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ABSTRACT. In this note we establish ne@eby§ev type integral inequalities involving functions
whose derivatives belong i, spaces via certain integral identities.
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1. INTRODUCTION

One of the classical and important inequalities discovered be@hyéev [1] is the following
integral inequality (see alspb [10, p. 207]):

1 !/ /
(1.1) T (f9)l < 5 (b= ) | loo 19l
wheref, g : [a,b] — R are absolutely continuous functions whose derivatjf/eg’ € L, [a, b]
and
1 b 1 b 1 b
w2 1) == [1@e@a- (2 [ @) (2 [awaw),

which is called theCebySev functional, provided the integrals|in [1.2) exist.

Because of fundamental importance[of [1.1) in analysis and applications, many researchers
have given considerable attention to it and a number of extensions, generalizations and variants
have appeared in the literature, see [5], [6], [8] = [10] and the references given therein. The
main purpose of the present note is to establish new inequalities similar to the inequality (1.1)
involving functions whose derivatives belong g spaces. The analysis used in the proofs is
based on the integral identities proved!in [3] and [2] and our results provide new estimates on
these types of inequalities.
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2. STATEMENT OF RESULTS

In what followsR and’ denote the set of real numbers and the derivative of a function. Let
[a,b] C R, a < b; and as usual for any functioh € L,[a,b], p > 1 we define||n[|, =

<fab |h (t)|” dt)g . We use the following notations to simplify the details of presentation. For
suitable functiond, g : [a, b] — R we set

P L[LO0) (0]

3 2 2
6= L0, (110)]

S(f,g):FG—ﬁ [F/abg(x)dx—i—G/abf(x)dx}
4 (bia/abf(x)dx) (bia/abg(x)dx),
1

H(f.g)= —— / Fg () + Gf (x)] du

h—a
—Q(bia/abf(x)dx) (ﬁ/abg(x)dx).

Now, we state our main results as follows.

Theorem 2.1.Let f,g : [a,b] — R be absolutely continuous functions whose derivatives
f',¢ € L,[a,b], p > 1. Then we have the inequalities

1 T 2
(2.1) T (f,9) < b a 11, llg ||p/a (B (z))1 dx,
1 b , , 1
@D 11Ul s [ @I, 1 @) ,] (B @) as
where
_ )it _ et
(2.3) 0 P i) e C ) i

q+1
forz € [a,0] and ) + ¢ = 1.
The following variants of the inequalities in (2.1) and (2.2) hold.

Theorem 2.2. Let f,g : [a,b] — R be absolutely continuous functions whose derivatives
f',¢" € L,[a,b], p > 1. Then we have the inequalities

(2.4) 1S (f.9)l <

1 2
Mq !/ /
(b—a)2 Hf Hp Hg Hp?

1

1o , ,
(2.5) H(£9) < =M / Lo @71, +1F @19, da.
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where
(2.6) YRS ikl Ul
' 3(qg+1)62 ’
1 1 _
andz—j +45= 1.

3. PROOF OF THEOREM 2.1

From the hypotheses we have the following identities (se€ [3, 7]):

b b
(3.1) fa) =g [ r0a = [k rwa
b b
(32) o) =5 [ o0 = = [ kg @
for x € [a, b], where
t—a iftela,x]
59 k($’t>_{ t—bifte (b

Multiplying the left sides and right sides ¢f (8.1) and {3.2) we have

8 s 16 (7 [s0a) s (1 [ 10w)
(e [ rom) (5 o)
m(/ k(xt)f()dt) (/abk:(xt) ()dt>

Integrating both sides df (3.4) with respecttover|a, b] and dividing both sides of the resulting
identity by (b — a) we get

(3.5) T(f,g):(b_la)g/ab(/abk(a:,t)f’(t)dt) (/abk:(xt) ()dt)d:p.

