Journal of Inequalities in Pure and
Applied Mathematics

ON A HYBRID FAMILY OF SUMMATION INTEGRAL
TYPE OPERATORS

VIJAY GUPTA AND ESRA ERKUS

School of Applied Sciences

Netaji Subhas Institute of Technology
Sector-3, Dwarka

New Delhi - 110075, India.

EMail: vijaygupta2001@hotmail.com

Canakkale Onsekiz Mart University
Faculty of Sciences and Arts
Department of Mathematics
Terzioglu Kampusu

17020, Canakkale, TURKEY.
EMail: erkus@comu.edu.tr

(©2000Victoria University
ISSN (electronic): 1443-5756
343-05)

volume 7, issue 1, article 23,
2006.

Received 21 November, 2005;
accepted 01 December, 2005.

Communicated by: A. Lupas

Abstract
Contents
44
| 2
Home Page
Go Back
Close

Quit


Please quote this number (343-05) in correspondence regarding this paper with the Editorial Office.

mailto:alexandru.lupas@ulbsibiu.ro
http://jipam.vu.edu.au/
mailto:vijaygupta2001@hotmail.com
mailto:erkus@comu.edu.tr
http://www.vu.edu.au/

Abstract

The present paper deals with the study of the mixed summation integral type
operators having Szasz and Baskakov basis functions in summation and in-
tegration respectively. Here we obtain the rate of point wise convergence, a
Voronovskaja type asymptotic formula, an error estimate in simultaneous ap-
proximation. We also study some local direct results in terms of modulus of
smoothness and modulus of continuity in ordinary and simultaneous approxi-
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The mixed summation-integral type operators discussed in this paper are de-
fined as

(1.1) S (f.z) = /OOO Wi (2, ) f(t)dt

— (=1 Ysuule) [ a0 (00
v=1 0 On a Hybrid Family of
+ e—nmf(()) = [0 OO) Summaté())n Integral Type
) ) 9 perators
where Vijay Gupta and Esra Erkus
W ( TL—]. anu nu 1 ) e_mv(s(t)7
v=1 Title Page
) (t) being Dirac delta function, Contents
v <4< 44
o () = e 12)
’ V! < 3
and N 1 Go Back
n V= v —n—v
bty = ("0 e Close
are respectively Szasz and Baskakov basis functions. Itis easily verified that the Quit
operators 1.1) are linear positive operators, these operators were recently pro- Page 3 of 23
posed by Gupta and Gupta if]] The behavior of these operators is very simi-
lar to the operators studied by Gupta and Srivastalebt the approximation 3. Ineq, Pure and Appl. Math. 7(1) Art. 23, 2006
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properties of the operators, are different in comparison to the operators stud-
ied in [5]. The main difference is that the operatoisl) are discretely defined
at the point zero. Recently Srivastava and Gupigpfoposed a general fam-
ily of summation-integral type operato€s, .(f,z) which include some well
known operators (see e.g4][[7]) as special cases. The rate of convergence
for bounded variation functions was estimatedd] [spir and Yuksel {] con-
sidered the Bézier variant of the operatéfs.(f,~) and studied the rate of
convergence for bounded variation functions. We also note here that the results
analogous to] and [3] cannot be obtained for the mixed operatéts f, x)
because it is not easier to write the integration of Baskakov basis functions in
the summation form of Szasz basis functions, which is necessary in the analysis
for obtaining the rate of convergence at the point of discontinuity. We propose
this as an open problem for the readers.

In the present paper we study some direct results, for the class of unbounded
functions with growth of ordet”, v > 0, for the operatorsS, we obtain a
point wise rate of convergence, asymptotic formula of Voronovskaja type, and
an error estimate in simultaneous approximation. We also estimate local direct
results in terms of modulus of smoothness and modulus of continuity in ordinary
and simultaneous approximation.
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We will subsequently need the following lemmas:

Lemma 2.1. For m € N° = NU {0}, if the m-th order moment is defined as

Upm(x) = i Snu(T) (z — x)m,

v=0 n
thenU,, o(z) =1, U,1(z) =0 and
nUpmi1(x) = [Ufll?)n(x) + mUp, m—1(z)] -

Consequently
Upm(z) =0 (n—[(m+1)/2]) '

