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1. I NTRODUCTION

The study of integral inequalities involving functions of one or more independent variables
is an important tool in the study of existence, uniqueness, bounds, stability, invariant manifolds
and other qualitative properties of solutions of differential equations and integral equations.
During the past few years, many new inequalities have been discovered (see [1, 3, 4, 7, 8]). In
the qualitative analysis of some classes of partial differential equations, the bounds provided
by the earlier inequalities are inadequate and it is necessary to seek some new inequalities in
order to achieve a diversity of desired goals. Our aim in this paper is to establish some new
inequalities inn independent variables, meanwhile, some applications of our results are also
given.

2. PRELIMINARIES AND L EMMAS

In this paper, we supposeR+ = [0,∞), is subset of real numbersR, 0̃ = (0, . . . , 0), α̃(t) =
(α1(t1), . . . , αn(tn)) ∈ Rn

+, t = (t1, . . . , tn) ∈ Rn
+, s = (s1, . . . , sn) ∈ Rn

+, r̃ = (r1, . . . , rn),
r̃0 = (r10, . . . , rn0), z̃ = (z1, . . . , zn), z̃0 = (z10, . . . , zn0), T = (T1, . . . , Tn) ∈ Rn

+.
If f : Rn

+ → R+, we suppose

(1) s ≤ t⇔ si ≤ ti (i = 1, 2, . . . , n);
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2 XUEQIN ZHAO AND FANWEI MENG

(2)
∫ α̃(t)

0̃
f(s)ds =

∫ α1(t1)

0
· · ·
∫ αn(tn)

0
f(s1, . . . , sn)dsn . . . ds1;

(3) Di = d
dti
, i = 1, 2,. . . , n.

3. M AIN RESULTS

In this part, we obtain our main results as follows:

Theorem 3.1.Letψ ∈ C(R+,R+) be a nondecreasing function withψ(u) > 0 on (0,∞), and
let c be a nonnegative constant. Letαi ∈ C1(R+,R+) be nondecreasing withαi(ti) ≤ ti onR+

(i = 1, . . . , n). If u, f ∈ C(Rn
+,R+) and

(3.1) u(t) ≤ c+

∫ α̃(t)

0̃

f(s)ψ(u(s))ds,

for 0̃ ≤ t < T , then

(3.2) u(t) ≤ G−1

[
G(c) +

∫ α̃(t)

0̃

f(s)ds

]
,

where

G(z̃) =

∫ z̃

z̃0

ds

ψ(s)
, z̃ ≥ z̃0 > 0.

G−1 is the inverse ofG, T ∈ Rn
+ is chosen so that

(3.3) G(c) +

∫ α̃(t)

0̃

f(s)ds ∈ Dom(G−1), 0̃ ≤ t < T.

Define the nondecreasing positive functionz(t) and make

(3.4) z(t) = c+ ε+

∫ α̃(t)

0̃

f(s)ψ(u(s))ds, 0̃ ≤ t < T,

whereε is an arbitrary small positive number. We know that

(3.5) u(t) ≤ z(t), D1D2 · · ·Dnz(t) = f(α̃)ψ(u(α̃))α′1α
′
2 · · ·α′n.

Using (3.5), we have

(3.6)
D1D2 · · ·Dnz(t)

ψ(z(t))
≤ f(α̃)α′1α

′
2 · · ·α′n.

For

(3.7) Dn

(
D1D2 · · ·Dn−1z(t)

ψ(z(t))

)
=
D1D2 · · ·Dnz(t)ψ(z(t))−D1D2 · · ·Dn−1z(t)ψ

′Dnz(t)

ψ2(z(t))
,

usingD1D2 · · ·Dn−1z(t) ≥ 0, ψ′ ≥ 0,Dnz(t) ≥ 0 in (3.7), we get

(3.8) Dn

(
D1D2 · · ·Dn−1z(t)

ψ(z(t))

)
≤ D1D2 · · ·Dnz(t)

ψ(z(t))
≤ f(α̃)α′1α

′
2 · · ·α′n.