From (3.%) and using the properties of modulus and Holder’s integral inequality we have

= /(/ (@ Ol ¢ |dt)(/ 0l ()]t do
< GaF /({/ ke (2,0) } {/ T y%})
* ({/ |k<x7t>|th}q {/abm’ <t>\pdt}P> da

2

@9 ~ i [ ({ ] b|k<x,t>|Q};> .
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A simple calculation shows that (see [4])

b T b
/|k;(x,t)\th—/ |t—a|th—i—/ it — b|7 dt
a am :Cb

:/ (t—a)th+/ (b—t)!dt

(3.7) B Gl A Uk MY

q+1
Using (3.7) in[(3.6) we gef (2.1).
Multiplying both sides of{(3]1) andl (3.2) by z) and f () respectively and adding the result-
ing identities we get

@9 210~ s (7 [10a) + 1w (71 [swa)]
=g(x) (bia/abk(:c,t)f’(t)dt>+f(:c) (bia/abk(x,t)g’(t)dt>.

Integrating both sides of (3.8) with respecttover|a, b and rewriting we obtain

(3.9) T(f,g):ﬁ/ab {g(x)/abk(m,t)f’(t)dt—l—f(x)/abk(x,t)g’(t)dt}dm.

From (3.9) and using the properties of modulus, Holder’s integral inequalityf and (3.7) we have

1 br b . b .
|T<f,g>|sm/a _|g<w>|/a k()| f (t)|dt+|f(w)|/a k(2. 0)] g <t>|dt]da:

< ﬁ/ :rg<x>r{/ab\k<x,t>rwt}; {/ab\f’(tﬂpdt};
+1f @)] {/:w(x,t)\qczt}; {/ablg’ (t)!pdt};] 2

B Q(b—ia)z/ab [|9(x)| 111, + 1f ()] ||g'||p} {/ab|k:(x7t),q dt}q dr

1 b , , )
- / Lo @21, + 1 @1 191,) (B @)} da.

This is the required inequality in (2.2). The proof is complete.

4. PROOF OF THEOREM [2.2

From the hypotheses we have the following identities (see [2]):

b b
(4.2) F—bia/af(x)dx:bialm(x)f’(x)dx,

b b
(4.2) G_bia/a g(x)dx:bia/a m(z) ¢ (z) dz,
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where

(4.3) m(x):{$_5aT+bif$E[a7aT+b)

v if e (o]

Multiplying the left sides and right sides ¢f (4.1) and {4.2) we get

(/m )da:) (/abm(x)g'(x)dx>.

From {4.4) and using the propertles of modulus and Hélder’s integral inequality, we have

5l < gt ([ @i @lac) ([ @il @)
; ({/ rm<x>|qu}q L <x>|pdx}p>
x({/abrmu)wdx} [ @ |pdx}>

2 ({ / brmww%};) 1£1, 19,

A simple computation gives (see [2])
q b
dx —|—/ x
aT-H)

b gt
[ m@ras— [
S (sa+b \° E 5a+ b\
= — x| dx+ T — dx
a 6 Sert 6
/* <a+5b >q /b ( a+5b>q
+ —x | dx + T — dx
g\ O e 6
1 5a + b q+1+ a+b ba+bd at1
— —a —
g+1 6 2 6
n a+5 a+b q+1+ b_a+5b A
6 2 6

(2 1) (b—a)*T!
B 3(g+1)64

Using (4.6) in [(4.5) we get the required inequality[in {2.4).
Multiplying both sides of|(4]1) andl (4.2) by z) and f () respectively and adding the result-
ing identities we get

@D Fa)+Gf @) - o (=, | @) w) et (5 ) g (a) )]
) (bfa/:mm)f'(x)d:c) L) (bfa/abmmg'(x)dx).
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Integrating both sides df (4.7) with respecttover|a, b] and dividing both sides of the resulting
identity by (b — a) we get

(4.8) H(f,g):(b_1 /[ /m x)dz + f ( /m dx]dx

From [4.8) and using the properties of modulus, Holder’s integral inequalityf and (4.6) we have

st [ [g<x>/:m<x>f'<x>iz:c+f<x>/abm<jc>g'(x)dx}dx
g i [|g<x>| [ mwray L rwrel

@ [ mte |de}q{/abrg'<x>\pdx}p]dx
— o [ Ls@inrn, +1rnia,] ([ \m(rc)!qu);

= = [ @, + 1 @i, s

This is the desired inequality i (2.5). The proof is complete.
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