Lemma 2.2. Let the functionu,, ,,(z), m € N°, be defined as

pnm(z) = (n—1) Z S (T) /OOO by—1(t)(t —x)"dt + (—x)"e .

v=1
Then

2z nz(z + 2) + 62*
, Hn2(z) = ,
n—2 (n—2)(n—3)

Un,O(I) =1, Pm,l(‘r) =

also we have the recurrence relation:

(n—m = 2 pnm () = & [, (@) + m(x +2) ttn -1 (7)]

+ [m+2x(m+1)] o m(z); n>m+2.
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Consequently for each € [0, c0) we have from this recurrence relation that
(@) = O (n71m+D/2)
Remark 1. Itis easily verified from Lemma 2 that for eachz € (0, o)

(n—i—2)!
(n—2)!

(n—i—2)!

W (n.fﬁ)i_l + O(7L—2).

(2.1) S, (' 2) = (nx)' +i(i—1)

Lemma 2.3. [5]. There exist the polynomialg,; ;. (z) independent of. and v
such that

D" [suu(@)] = Y 0 (v =P Qi (x)snu (),

2i4j<r

i,j>0
whereD = di.
€T

Lemma 2.4. Letn > r > 1 and f%) € Cg[0,00) fori € {0,1,2,...,7} (cf.
Section3). Then

SUU.) = gy S nela) [ o070 0
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In this section we consider the clasSs|0, co) of continuous unbounded func-
tions, defined as

feC0,00) ={f €C[0,00):|f(t)] < ML, forsomeM >0, v>0}.

We prove the following direct estimates:

Theorem 3.1.Let f € C.[0,00), v > 0 and f exists at a point: € (0, 00),

then On a Hybrid Family of
Summation Integral Type
O
(3.1) lim ST(LT)(f(t), T) = £ (z). perators

Vijay Gupta and Esra Erkus

Proof. By Taylor’s expansion of, we have

f Title Page
f(t) = t t—ux)
Z + g( x)( a:) ’ Contents
wheres(t, z) — 0 ast — . Thus, using the above, we have b 4
(" S : >
SO(fay= [ WDt 2)f(t)dt
Ot = [ WO —
L0 o ,
=S 5 M wieae - ayar oo
i=0 v Quit
/ W (t,x)e(t, z)(t — x)"dt Page 7 of 23
- Rl + R27 Sa ' J. Ineq. Pure and Appl. Math. 7(1) Art. 23, 2006
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First to estimateR;, using a binomial expansion ¢f — z)™ and applying
(2.1), we have

R, = Z w Z (i) (—x) aa; /OOO W, (t, z)t"dt

i=0 ’ v=0

fO(z) d” [(n—r—2)n" | i
= | p Wl‘ + terms contalnlng lower powers o

r x” n—2)!
n—r—2)n"
Next using Lemma&.3, we obtain
Qi ()]
Rl < -1 LA 72 LI S |
Ral < (n=1) 3 n
z'l,jJZT)T

%3 |y = naf s,(a) /0 by (1) |8, 2] (£ — )t
v=1

+ (=n)7e™™ |e(0, 2)| (—x)"
= R3 + R4, say.
Sinces(t,z) — 0 ast — « for a givens > 0 there exists @ > 0 such that

le(t, )| < e whenevel) < |t — x| < d. Further ifs > max {~,r}, wheres is
any integer, then we can find a constaif > 0 such thate(¢,z)(t — z)"| <
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My |t — z|?, for [t — x| > 4. Thus

[e.9]

R3; < My(n—1) Z n an,y(x)

2i4j<r v=1

4,7 >0
X v —nxl {5/ bny—1(t) [t — x| dt
[t—x|<d
by 1(t)My |t — | dt
" /t—x><5 v (OMii = } On a Hybrid Family of
- Summation Integral Type
= Rs + R,

Operators
say.

