain that

f(zi+1)− f(zi) = f(zi)− f(zi−1)

for all i = 2, 3, . . . , k − 1. Thus

f(zi+1)− f(zi) = f(z1)− f(z0)

for all i = 1, 2, . . . , k − 1. Hence

f(x1)− f(y1) = f(zk)− f(z0)

= f(zk)− f(zk−1) + f(zk−1)− f(zk−2) + · · ·+ f(z1)− f(z0)

= k(f(z1)− f(z0)).

Therefore,

‖f(x1)− f(y1),f(x2)− f(y2), . . . , f(xn)− f(yn)‖
= ‖k(f(z1)− f(z0)), f(x2)− f(y2), . . . , f(xn)− f(yn)‖
= k‖(f(z1)− f(z0)), f(x2)− f(y2), . . . , f(xn)− f(yn)‖
= k,

which completes the proof.

http://jipam.vu.edu.au/
mailto:
mailto:baak@hanyang.ac.kr
mailto:
mailto:
mailto:trassias@math.ntua.gr
http://jipam.vu.edu.au/


Isometries on Linear n-Normed
Spaces

Chun-Gil Park and
Themistocles M. Rassias

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 13 of 17

J. Ineq. Pure and Appl. Math. 7(5) Art. 168, 2006

http://jipam.vu.edu.au

Theorem 2.5.Letf : X → Y be ann-Lipschitz mapping withn-Lipschitz con-
stantκ = 1. Assume that ifx0, x1, x2 are 2-colinear thenf(x0), f(x1), f(x2)
are 2-colinear, and that ifx1 − y1, . . . , xn − yn are linearly dependent then
f(x1) − f(y1), . . . , f(xn) − f(yn) are linearly dependent. Iff satisfies the
n-distance one preserving property, thenf is ann-isometry.

Proof. By Lemma2.4, f preserves then-distancek for eachk ∈ N. For
x1, . . . , xn, y1, . . . , yn ∈ X, there are two cases depending upon whether‖x1 −
y1, . . . , xn − yn‖ = 0 or not. In the case‖x1 − y1, . . . , xn − yn‖ = 0, x1 −
y1, . . . , xn − yn are linearly dependent. By the assumption,f(x1)− f(y1), . . . ,
f(xn)− f(yn) are linearly dependent. Hence

‖f(x1)− f(y1), . . . , f(xn)− f(yn)‖ = 0.

In the case‖x1 − y1, . . . , xn − yn‖ > 0, there exists ann0 ∈ N such that

‖x1 − y1, . . . , xn − yn‖ < n0.

Assume that

‖f(x1)− f(y1), . . . , f(xn)− f(yn)‖ < ‖x1 − y1, . . . , xn − yn‖.

Set
w = y1 +

n0

‖x1 − y1, . . . , xn − yn‖
(x1 − y1).

Then we obtain that

‖w − y1, x2 − y2, . . . , xn − yn‖
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=

∥∥∥∥y1 +
n0

‖x1 − y1, . . . , xn − yn‖
(x1 − y1)− y1, x2 − y2, . . . , xn − yn

∥∥∥∥
=

n0

‖x1 − y1, . . . , xn − yn‖
‖x1 − y1, . . . , xn − yn‖ = n0.

By Lemma2.4,

‖f(w)− f(y1), f(x2)− f(y2), . . . , f(xn)− f(yn)‖ = n0.

By the definition ofw,

w − x1 =

(
n0

‖x1 − y1, . . . , xn − yn‖
− 1

)
(x1 − y1).

Since
n0

‖x1 − y1, . . . , xn − yn‖
> 1,

w − x1 andx1 − y1 have the same direction. By Lemma2.3,

‖w − y1, x2 − y2, . . . , xn − yn‖
= ‖w − x1, x2 − y2, . . . , xn − yn‖+ ‖x1 − y1, x2 − y2, . . . , xn − yn‖.

So we have

‖f(w)− f(x1),f(x2)− f(y2), . . . , f(xn)− f(yn)‖
≤ ‖w − x1, x2 − y2, . . . , xn − yn‖
= n0 − ‖x1 − y1, x2 − y2, . . . , xn − yn‖.
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By the assumption,

n0 = ‖f(w)− f(y1), f(x2)− f(y2), . . . , f(xn)− f(yn)‖
≤ ‖f(w)− f(x1), f(x2)− f(y2), . . . , f(xn)− f(yn)‖

+ ‖f(x1)− f(y1), f(x2)− f(y2), . . . , f(xn)− f(yn)‖
< n0 − ‖x1 − y1, x2 − y2, . . . , xn − yn‖+ ‖x1 − y1, x2 − y2, . . . , xn − yn‖
= n0,

which is a contradiction. Hencef is ann-isometry.
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