Fixing t1, . . . , tn−1, settingtn = sn, integrating fromtn to∞, yields

(3.9)
D1D2 · · ·Dn−1z(t)

ψ(z(t))
≤
∫ αn(tn)

0

f(α1(t1), . . . , αn−1(tn−1), sn)α
′
1α

′
2 · · ·α′n−1dsn.
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Using the same method, we deduce that

(3.10)
D1z(t)

ψ(z(t))
≤
∫ α2(t2)

0

· · ·
∫ αn(tn)

0

f(t1, s2, . . . , sn)α
′
1dsn . . . ds2,

and integration on[t1,∞) yields

(3.11) G(z(t)) ≤ G(c+ ε) +

∫ α1(t1)

0

· · ·
∫ αn(tn)

0

f(s1, s2, . . . , sn)dsn . . . ds1, t ∈ Rn
+.

From the definition ofG and lettingε→ 0, we can obtain inequality (3.2).

Remark 3.2. If we letG(z) →∞, z →∞, then condition (3.3) can be omitted.

Corollary 3.3. If we letψ = sr, 0 < r ≤ 1 in Theorem 3.1, then fort ∈ Rn
+, we have

(3.12) u(t) ≤


[
c1−r + (1− r)

∫ α̃(t)

0̃
f(s)ds

] 1
1−r

, 0 < r < 1;

c exp
(∫ α̃(t)

0̃
f(s)ds

)
, r = 1.

Remark 3.4. If we let n = 1, r = 1, α̃(t) = t, in Corollary 3.3, we obtain the Mate-Nevai
inequality.

Theorem 3.5. Let ϕ ∈ C(R+,R+) be an increasing function withϕ(∞) = ∞. Let ψ ∈
C(R+,R+) be a nondecreasing function and letc be a nonnegative constant. Letαi ∈ C1(R+,R+)
be nondecreasing withαi(ti) ≤ ti onR+(i = 1, . . . , n). If u, f ∈ C(Rn

+,R+) and

(3.13) ϕ(u(t)) ≤ c+

∫ α̃(t)

0̃

f(s)ψ(u(s))ds,

for 0̃ ≤ t < T , then

(3.14) u(t) ≤ ϕ−1

{
G−1[G(c) +

∫ α̃(t)

0̃

f(s)ds]

}
,

whereG(z̃) =
∫ z̃
z̃0

ds
ψ[ϕ−1(s)]

, z̃ ≥ z̃0 > 0, ϕ−1, G−1 are respectively the inverse ofϕ andG,
T ∈ Rn

+ is chosen so that

(3.15) G(c) +

∫ α̃(t)

0̃

f(s)ds ∈ Dom(G−1), 0̃ ≤ t < T.

Proof. From the definition of theϕ, we know (3.13) can be restated as

(3.16) ϕ(u(t)) ≤ c+

∫ α̃(t)

0̃

f(s)ψ[ϕ−1(ϕ(u(s)))]ds, t ∈ Rn
+.

Now an application of Theorem 3.1 gives

(3.17) ϕ(u(t)) ≤ G−1

[
G(c) +

∫ α̃(t)

0̃

f(s)ds

]
, 0̃ ≤ t < T.

So,

(3.18) u(t) ≤ ϕ−1

{
G−1[G(c) +

∫ α̃(t)

0̃

f(s)ds]

}
, 0̃ ≤ t < T.

�
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Corollary 3.6. If we letϕ = sp, ψ = sq, p, q are constants, andp ≥ q > 0 in Theorem 3.5, for
0̃ ≤ t < T , then

(3.19) u(t) ≤


[
c1−

q
p +

(
1− q

p

) ∫ α̃(t)

0̃
f(s)ds

] 1
p−q

, when p > q;

c
1
p exp

(
1
p

∫ α̃(t)

0̃
f(s)ds

)
, when p = q.

Theorem 3.7. Let u, f and g be nonnegative continuous functions defined onRn
+, let c be a

nonnegative constant. Moreover, letw1, w2 ∈ C(R+,R+) be nondecreasing functions with
wi(u) > 0 (i = 1, 2) on (0,∞). Letαi ∈ C1(R+,R+) be nondecreasing withαi(ti) ≤ ti onR+

(i = 1, . . . , n). If

(3.20) u(t) ≤ c+

∫ α̃(t)

0̃

f(s)w1(u(s))ds+

∫ t

0̃

g(s)w2(u(s))ds,

for 0̃ ≤ t < T , then

(i) for the casew2(u) ≤ w1(u),

(3.21) u(t) ≤ G−1
1

{
G1(c) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds

}
,

(ii) for the casew1(u) ≤ w2(u),

(3.22) u(t) ≤ G−1
2

{
G2(c) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds

}
,

where

(3.23) Gi(z̃) =

∫ z̃

z̃0

ds

wi(s)
, z̃ ≥ z̃0 > 0, (i = 1, 2)

andG−1
i (i = 1, 2) is the inverse ofGi, T ∈ Rn

+ is chosen so that

(3.24) Gi(c) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds ∈ Dom(G−1
i ), (i = 1, 2), 0̃ ≤ t < T.

