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Another proof of some inequality fron®] is given. It is based on the spline
approximation of convex functions of higher order.
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1. Introduction

Recall that a real functiori defined on a real intervdl is n—convex § € N), if its
divided differences involving + 2 points are nonnegative, i.e.

[*Tla"wajn-ﬁ-?;f] ZO

for anyn + 2 distinct pointsry, . . ., z,, 1o € I (cf. [3]). Then 1-convexity reduces to '”eq”a'guggr”a':jf::d Wwith
an ordinary convexity.

In the recent paper5] we established the order structure of a set of some six
quadrature operators in the class of 3—convex functions mappihd| into R. In
this setting we have proved among others the inequality
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a four—point Lobatto quadrature operator (on the right—hand side). The proof was -

rather complicated. In its main part we needed to determine the inversé¢ gf4

matrix with entries all of the formu + bv/2 + ¢v/5 + dv/10. This was done us- Full Screen
ing computer software. The only thing done precisely was the computation of the
determinant to be sure the inverse does exist.

Now we would like to propose an easy to verify proof af1), without the use journal of inequalities
of any computer software, based on the spline approximation of convex functions  jn pure and applied
of higher order. In the pape#] one can find the following result (as a quotation mathematics
from [1]). issn: 1443-575k
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Theorem 1.1. Everyn—convex function mapping, b] into R can be uniformly ap-
proximated orja, b] by spline functions of the form

m

z— p(z)+ Zai(x — ),

=1

wherep is a polynomial of degree at mosta; > 0, ¢; € [a,b] (: = 1,...,m) and
y+ = max{y,0},y € R.

Observe that all spline functions of the above form are alsconvex. Indeed,

if z1,...,2,.2 € [a,b] are distinct, then by the properties of divided differences we
have|xy, ..., z,40;p] = 0. If c € R, then
B(C) = [1'1, ey T2, ( - C)i]

is a value at the point of the B—spline on the knots,, . .., z,.,. HenceB(c) > 0
(cf. [2]) and the functior(- — ¢)} is n—convex. Obviously, the conical combination
of n—convex functions is—convex by linearity of the divided differences.
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2. A New Proof of the Inequality (1.1)

Theorem 2.1.1f f : [-1,1] — R is 3—convex the(iL.1) holds.

Proof. By Theoreml.1itis enough to provel(.1) only for polynomials of degree at
most 3 and for any function of the form— (z — ¢)3, c € R.

To show that {.1) holds for polynomials of degree at most 3 (even with the equal-
ity), we check it for the monomials, z, 22, 2 and use linearity.

Now letc € R. RearrangingX(.1) we have to prove that

ot (- (42,

+ +

—4{<—§—c>3 + (—¢)% + (g—cy’} > 0.

+

Obviouslyp(c) = 0 for ¢ ¢ [-1, 1]. We compute

((c+1)? for —1<ec<—¥2
33 4+3(1-2v2) —3c+1— 2 for — 2 <c< -5

28 +3(1+V5—2v2)+1+ 8 — 2 for — 8 <c <0,

23 431+ V5 -2v2)@ +1+%8 —v2 for0<c< ¥,
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Then we can see thatis an even function and it is enough to check théat) > 0

only for0 < ¢ < 1. We have

—6¢2 + 6(1+ /5 —2v2)c for0 <e< 3,

¢'(c) = 92+ 6(1 — 2v/2)c + 3 for ¥ < ¢ < 42,
—3(1 —¢)? for 2 <c<1.

Then

Y'(c)=0 force {O,I—F\/§—2\/§,1}7
Y'(c) >0 force (0,1+\/5—2\/§),
¢'(c) <0 force (14+V5-2v2,1).

Hencey is increasing or1i0, 1 + /5 — 21/2) and decreasing ot + /5 — 2v/2, 1].

Finally we compute

e(1+v5—-2v2) = (145 — \/_)+1+£—\/_>0
p(1) =0,

which proves thap > 0 on [0, 1] and finishes the proof.

,.\,
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