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1. Introduction

In the paper?], Q.A. Ngo studied a very interesting integral inequality and proved

the following result.

Theorem 1.1.Let f(z) > 0 be a continuous function df, 1] satisfying

(1.1) /xlf(t)dtz/xltdt, v elo1].
Then the inequalities

(1.2) /01 o @)de > /01 2 f (x)da
and

(1.3) /01 o @)dz > /01 2 f(x)da

hold for every positive real number > 0.

Next, they proposed the following open problem.
Probleml. Let f(x) be a continuous function df, 1] satisfying

1 1
(1.4) /f(t)dtz/ tdt, Vzel0,1].
Under what conditions does the inequality
1 1
(1.5) /faw(x)dxz/ z® fP(z)d,
0 0

hold for o and3?
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We note that, as an open problem, the conditiod)(maybe result in an unrea-
sonable restriction offi(z). We remove it herein and propose another more general
open problem.

Problem2. Under what conditions does the inequality

b b
(1.6) | e [Ca

0 0
hold forb, o and3?

In this note, we give an answer to Problenusing an analytic approach. Our
main results are Theoreinl and Theoren2.4which will be proved in Sectiof.
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2. Main Results and Proofs

Firstly, we have

Theorem 2.1.Let f(z) > 0 be a continuous function df, 1] satisfying

(2.1) /1 fAt)dt > /ltﬁ dt, Vazel01].
Then the inequality

1 1
2.2 B (x)dx > B (z)d
2.2) | e [ e,

holds for every positive real number> 0 and > 0.
To prove Theorem.1, we need the following lemmas.

Lemma 2.2 (General Cauchy inequality, P]). Leta and3 be positive real numbers
satisfyinga + 6 = 1. Then for all positive real numbersandy, we have

(2.3) azr + By > %P,
Lemma 2.3. Under the conditions of Theorefnl, we have

1

' B
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Proof. Integrating by parts, we have
1
25 Btydt ) do = Ayt ) d(x
@9 [[o ([ rem)ar [([ o)
WAL df}
- o
L[ e
which yields

(2.6) /01 2 fP(z)dr = a/ol g (/1 fﬁ(t)dt) dx

On the other hand, by’(1), we get

S e
/ — ) dx

1
-0 (07

Therefore, £.4) holds.
We now give the proof of Theoret L

Proof of Theoren2.1. Using LemmaZ.2, we obtain

g

(2.8) T

/@) + =

CY"‘B oth Z xafﬁ(x)a

1 /! 5
— a d
+/O:Bf(x)x
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which gives

(2.9) ﬁ/ol OB (x)dw + a/ol 2 Pdz > (a + B) /1 x5 (z)dx.

0
Moreover, by using Lemma. 3, we get

(2.10) (a+pB) /1 2 fP(2)dx = « /1 z® 9 (x)da + B/l 2 fP(x)dx
0 0 0

1
(0%
>__ - a£B8()d
_a+6+1+ﬁ/off(l") z,
that is

1 1
a+p3 o a a rf
(2.11) 5/0f+(x)dx+a+ﬁ+12a+ﬁ+1+ﬁ/o:L‘f(x)d:v,

which completes this proof.

Lastly, we generalize our result.

Theorem 2.4.Let f(z) > 0 be a continuous function df, b], b > 0 satisfying

b b
(2.12) /fﬂ(t)dtz/ thdt, Yaxelob].
Then the inequality
b b
(2.13) / o (2)dx > / z° fP(x)dx
0 0

hold for every positive real number> 0 andg > 0.
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To prove Theorenmi.4, we need the following lemma.
Lemma 2.5. Under the conditions of Theorem4, we have
(2.14) /b x5 (x)dx > LBH

0 Ta+p0+1
Proof. Integrating by parts, we have

s [ rom)ar=1 [ ([ ros)ac

r=b

{ /fﬁ dt] 0+$/Obx“fﬁ(w)dx

— 2P
aA S (x)dx
which yields

(2.16) /0 i (@) = o /0 " ot ( / b fﬂ(t)dt) da

On the other hand, by’ (12, we get

(2.17) /Ob ! (/: fﬁ(t)dt) de > /Ob ! (/: tP dt) dz

b
— —ﬁ i : / xo‘_l(bm’l — xﬁﬂ)dx
0

pots+1

ala+B+1)

Therefore, £.14) holds. O]
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We now give the proof of Theorem4.

Proof of Theoren?.4. Using Lemma?.2, we obtain

b b b
(2.18) ﬂ/o f"*ﬁ(x)dx—iroz/o 2P dy > (oa+ﬁ)/0 2 fP(x)dx

Moreover, by using Lemma.5, we get

b b b
(2.19) (oz—i—ﬁ)/o xafﬁ(x)dx:a/ :vaf'g(x)dx—f—ﬁ/ z° fP(x)dx

potB+1 ﬁ
_I_ (07
- a—i—ﬁ—{—l ﬁ/ A

that is

b ba—f—ﬂ—i—l ba—i—ﬁ—i—l b
(2.20) 6/ foP(x)dr + o > o + ﬁ/ 2% P (x)dx
0 0

a+B+17 a+p+1

which completes the proof.
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