Proof. Define the nonincreasing positive functionz(t) and make

(3.25) z(t) = c+ ε+

∫ α̃(t)

0̃

f(s)w1(u(s))ds+

∫ t

0̃

g(s)w2(u(s))ds,

whereε is an arbitrary small positive number. From inequality (3.20), we know

(3.26) u(t) ≤ z(t)

and

(3.27) D1D2 · · ·Dnz(t) = [f(α̃)w1(u(α̃))α′1α
′
2 · · ·α′n + g(t)w2(u(t))].

The rest of the proof can be completed by following the proof of Theorem 3.1 with suitable
modifications. �

Theorem 3.8. Letu, f andg be nonnegative continuous functions defined onRn
+, and letϕ ∈

C(R+,R+) be an increasing function withϕ(∞) = ∞ and letc be a nonnegative constant.
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Moreover, letw1, w2 ∈ C(R+,R+) be nondecreasing functions withwi(u) > 0 (i = 1, 2) on
(0,∞), αi ∈ C1(R+,R+) be nondecreasing withαi(ti) ≤ ti onR+(i = 1, . . . , n). If

(3.28) ϕ(u(t)) ≤ c+

∫ α̃(t)

0̃

f(s)w1(u(s))ds+

∫ t

0̃

g(s)w2(u(s))ds,

for 0̃ ≤ t < T , then

(i) for the casew2(u) ≤ w1(u),

(3.29) u(t) ≤ ϕ−1

{
G−1

1

[
G1(c) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds

]}
;

(ii) for the casew1(u) ≤ w2(u),

(3.30) u(t) ≤ ϕ−1

{
G−1

2

[
G2(c) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds

]}
,

where

Gi(z̃) =

∫ z̃

z̃0

ds

wi(ϕ−1(s))
, z̃ > z̃0, (i = 1, 2),

andϕ−1, G−1
i (i = 1, 2) are respectively the inverse ofGi, ϕ, T ∈ Rn

+ is chosen so that

(3.31) Gi(c) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds ∈ Dom(G−1
i ), (i = 1, 2), 0̃ ≤ t < T.

Proof. From the definition ofϕ, we know (3.28) can be restated as

(3.32) ϕ(u(t)) ≤ c+

∫ α̃(t)

0̃

f(s)w1[ϕ
−1(ϕ(u(s)))]ds

+

∫ t

0̃

g(s)w2[ϕ
−1(ϕ(u(s)))]ds, t ∈ Rn

+.

Now an application of Theorem 3.7 gives

ϕ(u(t)) ≤ G−1
i

{
Gi(c) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds

}
, 0̃ ≤ t < T,

whereT satisfies (3.31). We can obtain the desired inequalities (3.29) and (3.30). �

Theorem 3.9. Let u, f and g be nonnegative continuous functions defined onRn
+ and let c

be a nonnegative constant. Moreover, letϕ ∈ C(R+,R+) be an increasing function with
ϕ(∞) = ∞, ψ ∈ C(R+,R+) be a nondecreasing function withψ(u) > 0 on (0,∞) and
αi ∈ C1(R+,R+) be nondecreasing withαi(ti) ≤ ti onR+ (i = 1, . . . , n). If

(3.33) ϕ(u(t)) ≤ c+

∫ α̃(t)

0̃

[f(s)u(s)ψ(u(s)) + g(s)u(s)]ds,

for 0̃ ≤ t < T , then

(3.34) u(t) ≤ ϕ−1

{
Ω−1

[
G−1

(
G[Ω(c) +

∫ α̃(t)

0̃

g(s)ds] +

∫ α̃(t)

0̃

f(s)ds

)]}
,
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where

Ω(r̃) =

∫ r̃

r̃0

ds

ϕ−1(s)
, r̃ ≥ r̃0 > 0 ,

G(z̃) =

∫ z̃

z̃0

ds

ψ{ϕ−1[Ω−1(s)]}
, z̃ ≥ z̃0 > 0,

Ω−1, ϕ−1, G−1are respectively the inverse ofΩ, ϕ,G. AndT ∈ R+ is chosen so that

G

[
Ω(c) +

∫ α̃(t)

0̃

g(s)ds

]
+

∫ α̃(t)

0̃

f(s)ds ∈ Dom(G−1), 0̃ ≤ t < T,

and

G−1

{
G

[
Ω(c) +

∫ α̃(t)

0̃

g(s)ds

]
+

∫ α̃(t)

0̃

f(s)ds

}
∈ Dom(Ω−1), 0̃ ≤ t < T.

