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Abstract

In this note we establish new Ceby3ev type integral inequalities involving func-
tions whose derivatives belong to L, spaces via certain integral identities.
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One of the classical and important inequalities discovered bﬁ@hyéev M
is the following integral inequality (see alsbd, p. 207]):

1

N2 /
= 0= a1 N9

(1.1) T (f.9)] <
wheref, g : [a,b] — R are absolutely continuous functions whose derivatives
f',q € Ly [a,b] and

b
12 T(f.9) =5 [ F@g@)da

(5 [rwa) (75 [ awar).

which is called theCebySev functional, provided the integrals ind) exist.

Because of fundamental importance @flj in analysis and applications,
many researchers have given considerable attention to it and a number of exten-
sions, generalizations and variants have appeared in the literaturé),9e2,
[2]—[10] and the references given therein. The main purpose of the present note
is to establish new inequalities similar to the inequalityi) involving functions
whose derivatives belong 1, spaces. The analysis used in the proofs is based
on the integral identities proved iG][and [2] and our results provide new esti-
mates on these types of inequalities.
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In what followsR and’ denote the set of real numbers and the derivative of a
function. Let[a,b] C R, a < b; and as usual for any function € L, [a, b],

1

p > 1 we defing||h]|, = f \h (t)|” dt) . We use the following notations to

simplify the details of presentation. For suitable functigng : [a,b] — R we
set

F = 1 {M +2f (a + b)} on Cebysev Type Inequalities
3 2 2 ’ Involving Functions Whose
Derivatives Belongto L,
1 {g (a) + g (b) (a + b)] Spaces
G=- LTI 9 ,
3 2 2 B.G. Pachpatte
1 b Title P
S(f,g):FG——[F/ (z da:+G/f dx] e
b Contents
(b— / f(z dx) (T/ g(x)d:z:), <« >
’ < S
1 b Go Back
H(.9) = 5= [ IFo(@)+ G @) o oce

1 b 1 b Quit
-9 (b—a/a f(m)dx) (b——a/a g(a:)dm) . page 4 of 16

Now, we state our main results as follows.
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Theorem 2.1.Let f, g : [a,b] — R be absolutely continuous functions whose
derivativesf’, ¢’ € L, [a,b], p > 1. Then we have the inequalities

1 / / ’ % "
R e LA ML
1 b , , 1
@2) IT(9)l < 55— [ lo@lnr1, 417 @1gl,] (2 @) da,
where
_aq+1 _xq—i-l
(2.3) Y0 i U

qg+1
forz € [a,0] and; + 1 =1.
The following variants of the inequalities id.(l) and @.2) hold.

Theorem 2.2.Let f, g : [a,b] — R be absolutely continuous functions whose
derivativesf’, ¢’ € L, [a,b], p > 1. Then we have the inequalities

1 NP
(2.4) 1S (f 9)] < mM L1 gl

LA / /
@8) 110l G [ @I, + 15 @) 91,] dr
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where

(2971 + 1) (b — a)qJrl

(2.6) M= 3(g+1)67

1 1 _
am5+5_L
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2.1

From the hypotheses we have the following identities (Se€]]:

b
1) S - b_a/ Fya == [ koo

b b
32) g - /g<t>dt= ! /k(x,wg'(t)dt,

b—a ), b—a
for x € [a, b], where
t—a if t€la,x]
(3.3) k(z,t) = :
t—0bifte(xb

Multiplying the left sides and right sides d3.() and 3.2) we have

8 s 16 (7 [s0a) s (L [ 10 a)

(s o) (s [r0)

g
:(b_a>2 (/ak(yc,)f()dt (/abk(xt) ()dt)
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Integrating both sides of3(4) with respect tar over [a, b] and dividing both
sides of the resulting identity by — a) we get

(8.5) T(f.9)

_ (b—la)3 /ab (/abk(a:,t)f’(t)dt) (/abk:(x g ()dt) dz.

From 3.5 and using the properties of modulus and Hélder’s integral inequality

we have . N
b b oiing Funions Whose.
ol < g ([ kol <t>|dt) ([ e @lar) as Deratves Seong 0 1
(b - Spaces
p B.G. Pachpatte
k(x,t)] dt
(b— a /a {/ Ik } {/ 7o }
L b L Title Page
X ({/ |k (0, )| dt} {/ g () dt} ) dx Contents
. b 1\ 2 4« 44
1 q
@8 =G I, | ({ [ e or} ) i, <
Go Back
A simple calculation shows that (seq)[
Close

b T b
/|k(x,t)|th:/ |t—a|th+/ it — b|7 dt Quit

x b Page 8 of 16
:/ (t—a)th+/ (b—t)!dt
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B (x _ a>q+1 + (b . x)q—i—l B
(3.7) = 1 = B(z).