Applying the Schwarz inequality for integration and summation respectively,
and using Lemma.1land Lemma2.2, we obtain

Vijay Gupta and Esra Erkus

Title Page
Rs < eMs(n—1) Z n' Z Spw(T) Contents
[V “ >
[ B : < >
x v — nz)’ ( / bm,,_l(t)dt) ( / b1 (1) (t — a:)QTdt)
0 0 Go Back

N

< ey Z n' <Z Spo(x) (v — nx)2j> Close

2itj<r v=1 Quit
1,720
1 Page 9 of 23
00 0o 2
o o 2r
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< eM, Z n'o (nj/2) O (n ”"/2) =e0(1).
2i4j<r

4,520

Again using the Schwarz inequality, Lemd and Lemm&2.2, we get

Re < M3(n—1) Z any V—m:\j/

2i+j<r ‘t—$|25
4,720

n (Z Snw(x)(V — na:)Zj)

buy_r () [t — 2| dt

X ((n —1))  spu(@) /0 h b1 (1) (t — x)QSdt>
= Z 'O (/%) O (n~*/2)

Thus due to the arbitrariness of> 0 it follows that R3 = o(1). Also Ry — 0
asn — oo and therefore?, = o(1). Collecting the estimates d?; and R, we
get 3.1). O]

Theorem 3.2.Let f € C,[0,00), v > 0. If f"*+2) exists at a point € (0, ),
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then

lim 0 [S7(f,2) = f(x)]
:T“;wfm@yuaz+ﬂ+ﬂfwnuy+;2+@ﬂﬁm@.

Proof. By Taylor’s expansion of , we have
NSPAUC)

f0 = —

1=0
wheree(t,z) — 0 ast — z. Applying Lemma2.2 and the above Taylor’s
expansion, we have

(t —z) +et, )t — ) +?

n[SO(f(t),2) = O (x)] =n

r+2 (3) T 00 ;
Zf ) /0 W,Y)(t,x)(t_xydt—f“(a:)]

7

- {n/ Wy)(t,x)a(t,x)(t—:U)T”dt]
0
= F, + E5, say.

i=0 il =0 J
= f(’:'(:v)n [Sq(f)(tr,x) — r!}
(1) (4
+ f(r:L i>‘>n [(T + D) (=2)SW (", z) + S (¢, x)}
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[0 [+ +D)
| !

+ (r+2) (=) SO 2) + SV (1, a:ﬂ '
Therefore, using4.1) we have

Ei = nf®(z) {"r(n_—r_Q)' _ 1}

(n - 2)! Ona Hybrid Family of
f(’"+1)(3;) [ n?’(n —r— 2)! Summation Integral Type
+nt—>7 ( + 1)(_1;)74[ Operators
1)! —2)!
(T +1 ) (n ) Vijay Gupta and Esra Erkus
n"t(n —r —3)! N 1nr(n—r—3)!'
+ (n=2) (r+Dz+r(r+1) =2 7!
f(r+2 (z) [(r+ 2)(7, + 1)z 2 | n'(n—r—2)! Title Page
(r+2)! ) (n—2)! Contents
nt "(n—r—3)!
+ (r+2)(—=) (n —3) (r+1)!x+r(r+1)n (n=r=3), «“ e
(n ) (n—2)! < >
T (n —2)! Go Back
(4 1)+ 22 4>< D0 ()] o
+(r+ 1)(r+ r+ 1)z + .
(n — 2)! Quit
In order to complete the proof of the theorem it is sufficient to showAhat> 0 Page 12 of 23
asn — oo, which can easily be proved along the lines of the proof of Theorem
3.1and by using Lemma.1, Lemma2.2and Lemma&.3. ] 3. Ineq. Pure and Appl. Math. 7(1) Art. 23, 2006
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Theorem 3.3.Let f € C,[0,00), v > 0andr < m < r+ 2. If f™ exists and
is continuous onja — 1, b + 1) C (0,00), n > 0, then forn sufficiently large

021 — 7O < M 3 59 o 2w (540220 (7).

i=1

where the constantd/, and M5 are independent of andn, w(f,0) is the
modulus of continuity of on (a — n,b+ n) and||-|| denotes the sup-norm on
the interval[a, ] .

Proof. By Taylor’s expansion of , we have

= fO(x mE) — Mz
70 =3~ T s - e I e - ),

7! m)!

where( lies between andz and((t) is the characteristic function on the inter-
val (a —n,b+n). Fort € (a —n,b+n), z € [a,b], we have

= fO(z mE) — Mz
F) = 30— ey L) 4 gy ),

, 7! m)!
=0

Fort € [0,00) \ (a — n,b+ 1), x € [a,b], we define

m @) (g
ht,x) = f(t) = > (t- x)fl—'()

=0
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Thus

SO (f,2) - 1O) {i i / Two x)(t—x)%‘dt—ﬂ”(x)}

{/‘” fE) — [ ()
{

+

— (t— x)m((t)dt}

W

/ WOt 2)h(t,2)(1 — ((t))dt}
0

= Al + AQ + Ag, say.