Proof. Let us first assume thatc > 0. Defining the nondecreasing positive functionz(t) by the
right-hand side of (3.33)

z(t) = c+

∫ α̃(t)

0̃

[f(s)u(s)ψ(u(s)) + g(s)u(s)]ds,

we know

(3.35) u(t) ≤ ϕ−1[z(t)]

and

(3.36) D1D2 · · ·Dnz(t) = [f(α̃)u(α̃)ψ(u(α̃)) + g(α̃)u(α̃)]α′1α
′
2 · · ·α′n.

Using (3.35), we have

(3.37)
D1D2 · · ·Dnz(t)

ϕ−1(z(t))
≤ [f(α̃)ψ(ϕ−1(z(α))) + g(α̃)]α′1α

′
2 · · ·α′n.

For

(3.38) Dn

(
D1D2 · · ·Dn−1z(t)

ϕ−1(z(t))

)
=
D1D2 · · ·Dnz(t)ϕ

−1(z(t))−D1D2 · · ·Dn−1z(t)(ϕ
−1(z(t)))′Dnz(t)

(ϕ−1(z(t)))2
,

usingD1D2 · · ·Dn−1z(t) ≥ 0,Dnz(t) ≥ 0, (ϕ−1(z(t)))′ ≥ 0 in (3.38), we get

Dn

(
D1D2 · · ·Dn−1z(t)

ϕ−1(z(t))

)
≤ D1D2 · · ·Dnz(t)

ϕ−1(z(t))
(3.39)

≤ [f(α̃)ψ(ϕ−1z(α̃)) + g(α̃)]α′1α
′
2 · · ·α′n.

Fixing t1, . . . , tn−1, settingtn = sn, integrating from0 to tn with respect tosn yields

(3.40)
D1D2 · · ·Dn−1z(t)

ϕ−1(z(t))

≤
∫ αn(tn)

0

[f(α1(t1), . . . , αn−1(tn−1), sn)ψ(ϕ−1(z(α1(t1), . . . , αn−1(tn−1), sn)))

+ g(α1(t1), . . . , αn−1(tn−1), sn)]α
′
1α

′
2 · · ·α′n−1dsn.
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Using the same method, we deduce that

(3.41)
D1z(t)

ϕ−1(z(t))
≤
∫ α2(t2)

0

· · ·
∫ αn(tn)

0

[f(α1(t1), s2, . . . , sn)ψ(ϕ(z(α1(t1), s2, . . . , sn)))

+ g(α1(t1), s2, . . . , sn)]α
′
1dsn . . . ds2.

Settingt1 = s1, and integrating it from0 to t1 with respect tos1 yields

(3.42) Ω(z(t)) ≤ Ω(c) +

∫ α̃(t)

0̃

f(s)ψ(ϕ−1(z(s))ds+

∫ α̃(t)

0̃

g(s)ds,

Let T1 ≤ T be arbitrary, we denotep(T1) = Ω(c) +
∫ α̃(T1)

0
g(s)ds, from (3.42), we deduce that

Ω(z(t)) ≤ p(T1) +

∫ α̃(t)

0

f(s)ψ[ϕ−1z(s)]ds, 0̃ ≤ t ≤ T1 ≤ T.

Now an application of Theorem 3.5 gives

z(t) ≤ Ω−1

{
G−1

[
G(p(T1)) +

∫ α̃(t)

0̃

f(s)ds

]}
, 0̃ ≤ t ≤ T1 ≤ T,

so

u(t) ≤ ϕ−1

{
Ω−1

[
G−1

(
G(p(T1)) +

∫ α̃(t)

0̃

f(s)ds

)]}
, 0̃ ≤ t ≤ T1 ≤ T.