Using (3.7) in (3.6) we get .1).
Multiplying both sides of 8.1) and 3.2) by ¢g(z) and f(z) respectively and
adding the resulting identities we get

(3.8) 2f (x)g(x)

b b
— {g (x) (L / f (t) dt) + f (:l:) (L / g (t) dt)} on Cebysev Type Inequalities
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Integrating both sides of3(8) with respect tor over [a, b] and rewriting we

obtain Title Page
(3.9 T(f,9) Contents
1 b b b
= 2 / {g (z) / k(z,t) f (t)dt+ f () / k(z,t) g (t) dt} da. « dd
2 (b — CZ) a a a p >
From (3.9) and using the properties of modulus, Holder’s integral inequality and ——
(3.7) we have
b b Close
1 /
Tl < ot [ @l [ kol @l Qi
2(b—a)” Ja "
Page 9 of 16
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A [\gw ([ wworal { [ roral
wr @] [k xt\th};{/abm’(t)\pdt};] iz
~ s | ls@nm, @) { [ |k:ct\wt}1 i

1

- m/ g @11, + 17 @9l ] (B (@) da.

This is the required inequality ir2(2). The proof is complete.
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2.2

From the hypotheses we have the following identities (SPe [

b
@1 P / f@)de = = [ (@) £ @)
—a
1 1
(4.2) G—— g (:U) dr = / m ($) 9/ (x) dr, on Cebysev Type Inequalities
b—a a b—a a Involving Functions Whose
Derivatives Belongto L,
where Spaces
T — 5a_+b Zf = [ _b) B.G. Pachpatte
(4.3) m(z) = .
x— 4 if z e [4 b .
Title Page
Multiplying the left sides and right sides of.(l) and ¢.2) we get Contents
b 44 44
4.4 S(f,9) (/ m ( )daz) (/ m(x) g (z) dx) . ) R
From @.4) and using the properties of modulus and Holder’s integral inequality, Go Back
we have Close

Quit
)| d )| d
1S (f9|_ (/ m ()| [ ( |1’> (/ [m ()] 19" (x |I) Page 11 of 16
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< ({/ab\mmﬂwxf {/:|f' <x>v’dx}’l’>
o ({/f\mmrwx}; {/ab\g'<x>|pdx};>
49 - ({ / bm<x>qda:};>2f'|p 191,
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q _ _ _
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e (5a+b ! ER 5a +b\?
= 6 7 dz + s \T T TG dx Title Page
@ 6
n ot a+ 5b g i + b a—+5b\? p Contents
aT-H; 6 X X %51) i 6 X pp >
1 5a +b q+1+ a+b  BSa+b\" 4 >
= — Qa —
q+1 6 2 6 Go Back
_i_<a—|—5b_cH—b)q“_i_(b_a—l—Sb)qJrl Close
6 2 6 Quit
(4.6) e ) (b—a) I Page 12 of 16
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Using (@.6) in (4.5) we get the required inequality i2 @).
Multiplying both sides of4.1) and @.2) by g(x) and f(x) respectively and
adding the resulting identities we get

4.7) Fg(z)+Gf (z

)
B {g(:ﬂ) (ﬁ /abf@)dx) + f(2) (ﬁ /abg(x)dx)}

I . 1t ]
! On Ceby3ev Type | lti
z) (b — /a m(z) [ (@) dl’) /(@) (b — /a m(z)d (@) d@“) ‘ el Tl
Derivatives Belongto L,
Integrating both sides of4(7) with respect tar over [a, ] and dividing both Spaces
sides of the resulting identity by — a) we get B.G. Pachpatte
(4.8) H(f 9) Title Page
(b / { / m ( x)dr + f (z / m ( dw] dzx. Contents
44 44
From (@.8) and using the properties of modulus, Hélder’s integral inequality and < >
(4.6) we have
Go Back
HU0) < / o) [ @11 @)l ds Close
Quit
@) [ @1 @) de] —
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‘ool ['g ) {/ab‘m@)!qu}; [ (x)\pdx};
+1f ()] {/ab’m(x)lqu}q {/ab|g/ (x)lpdx}p] .

- (b_la)2 /a” [Ig(:c)l LW, + 1 f ()] ”ngp} </ab|m(:c)|qu)2

= o [ @i, + 15 @1,

This is the desired inequality ir2(5). The proof is complete.
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