+

Using 3.1), we obtain

Ay = i / (i;f”’) Z (;) ()i~ ;;T /0 CW ) — £ ()

- i e () [Tt ooy

#3- LD a0 (07| - 190)

Hence

[l < Man™ D 1O +O (n7%)

uniformly in x € [a, b]. Next

aal < [ e O g

m!

On a Hybrid Family of
Summation Integral Type
Operators

Vijay Gupta and Esra Erkus

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 14 of 23

J. Ineq. Pure and Appl. Math. 7(1) Art. 23, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:vijaygupta2001@hotmail.com
mailto:
mailto:erkus@comu.edu.tr
http://jipam.vu.edu.au/

(m) o0 _
< M/ (W (t, )| (1 + %) |t —z|™dt.
0

Next, we shall show that fay =0, 1,2, ...

(TL — 1) Z Sn,z/(x) ’V — n:L"J/ bn,l/fl<t) |t . x|q dt =0 (n(]fq)/Q) .
v=1 0

Now by using Lemma&.1and Lemma&.2, we have On & Hybrid Family of

Summation Integral Type

00 ; 00 ‘ Operators
-1 nw — bpy—1(t) [t —x|" dt
(n ) ; on, (:L‘) |V TLZL“| /0 ’ 1( ) | CL’| Vijay Gupta and Esra Erkus
o0 3 o0 3
< (Z Spw () (v — nm)2j> ((n —1) Z S (T) / by (t) (t — )™ dt) Title Page
v=1 v=1 0
= 0 (W) 0 (n™?) = O (=72, Contents
44 44
uniformly in z. Thus by Lemm&.3, we obtain p >
(=13 [st)()] / b (£) |t — 2] dt Go Back
v=1 0 Close

<M Y0 |(n=1)> suu@) v - nx\j/ b1 (t) [t — z|* dt Qut
2itj<r v=1 0 Page 15 of 23
4,520

r—q)/2
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uniformly in x, whereMs = sup sup |Q;;.(z)|2~". Choosings = n~'/2,

2i+j<r x€[a,b]
4,720

we get for anys > 0,

(m) ,,—1/2
1A < w (f W;'n ) [O(n(r—m)ﬂ) +nl20 (n(r—m—l)ﬂ) +0 (n_s)}

< Msw (f(m), n—1/2) n—(m=r)/2

Sincet € [0,00) \ (a —n,b+n), we can choose & > 0 in such a way that
|t —x| > éforall x € [a,b]. Applying Lemma2.3, we obtain

|As]| < (n— 1)22; n'|v — nal’ %—;wsn,yu)
v= 1+7<r7

4,520

X/ bny—1(t) [R(t, )| dt +n"e™™ [R(0,2)] .
[t—=z|>6

If 3 is any integer greater than or equaKtg, m}, then we can find a constant
M; such thath(t, z)| < My |t — z|° for [t — 2| > 6. Now applying Lemm&.1
and Lemma2.2, it is easily verified that\; = O (n~9) for anyq > 0 uniformly
on [a, b]. Combining the estimate&; — A3, we get the required result. [
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In this section we establish direct local approximation theorems for the opera-
tors (L.1). Let Cz[0,00) be the space of all real valued continuous bounded

functions f on [0,00) endowed with the normif|| = sup|f(z)|. The K-
x>0

functionals are defined as

K(f.0)=mf{|[f—gll+5[lg"ll: g € Wi},
whereW?2 = {g € Cp[0,00) : ¢, ¢" € Cpl0,00)}. By [1, pp 177, Th. 2.4],

~

there exists a constaif such that'(f,d) < J\NJwQ (f, \/3> where) > 0 and
the second order modulus of smoothness is defined as

wo (£,V5) = suwp sup |f(@+2h) =2/ (e +h) + ()],

0<h<+/§ z€[0,00)

wheref € Cg[0,00). Furthermore, let

w(f,0) = sup sup |[f(x+h)— f(z)|

0<h<8 z€[0,00)

be the usual modulus of continuity ¢fe Cz[0, 0o).