Takingt = T1 in the above inequality, sinceT1 is arbitrary, we can prove the desired inequality
(3.34). �

If c = 0 we carry out the above procedure withε > 0 instead ofc and subsequently letε→ 0.
Settingf(t) = 0, n = 1, we can obtain a retarded Ou-Iang inequality.
Let u, f andg be nonnegative continuous functions defined onRn

+ and letc be a nonnegative
constant. Moreover, letψ ∈ C(R+,R+) be a nondecreasing function withψ(u) > 0 on (0,∞)
andαi ∈ C1(R+,R+) be nondecreasing withαi(ti) ≤ ti onR+ (i = 1, . . . , n). If

u2(t) ≤ c2 +

∫ α̃(t)

0̃

[f(s)u(s)ψ(u(s)) + g(s)u(s)]ds,

for 0̃ ≤ t < T , then

u(t) ≤ Ω−1

[
Ω

(
c+

1

2

∫ α̃(t)

0̃

g(s)ds

)
+

1

2

∫ α̃(t)

0̃

f(s)ds

]
,

where

Ω(z̃) =

∫ z̃

z̃0

ds

ψ(s)
z̃ > z̃0,

Ω−1 is the inverse ofΩ, andT ∈ Rn
+ is chosen so that

Ω

(
c+

1

2

∫ α̃(t)

0̃

g(s)ds

)
+

1

2

∫ α̃(t)

0̃

f(s)ds ∈ Dom(Ω−1), 0̃ ≤ t < T.

Corollary 3.10. Let u, f and g be nonnegative continuous functions defined onRn
+ and letc

be a nonnegative constant. Moreover, letp, q be positive constants withp ≥ q, p 6= 1. Let
αi ∈ C1(R+,R+) be nondecreasing withαi(ti) ≤ ti onR+ (i = 1, . . . , n). If

up(t) ≤ c+

∫ α̃(t)

0̃

[f(s)uq(s) + g(s)u(s)]ds, t ≥ 0
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for 0̃ ≤ t < T then

u(t) ≤



(
c(1−

1
p
) + p−1

p

∫ α̃(t)

0̃
g(s)ds

) p
p−1

exp
[

1
p

∫ α̃(t)

0̃
f(s)ds

]
, when p = q;

[(
c(1−

1
p
) + p−1

p

∫ α̃(t)

0̃
g(s)ds

) p−q
p−1

+ p−q
p

∫ α̃(t)

0̃
f(s)ds

] 1
p−q

, when p > q.

Theorem 3.11. Let u, f and g be nonnegative continuous functions defined onRn
+, and let

ϕ ∈ C(R+,R+) be an increasing function withϕ(∞) = ∞ and letc be a nonnegative constant.
Moreover, letw1, w2 ∈ C(R+,R+) be nondecreasing functions withwi(u) > 0 (i = 1, 2) on
(0,∞), andαi ∈ C1(R+,R+) be nondecreasing withαi(ti) ≤ ti (i = 1, . . . , n). If

(3.43) ϕ(u(t)) ≤ c+

∫ α̃(t)

0̃

f(s)u(s)w1(u(s))ds+

∫ t

0̃

g(s)u(s)w2(u(s))ds,

for 0̃ ≤ t < T , then

(i) for the casew2(u) ≤ w1(u),

(3.44) u(t) ≤ ϕ−1

{
Ω−1

[
G−1

1

(
G1(Ω(c)) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds

)]}
,

(ii) for the casew1(u) ≤ w2(u),

(3.45) u(t) ≤ ϕ−1

{
Ω−1

[
G−1

2

(
G2(Ω(c)) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds

)]}
,

where

Ω(r̃) =

∫ r̃

r̃0

ds

ϕ−1(s)
, r̃ ≥ r̃0 > 0 ,

Gi(z̃) =

∫ z̃

z̃0

ds

wi{ϕ−1[Ω−1(s)]}
, z̃ ≥ z̃0 > 0 (i = 1, 2)

Ω−1, ϕ−1, G−1 are respectively the inverse ofΩ, ϕ,G, andT ∈ R+ is chosen so that

Gi

(
Ω(c) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds

)
∈ Dom(G−1

i ), 0̃ ≤ t ≤ T,

and

G−1
i

[
Gi

(
Ω(c) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds

)]
∈ Dom(Ω−1), 0̃ ≤ t ≤ T.

Proof. Let c > 0 and define the nonincreasing positive functionz(t) and make

(3.46) z(t) = c+

∫ α̃(t)

0̃

f(s)u(s)w1(u(s))ds+

∫ t

0̃

g(s)u(s)w2(u(s))ds.

From inequality (3.43), we know

(3.47) u(t) ≤ ϕ−1[z(t)],

and

(3.48) D1D2 · · ·Dnz(t) = [f(α̃)u(α̃)w1(u(α̃))α′1α
′
2 · · ·α′n + g(t)u(t)w2(u(t))].
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Using (3.47), we have

(3.49)
D1D2 · · ·Dnz(t)

ϕ−1(z(t))
≤ f(α̃)w1(u(α̃))α′1α

′
2 · · ·α′n + g(t)w2(u(t)).

For

(3.50) Dn

(
D1D2 · · ·Dn−1z(t)

ϕ−1(z(t))

)
=
D1D2 · · ·Dnz(t)ϕ

−1(z(t))−D1D2 · · ·Dn−1z(t)(ϕ
−1(z(t)))′Dnz(t)

(ϕ−1(z(t)))2
,

usingD1D2 · · ·Dn−1z(t) ≥ 0, (ϕ−1(z(t)))′ ≥ 0,Dnz(t) ≥ 0 in (3.50), we get

Dn

(
D1D2 · · ·Dn−1z(t)

ϕ−1(z(t))

)
≤ D1D2 · · ·Dnz(t)

ϕ−1(z(t))

≤ f(α̃)α′1α
′
2 · · ·α′nw1(ϕ

−1(α̃(t))) + g(t)w2(ϕ
−1(t)).

Fixing t1, . . . , tn−1, settingtn = sn, integrating fromtn to∞, yields

D1D2 · · ·Dn−1z(t)

ϕ−1(z(t))

≤
∫ αn(tn)

0

f(α1(t1), . . . , αn−1(tn−1), sn)w1(ϕ
−1(α1(t1), . . . , αn−1(tn−1), sn))α

′
1α

′
2 · · ·α′n−1dsn

+

∫ tn

0

g(t1, . . . , tn−1, sn)w2(ϕ
−1(t1, . . . , tn−1, sn))dsn.

Deductively

(3.51)
D1z(t)

ϕ−1(z(t))

≤
∫ α2(t2)

0

· · ·
∫ αn(tn)

0

f(α1(t1), s2, . . . , sn)w1(ϕ
−1(α1(t1), s2, . . . , sn))α

′
1dsn . . . ds2

+

∫ t2

0

· · ·
∫ tn

0

g(t1, s2, . . . , sn)w2(ϕ
−1(t1, s2, . . . , sn))dsn . . . ds2.

Fixing t2, . . . , tn, settingt1 = s1, integrating from0 to t1 with respect tos1 yields

(3.52) Ω(z(t)) ≤ Ω(c) +

∫ α̃(t)

0̃

f(s1, . . . , sn)w1(ϕ
−1(z(s))

+

∫ t

0̃

g(s)w2(ϕ
−1(z(s))ds, t ∈ Rn

+.

From Theorem 3.8, we obtain

z(t) ≤ Ω−1

[
G−1

1

(
G1(Ω(c)) +

∫ α̃(t)

0̃

f(s)ds+

∫ t

0̃

g(s)ds

)]
,

using (3.47), we get the inequality (3.44).
If c = 0 we carry out the above procedure withε > 0 instead ofc and subsequently letε→ 0.

(ii) whenw1(u) ≤ w2(u).
The proof can be completed with suitable changes. �
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4. SOME APPLICATIONS

Example 4.1.Consider the integral equation:

(4.1) up(t1, . . . , tn)

= f(t1, . . . , tn) +

∫ α̃(t)

0̃

K(s1, . . . , sn)g(s1, . . . , sn, u(s1, . . . , sn))ds1 . . . dsn,

wheref,K : Rn
+ → R, g : Rn

+ × R → R are continuous functions andp > 0 andp 6= 1is
constant,̃αi(t) ∈ C1(R+,R+) is nondecreasing withαi(t) ≤ ti on R+ (i = 1, . . . , n). In [8]
B.G. Pachpatte studied the problem whenα(t) = t, n = 1. Here we assume that every solution
under discussion exists on an intervalRn

+. We suppose that the functionsf ,K, g in (4.1) satisfy
the following conditions

|f(t1, . . . , tn)| ≤ c1, |K(t1, . . . , tn)| ≤ c2,(4.2)

|g(t1, . . . , tn, u)| ≤ r(t1, . . . , tn)|u|q + h(t1, . . . , tn)|u|,

wherec1, c2, are nonnegative constants, andp ≥ q > 0, andr : Rn
+ → R+, h : Rn

+ → R+ are
continuous functions. From (4.1) and using (4.2), we get

(4.3) |up(t1, . . . , tn)| ≤ c1 +

∫ α̃(t)

0̃

[c2r(s1, . . . , sn)|u|q + c2h(s1, . . . , sn)|u|ds1 . . . dsn.