Our first theorem in this section is in ordinary approximation which involves

second order and ordinary moduli of smoothness:
Theorem 4.1.Let f € C[0, 00). Then there exists an absolute constaft >

0 such that
50(F,2) — F(2)| < My (f, %) o (f55))
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for everyz € [0, 00) andn = 3,4, ....

A
Proof. We define a new operatdt, : Cz[0,00) — Cg|0, c0) as follows

(4.1) g’n(f,x)=5n(f7x)—f(x)+f( n )

n—2

AN
Then by Lemma2.2, we obtainS,,(t — x,z) = 0. Now, letz € [0,00) and

g € W2. From Taylor's formula

o(t) = g(x) + ¢/ (@)(t — ) + / (t — u)g"(u)du, te0,00)

([ - o)
S, ( / - u)g"(u)du,x)

we get

I
U

nx/(n—2) n
+ /x (n —50 u) g" (u)du.

On the other hand,

(4.3) <(t—a)lg"l

[ =g
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and

ne/(n=2) n nx 2
aa [T () s < (5 -0) 1)
e
(n—2)
< B oy
(n—27
Thus by ¢.2), (4.9), (4.4) and by the positivity of5,,, we obtain
5:(0.2) = o(0)| < 8, (1t = 22" ) 19 + T 'l

Hence in view of Lemm&.2, we have

Sulg,7) - g(2)| < (2(2 x_Jr;)n?j_(s); 4&(1_2;)) 19"

n 1 4x(1—|—m) "
<
_(n—3+n—2> lg”l

18
< —a(t+2) o]

(4.5)

Again applying Lemma.2

|Sn(f, )] < (n—l)zsn,u(l’)/ooo np—1 () [fO]dt + e [ FO)] < | fI]
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This means thas,, is a contraction, i.el|S,.f|| < || f|l, f € Cg[0,00). Thus
by (4.2)

(4.6) \ <IS.fl 421/ <3071, f e Calo,00)

Using @.1), (4.5 and @.6), we obtain

1Su(f.2) = F(@)] < |Sulf — g.2) — (f — 9)(x)

On a Hybrid Family of

A na Summation Integral Type
#[Sut0) ot + |70 - £ (25)
Vijay Gupta and Esra Erkus
2(1+2) gl + |f (@) = [ ——
—2 ! n-2 Title P
itle Page
:(:(1 + ) T
<18 {Hf gll + 9 HQNH} +w <f> m) . Contents
Now taking the infimum on the right hand side over@lt W2 and using4.1) 14 dd
we arrive at the assertion of the theorem. ] < >
The following error estimation is in terms of ordinary modulus of continuity Go Back
in simultaneous approximation: Close
Theorem 4.2.Letn > r +3 > 4 and f) € Op[0,00) fori € {0,1,2,...,7}. Quit

Then
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X<1+\/[n+(r+1)(r+2)]x2+2[n+7’(r+2)]x+r(r+1))

n—r—3
X W (f(T), (n—r— 2)_1/2)
wherez € [0, c0).

Proof. Using Lemma2.4 and taking into account the well known property

w (f7,00) < (14 Nw (f7,6), A>0,

we obtain
@.7) |S0(f.x) = fD(2)]

< % Z:; S /0 b () [FO0) - £O@)] de
n"(n—r—2)!
i { ((n —2)! - 1} %)

oo

n"(n—r—1)
SWZSW/@)

v=0

X / b1 (t) (L + 071t — z])w (£, 0) dt
0

[
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Further, using Cauchy’s inequality, we have

@8) (1= =13 5000 [ buossrat) = ol d

1
2

< {(n —r=1)Y  snu(@) /OOO by—ririr1(t) (t — 2)° dt}

v=0
By direct computation

o0

@) (1= =13 5000 [ buorsra) (¢~ )"
B n—l—Er—kl)(r—l—Z) 2 2n + 2r(r + 2) .
C(n—r—=3)(n—-1r-2) (n—r—=3)(n—r-—2)

r(r+1)

+(n—r—3)(n—r—2)'

Thus by combining4.7), (4.8) and ¢.9) and choosing ! = \/n —r — 2, we
obtain the desired result. O
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