Now an application of Corollary 3.10 yields

|u(t)| ≤



(
c
(1− 1

p
)

1 + c2(p−1)
p

∫ α̃(t)

0̃
h(s)ds1 . . . dsn

) p−1
p

exp
[
c2
p

∫ α̃(t)

0̃
r(s)ds1 . . . dsn

]
when p = q,

[(
c
(1− 1

p
)

1 + c2(p−1)
p

∫ α̃(t)

0̃
h(s)ds1 . . . dsn

) p−q
p−1

+ c2(p−q)
p

∫ α̃(t)

0̃
r(s)ds1 . . . dsn

] 1
p−q

when p > q.

If the integrals ofr(s), h(s) are bounded, then we can have the bound of the solutionu(t) of
(4.1). Similarly, we can obtain many other kinds of estimates.

Example 4.2.Consider the partial delay differential equation:

(4.4)
∂2up(x, y)

∂x1∂x2

= f(x, y, u(x, y), u(x− h1(x), y − h2(y))),

up(x, 0) = a1(x) up(0, y) = a2(y)(4.5)

a1(0) = a2(0) = 0, |a1(x) + a2(y)| ≤ c,(4.6)

wheref ∈ C(R+ × R+ × R2,R), a1 ∈ C1(R+,R), a2 ∈ C1(R+,R), c andp are nonnegative
constants.h1 ∈ C1(R+,R+), h2 ∈ C1(R+,R+), such that

x− h1(x) ≥ 0, y − h2(y) ≥ 0,

h′1(x) < 1, h′2(y) < 1.

Suppose that

(4.7) |f(x, y, u, v)| ≤ a(x, y)|v|q + b(x, y)|v|,
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wherea, b ∈ C(R+ × R+,R) and let

(4.8) M1 = max
x∈R+

1

1− h′1(x)
, M2 = max

y∈R+

1

1− h′2(y)
.

If u(x, y) is any solution of (4.4) – (4.7), then
(i) if p = q, we have

(4.9) |u(x, y)| ≤

(
c(1−

1
p
) +

M1M2(p− 1)

p

∫ φ1(x)

0

∫ φ1(y)

0

b̃(σ, τ)dσdτ

) p
p−1

× exp

[
M1M2

p

∫ φ1(x)

0

∫ φ1(y)

0

ã(σ, τ)dσdτ

]
(ii) if p > q, we have

(4.10) |u(x, y)| ≤

(c(1− 1
p
) +

M1M2(p− 1)

p

∫ φ1(x)

0

∫ φ1(y)

0

b̃(σ, τ)dσdτ

) p−q
p−1

+
M1M2(p− q)

p

∫ φ1(x)

0

∫ φ1(y)

0

ã(σ, τ)dσdτ

] 1
p−q

.

In whichφ1(x) = x− h1(x), x ∈ Rn
+, φ2(y) = y − h2(y), y ∈ Rn

+ and

b̃(σ, τ) = b(σ + h1(s), τ + h2(t)), ã(σ, τ) = a(σ + h1(s), τ + h2(t)),

for σ, s, τ, t ∈ Rn
+.

In fact, if u(x, y) is a solution of (4.4) – (4.7), then it satisfies the equivalent integral
equation:

(4.11) [u(x, y)]p = a1(x) + a2(y) +

∫ x

0

∫ y

0

f(s, t, u(s, t), u(s− h1(s), t− h2(t)))dtds.

for x, y ∈ (Rn
+ × Rn

+,R).
Using (4.5), (4.7) in (4.11) and making the change of variables, we have

(4.12) |u(x, y)|p ≤ c+M1M2

∫ φ1(x)

0

∫ φ1(y)

0

ã(σ, τ)|u(σ, τ)|q + b̃(σ, τ)|u(σ, τ)|dσdτ.

Now a suitable application of the inequality in Corollary 3.10 to (4.12) yields (4.9) and
(4.10).
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